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ABSTRACT. The stationary density of an invertible linear processes can be estimated at
the parametric rate by a convolution of residual-based kernel estimators. We have shown
elsewhere that the convergence is uniform and that a functional central limit theorem holds
in the space of continuous functions vanishing at infinity. Here we show that analogous

results hold in weighted Li-spaces. We do not require smoothness of the innovation density.
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1. INTRODUCTION.

Kernel estimators for the stationary density of linear processes are well-studied; see
Chanda (1983), Hall and Hart (1990), Tran (1992), Hallin and Tran (1996), Coulon-Prieur
and Doukhan (2000), Honda (2000), Lu (2001), Hallin, Lu and Tran (2001), Wu and Miel-
niczuk (2002), Bryk and Mielniczuk (2005) and Schick and Wefelmeyer (2006).

Kernel estimators are nonparametric estimators that do not use the structure of the
underlying model. Sometimes the structure of the model can be exploited to construct
estimators that converge at faster and even parametric rates. This was observed by Frees
(1994) when estimating densities of certain functions ¢(Xi,...,X,,) on the basis of in-
dependent observations Xi,...,X,. Saavedra and Cao (2000) consider the special case
q(X1,X2) = X1 + aXs. Schick and Wefelmeyer (2004b, 2007a) prove functional conver-
gence for ¢(X1,...,Xpm) = w1(X1)+ - +up(Xy) and (X1, X2) = X1 + Xo, viewing their
estimators as elements of L; or of the space Cy of continuous functions on R vanishing
at infinity. Giné and Mason (2007a, 2007b) obtain functional results and laws of the it-
erated logarithm in L,, 1 < p < oo, and locally uniformly in the bandwidth, for general
q(X1,...,Xm). Duand Schick (2007) obtain functional results in Cp and L), for estimators
of derivatives of convolutions.

Special cases of the semiparametric time series model considered here have also been
studied. Saavedra and Cao (1999) consider pointwise convergence of plug-in estimators for
the stationary density of moving average processes of order one. Schick and Wefelmeyer
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(2004a) obtain asymptotic normality and efficiency, and Schick and Wefelmeyer (2004c)
generalize this result to higher order moving average processes and to functional convergence
in Ly and Cj.

For general invertible linear processes, Schick and Wefelmeyer (2007b) construct n'/2-
consistent estimators and prove functional convergence in Cy. Here we obtain an analogous
result in weighted Li-spaces. We denote by Ly the space of functions with finite V-norm
lallv = [ V(z)|a(z)| dz. Our main result is formulated for V(z) = V,(z) = (1 + |z|)" for
some non-negative r. Functional results for density estimators in Ly are useful if we want to
estimate expectations under the stationary law of functions dominated by V' by plugging in
our density estimator, like moments and absolute moments. The choice V' =1 corresponds
to the natural distance between densities.

As in Schick and Wefelmeyer (2007b), we consider a stationary linear process with infinite-

order moving average representation

00
(1.1) Xy =¢e + 280351%37 teZ,

s=1
with summable coefficients, > o2, |¢s| < oo, and i.i.d. innovations e, t € Z, that have
mean zero and finite variance. Suppose the innovations have a density f. Then Xy has
a density, say h. The usual estimator of this density from observations Xi,..., X, of the
linear process is a kernel density estimator h(z) = (1/n) > i=1 kb, (x — X;), where by, is a
sequence of bandwidths and k, = k(z/b)/b for some kernel k& and some b > 0. In order to

1/2

construct a n'/“-consistent estimator of h, we follow Schick and Wefelmeyer (2007b) and

set
o0
Yi=Xi—eg = Z%&—m teZ.
s=1
We must assume that the representation Xg = ¢g + Y is nondegenerate:
(C) At least one of the moving average coefficients g is nonzero.

Then Yy has a density, say g. Since Yj is independent of €y, we can express the density
h of Xy as the convolution h = f % g of f and g. We obtain an estimator of h as h = f* J,
where f and ¢ are estimators of f and g. We base f and § on estimators of the innovations.
For this we require invertibility of the process.

(I) The function ¢(z) = 1+ > .2, psz° is bounded and bounded away from zero on the
complex unit disk D ={z € C: |z| < 1}.

Then p(z) = 1/¢(z) =1 —>"22, 0s2° is also bounded and bounded away from zero on

D. Hence the innovations have the infinite-order autoregressive representation

[o.¢]
(1.2) e=X,— Y 0Xis, teL
s=1
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Let p,, be positive integers with p,,/n — 0. For j = p,+1,...,n we mimic the innovation
€; by the residual

Pn
& =X;—> 0 X
=1

where 9; is an estimator of g; for i = 1,...,p,. We then estimate the innovation density by

a kernel estimator based on the residuals,

A 1
fla) = =

n
Z kbn(x—éj), z € R,
" J=pn+1

and we estimate the density g by a kernel estimator based on the differences Yj = X, —¢j,

1

n —pn

n
Z ky,(x —Y;), z€R.
J=pn+1

g(x) =

Our estimator is then h = f x ¢. This estimator can be written as a V-statistic, see Schick
and Wefelmeyer (2007b), and is therefore easy to calculate.
In addition to (C) and (I) we use the following assumptions.

(Q) The autoregression coefficients fulfill 3 . |os| = O(n=1/2=¢) for some ¢ > 0.

If the autoregression coefficients are known to decay exponentially, condition (C) holds
if p,/logn tends to infinity. If the coefficients are known to decay polynomially, |os| =
O(o™771), then (Q) holds with ¢ = v3 — 1/2 if p, is proportional to n” and v > 1/(26). It
would be interesting to find a data-driven selection of p,.

(R) The estimators g; of the autoregression coefficients o; fulfill

Pn

> (8 — 01)> = Oplgnn™")

i=1

for some q,, with 1 < q,, < py,.

(S+) The moving average coefficients satisfy > oo | s%|¢ps| < oo for some 3 > 1.

$>pn 93 — 0 holds, then condition (R) with
n X; —

gn = Dn is met by the least squares estimators 91, ..., 0y, which minimize ) i—pn 41
Pr 0, X;_;)?. Condition (R) can even be met with g, = 1 in smooth parametric models
=1 J

If f also has a finite fourth moment and np, »

for the autoregression coefficients. See Schick and Wefelmeyer (2007b) for details.

We say that a function a has finite V -variation if there are measures p; and po of equal
mass with [ Vd(u + p2) finite such that a(z) = p((—o0,z]) — p2((—oo,z]) for Lebesgue
almost all z. In this case, we call [V d(u + p2) the V-variation of a. Our assumptions
on the innovation density are quite weak. Aside from moment conditions, we require only

that f has finite V4 1-variation. In particular, f need not be continuous.
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(F) The density f has mean zero, a finite moment of order £ > 2r + 3 and finite V,41-

variation.

We formulate our assumptions on the kernel and the bandwidth in terms of the moment
order ¢ and a positive integer m. This integer m plays the role of a (known) lower bound
on the number N of non-zero coefficients among ¢g, s > 1,

oo
N = Z 1[908 # 0}
s=1
Note that (C) is equivalent to N > 1. Thus we can always take m = 1. But this choice may
lead to an undersmoothed estimator. A possible solution is to select a data-driven lower
bound m by testing whether the first few coefficients are non-zero.

(K) The kernel k is twice continuously differentiable with bounded derivatives and k, k'
and k" have finite Vo.i9-norms. Furthermore, k has finite V,i,1+1-norm and satisfies
[tik(t)dt =0 fori=1,...,m.

(B) The bandwidth b,, satisfies
nb%erZ N 0’ nfl/4fcb;1 N 07 n71/4b;1/2 _ O7
and the sequences by, q, and p,, satisfy

n_g’/‘lpnqnb,:2 — 0, 'n_l/zpnqnb;1 — 0 and pnqnn_1+2/§ =0(1).

1/2

-1/ 4q711/ > 0 and b'qn’© — 0, conditions that appear in some

Under (B) we also have n
of our results. If b, ~ (nlog n)_l/(2m+2), then (B) is implied by logn p,g,n~? — 0 with
the smaller of m/(2m + 2) and 1 —2/¢.

To describe our results, we define the processes F,, and G,, by

Fal@) == > (fla=Y)-Blf@-¥))), zeR
" j=pn+1
Gole) = 72— 3 (sl —2)~ Blae—=))), o€k
" j=pn+1
and functions vy, ve,... by
vi(z) = EXof(x - Yi)], =x€eR

We shall see that these functions are differentiable under our assumptions on f.
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Theorem 1. Let r be non-negative, m a positive integer and N > m. Suppose (I), (Q),
(R), (5+), (F), (K) and (B) hold. Then

= op(nfl/z).

Pn
h—h—TFn— Gy b — 0i)V,
H "‘;(Q 0i)V; v

If we use the least squares estimators we have a more explicit result. With X;_; =
(Xj-1,.- -, Xj—p,) T and M,, = E[XoXg], let

n
§ : -1

Mn Xj_1€j.
nj:pn+1

1

(1.3) A==

Theorem 2. In addition to the assumptions of Theorem 1, suppose that f has a finite
fourth moment and np, 02 — 0 holds, and that we use the least squares estimators

0;. Then

S>Pn

Pn
Hiz —h—-F, -G, + ;Azyz' . op(n_l/Q),

T

and nl/g(fz — h) s tight in Ly, and converges weakly in Ly, to a centered Gaussian process.

Of special interest is the case when we have a parametric model for the autocorrelation
coefficients: There are functions 71,79,... from an open subset © of R? into R such that

0; = r;(9¥) for all i and some unknown ¥ in ©. Then we can take 9; = r;(1J) for all i and
some estimator 9 of . Now let us impose the following conditions.

(R1) The estimator 9 of ¥ is n'/?-consistent: 9 — 9 = O,(n~'/?).

(R2) The functions r1,72, ... are differentiable at ¥ with gradients 71 (), 72(1), ..., and

ST (ri+s) = (@) = 7(0) s)? = o(s?) and 3 |is(9)] < oo
=1 =1

These conditions imply (R) with g, = 1. As in Schick and Wefelmeyer (2007b) we obtain
the expansion

(1.4) Hh-h—lﬁ‘n—Gw(ﬁ—ﬂ)Tim(ﬂ)vé

1=

_ -1/2
V. op(n )

and hence tightness of n'/2(h — h). Weak convergence of n'/2(h — h) holds if 9 is asymp-

totically linear with influence function J, say,

. 1 & 3
ﬁ_ﬁ:nzlj(lean)JrOp(n 12y,
]:
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where F(J(Xq,1)|Xo) = 0 and E[J(Xo,e1)J " (Xo,e1)] is positive definite and finite. A
simple example is the AR(1) process X; = ¥X;_1 + ¢ with |[¥] < 1 and ¥ # 0. Then
r1(¥) =9 and r4(9) =0 for s > 1, and > .2, 74(J)v, simplifies to v{, where

vi(x) = B[Xof(x — 0X0)] = / yf (@ — Iy)h(y) dy.

Other examples include MA(q) and ARMA(p, q).

The paper is organized as follows. In Section 2 we give some inequalities for V-norms.
In Section 3 we study the space Ly. We characterize the compact subsets and consider
continuity and Taylor expansions for shifts of functions. Section 5 presents conditions for
tightness of sequences of Ly -valued random variables. In Sections 6 and 7 these results
are applied to sequences of the form n'/2G,, and n'/2F,, respectively. Section 8 gives
bounds on certain linear operators on Ly . In Section 9 we study how well the residuals

approximate the true innovations, and obtain stochastic expansions in Ly for residual-based

averages (1/(n—py)) -7, 11 an(z —€;) and (1/(n—p,)) 3°5_, 11 an(z —Y;). The results
of Sections 6-9 are used in Sections 10 and 11 to obtain convergence rates of f and § in Ly,

stochastic expansions in Ly for linear functionals of the form a * f and a * g, and tightness

of n1/? P (6; — 0i)V, in Ly. Section 12 contains the proofs of Theorems 1 and 2 and of

Lemma 13. Section 13 gives a variance bound used in Section 9.
2. THE V-NORM.
Throughout this paper, V' is a continuous function on R satisfying V(0) = 1 and
(2.1) Viz+y) <V(@)V(y), zyek;
(2.2) Visx) <V(x), |s|]<1,z€eR.

It follows from (2.2) that V(xz) > V(0) =1 for all z in R, that V' is symmetric in the sense
that V(z) = V(—x) for all z in R, and that V(x) > V(y) if |z| > |y|. These properties and
(2.1) yield
(2.3) V(z+s)—V(z) <V(x)(V(s)—1), z,seR
Possible choices for V are V(z) = exp(|z|) and V =V, with r > 0.
For a > 1, we set W, = V, V2 so that
Wo(z) = (1 + |z))*V3(z), =z €R.

The function W, has the same properties as V.
We now present some inequalities for V-norms. It follows from the Cauchy—Schwarz
inequality that

([vaia)’ < k. [Wa@ee a
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with Ko = [(1+ |z|)"*dz. In other words,
(2.4) lal3 < Kalla®llw,.
In view of (2.1) the V-norm satisfies
(2.5) laxbllv < lallv|bllv, abe Ly.

Moreover, since (a * b)? < ||b]|1(a® * |b]) by the Cauchy-Schwarz inequality, we obtain the
inequality

(2.6) I(a*8)?|lv < lla®llv]ibll},  a* € Ly, b€ Ly.

3. THE SPACE Ly .

In this section we study properties of the (Banach) space Ly of all (equivalence classes
of) measurable functions a with finite V-norm. We begin by recalling the characterization
of compact subsets given in Lemma 4 of Schick and Wefelmeyer (2007a). Introduce the
shift Sya = a(- —t).

Lemma 1. A closed subset A of Ly is compact if and only if

(3.1) sup |lally < oo,
acA
(3.2) lim sup ||S:a — ally =0,
t=04e4
(3.3) lim Sup/ V(z)la(z)|dx = 0.
K10 aeA J|z|>K

From this one immediately obtains the following result. See Lemma 5 in Schick and
Wefelmeyer (2007a).

Lemma 2. Let k be a kernel with finite V-norm. Then sup,c4 ||a*kp, —allv — 0 for every
compact subset A of Ly .

Let us now give some simple sufficient conditions for compactness.

Lemma 3. A closed subset A of Ly is compact if

(3.4) Sup/(l + |2’V (@)|a(z)| dz < 0o for some >0
acA
and
(3.5) Sup/ la(z —t) —a(z)|de — 0 ast—0
acA J|z|<K

for all finite K.



8 ANTON SCHICK AND WOLFGANG WEFELMEYER

Proof. We show that the present conditions imply (3.1) to (3.3). Condition (3.4) implies
(3.1). It also implies (3.3) since

/ﬁ v%xﬂwwﬂdxs<1+zoﬂ/° (1+ [2)?V (@) a(z)]| dz
|lz|>K lz|>K

for all positive K. With g;(x) = a(x — t) — a(z) we have

HMWSWM/

x_

|gt(x)|d:£+/ V(x)|gi(x)| de, K >0.
K |z|>K

Since V(z) < V(¢)V(x —t) for all = and ¢, we also have

/ V(x)|gi(z)| dz < (1 +V(t))/ V(x)|a(z)| dz.
lz|>K

|z|>K—[t|

This shows that, in the presence of (3.3), condition (3.2) is equivalent to (3.5). O

In the remainder of this section we collect several convergence results for the space Ly .
Let a be in Ly. Then (2.1) yields

(3.6) ISially = [ Ve +0la@)|de < VOlalv, €k,
and this and (2.2) imply

(3.7) sup ||Sweally < V(©)allv, teR.

[w]<1
A measurable function a is called V-Lipschitz (with constant L) if
(3.8) |Sta —ally < LItV (), teR.

We have the following connections between this concept and finite V-variation; see Schick
and Wefelmeyer (2006, 2007a) for some of the details.

Lemma 4. If a has finite V-variation M, then a is V -Lipschitz with constant M, and Va
1s bounded by M .

Lemma 5. If a is absolutely continuous and its a.e. derivative a’ has finite V-norm, then

a has finite V-variation M = ||d'||v .

Lemma 6. If a is V-Lipschitz with constant L and b has finite V-norm, then a x b is
V -Lipschitz with constant L||b|y .

Lemma 7. If a is V,.-Lipschitz with constant L and has finite Vs-norm, where 0 < s < r,
then a is Vs-Lipschitz with constant LV,(1) + 2|la|v,.
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A measurable function a is called V-Lipschitz of order m (with constant L) if there are
measurable functions ™V, ..., a1 such that

(3.9) |sia—a- mi (G

7!

L SLH™V(E), teR.

1=

If the functions a(", ..., a1 have finite V-norms, then we say a is strongly V -Lipschitz
of order m. Note that a is V-Lipschitz of order one if and only if a is V-Lipschitz.

We say that a is absolutely continuous of order m if a is (m — 1) times differentiable
and its (m — 1)-derivative is absolutely continuous. A sufficient condition for a to be V-
Lipschitz of order m is that a is V -regular of order m: the function a is absolutely continuous
of order m — 1 and its (m — 1)-derivative a(™~Y is V-Lipschitz. In this case the functions
a®, ... almD appearing in (3.9) are the derivatives of a, and the L in (3.9) is the Lipschitz

(m=1) "If, in addition, the derivatives a(!), ... a1 have finite V-norms, then

constant of a
we say a is strongly V -reqular of order m. In this case a is strongly V-Lipschitz of order m.
The following lemmas summarize results from Schick and Wefelmeyer (2006). The first

provides a sufficient condition for a convolution to be V-Lipschitz of order two.

Lemma 8. Let a have finite V -variation M, and let b have finite V-norm. Then a x b is

absolutely continuous, an a.e. derivative is given by

(a b (x) = / b — ) (ua(dy) — pa(dy), xR,

and |[(a = b)' ||y < M||b|ly. Moreover, if Vb is bounded by B, then V(a *b)" is bounded by
BM, and if b is V -Lipschitz with constant L, then (axb)" is V -Lipschitz with constant ML
and a x b is strongly V -Lipschitz of order two with constant M L.

Lemma 9. Let aq,...,a,, and b belong to Ly. If ay,...,a, have finite V-variation, then
the function a = ay*- - -*xa;, xb is absolutely continuous of order m with all m derivatives in
Ly and is hence strongly V -reqular of order m. If also b is V -Lipschitz, then the function
a 1s strongly V -regular of order m + 1.

We say a kernel k has V-order m if

(3.10) /ﬁMﬂﬁ:O,i:L”qm—L
and
(3.11) /|t|mV(t)|k:(t)| dt < oo.

The next lemma is a special case of Lemma 4.1 in Schick and Wefelmeyer (2006).
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Lemma 10. Let a be V-Lipschitz of order m and let k be an integrable function that satisfies
the integrability conditions (3.10) and (3.11). Then

Ha*kbn —a/k(t) dt”v < ng/|t|mV(bnt)|k(t)ydt.

In particular, for a kernel k of V-order m, we have ||a x ky, — ally = O(b)}").

Lemma 11. Let a be VVi-Lipschitz with constant L and have finite VVi-norm. Then the
map b defined by b(x) = za(zx) belongs to Ly and is V -Lipschitz with constant 2L+ 5||a|lvv, -

Proof. We have ||S;b — b|ly < |t][|Siallv + ||Sta — allvv,. By Lemma 4.3 of Schick and

Wefelmeyer (2006) we have ||Sia — allyvv, < [t|[V(¢)(2L + 4]|al|lvy,) and thus ||S:b — by <
[tV (t)|lallv + [t|V (t)(2L + 4]|a||vv, ). The desired result is now immediate. O

4. A CENTRAL LIMIT THEOREM IN Ly .

We recall the central limit theorem for Lj-spaces; see Ledoux and Talagrand (1991,
Theorem 10.10) or van der Vaart and Wellner (1996, page 92).

Theorem 3. Let p be a o-finite measure on the Borel-o-field on R. Let Zy,Z5,... be
independent and identically distributed zero-mean random elements in Li(u). Then the

sequence n~ Y231 | Z; conwerges in distribution (in L1(1)) to a centered Gaussian process
if and only if

Jim 2P / Z1(@)] p(dz) > £) =0 and / E[Z2(2)]2 u(dx) < oo.
— 0
We now formulate a special case more suitable to our needs in the space Ly .

Lemma 12. Let Uy, Us, ... be independent and identically distributed random variables, a
be a measurable function and
1 n
H(z) = = (a(z —U;) = Ela(z - U;)]), z€R.

n
=1

If ||la®|lw, and E[W4(U1)] are finite for some o > 1, then /nH converges in distribution

in the space Ly to a centered Gaussian process whose covariance structure matches that of
CL(' - Ul)

Proof. We apply the previous theorem with p(dx) = V(x)dx and Z;(x) = a(z — U;) —
Ela(x — U;)]. Using (2.4) we find that

e[( [1z@V @) | = B2} < Ko [ Walo)EIZH @) ds
and

( / E[Z%(2)]V/?V (z) dm>2 < K, / W (2)E[Z}(2)] da.
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Since t?P(X > t) < E[X?1[X > t]] for t > 0, we need only show that [ Wy (2)E[Z}(z)]dz
is finite. Since E[Z?(x)] < Ela*(z — Uj)], the integral in question can be bounded by
E[W4(Up)]|la?|lw, and is thus finite by our assumptions. O

5. TIGHTNESS IN Ly .

The compactness conditions of Section 3 are now applied to obtain tightness of sequences
of random variables in Ly. These will be used in Sections 6 and 7 to obtain tightness for
averages of dependent Ly -valued random elements. Lemma 1 immediately implies the

following characterization.

Proposition 1. A sequence A, of Ly-valued random variables is tight if and only if the
following three conditions hold.
(T1) For every n > 0 there is a finite M such that for all (large) n,

P(|Anlly > M) <.
(T2) For every n > 0 there is a § > 0 such that for all (large) n,

P( sup ||SiA, — Ay |ly > 77) <.
[t|<d

(T3) For every n > 0 there is a finite K such that for all (large) n,
P(/ V(@)lhn(2) dz > 7) <.
|lz|>K
From Lemma 3 we can derive the following sufficient conditions for tightness.

Proposition 2. A sequence A, of Ly -valued random variables is tight if the following two
conditions are met.
(T1") For some 3> 0 and every n > 0 there is a finite M such that for all (large) n,

P([VsAnlly > M) <.

(T2') For every n >0 and finite K there is a 6 > 0 such that for all (large) n,

P( Sup/ Ay (z —t) — Ay (x)|dx > 7]) <.
[t]<d J]z|<K

Let us now derive simple sufficient conditions for (T1’) and (T2). The inequality (2.4)
and the Markov inequality show that a sufficient condition for (T1’) is given by

(5.1) s%p/Wa(x)E[AgL(az)] dr < o0

for some o > 1. Since the process X,, defined by

Xn(t):/|<K An(z — ) — An(@)|dz, te[-1,1]
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has continuous sample paths, we can obtain sufficient conditions for (T2') from sufficient
conditions for tightness of the sequence X,,. Since X,,(0) = 0, one such condition is that
E[|Xn(t) — X, (s)]?] < A|t — s|? for some finite A, some 3 > 1 and all ¢ and s in [—1, 1]; see
Theorem 12.3 in Billingsley (1968). Another condition is that E[(X,,(t) — X, (t1))? (X, (t2) —
Xn(t)?] < Aty — t1]? for some finite A, some 8 > 1 and all —1 < t; <t <ty < 1; see
Problem 7 on page 102 in Billingsley (1968). Since (X, () — X (5))? < 2K [(Ap(z —t) —
Ap(z — 8))2dr = 2K [(An(x — |t — s]) — Ay (x))? dz, we see that (T2') follows 1f for some
finite A and some 3 > 1 we have

(5.2) /E (x —t) — Ap(x)}de < AP, 0<t<1,

(5.3) //E (2= 5) — An(@)2(An(y — t) — An(y)) dody < AP, 0<s<t<l.
Let us summarize this in the following theorem.

Theorem 4. A sequence A, of Ly -valued random variables is tight if (5.1) holds for some
a > 1 and if either (5.2) or (5.3) holds for some finite A and some > 1.

In the next two sections we use this theorem to establish tightness of some important

sequences of random variables.

6. A CLASS OF TIGHT SEQUENCES.

Let Z1, Zs, ... beii.d. random variables with distribution function D. Let Uy, Us, ... be
stationary random variables with Uy, ..., U; independent of Z;, Z; 4,... for all j > 1, and
let a1, as,... be measurable functions. Set

Ap(z) =n"1/? Z <an(x -U; - Z;) — /an(x —-Uj—=2) dD(z)), x e R.
j=1
Let W = W, for some a > 1. Then, with U = U; and Z = Z;, we calculate
/W E[A%(z)]dx < /W E[Var(a,(x — U — Z)|U)] dx
<F

)] /W(:U) Var(ap(x — Z)) dx

/E n(r — 1) — Ay (x))?] de < /E[(an(x—t— U—2)—an(x—U—Z))?dx

— / (an(z — 1) — an(x))? da.

Thus Theorem 4 yields the following result.
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Proposition 3. The sequence A, is tight if the sequence [ Wo(x) Var(an(z — Z))dz is
bounded and E[W,(U)] is finite for some o > 1, and if

n

(6.1) sup/(an(x —t) —an(z))?de < Bt", 0<t<l1,
for some finite B and some k > 1.

Let us now establish the bound (5.3). For this we first state the following bound. Its
proof is deferred to Section 12.

Lemma 13. Assume that (6.1) holds with k > 0. Then for any random variables Uy;; =
Uyji that are independent of (Z;, Z;, Zy,), the left-hand side of (5.3) is bounded by

1
_ 242K 2,3k/2 : K LK
C = 5(4B)*t*" + 8(4B)*t*/ ~ > \/E[mm{t NUk — Ugij|*}].

1<i<j<k<n

Let us mention some consequences of this inequality.

Proposition 4. Suppose the sequences U1,Us, ... and Z1,Zs, ... are independent. Then
the sequence A, is tight if E[W,(U)] is finite and the sequence [ Wy(x) Var(a,(z — Z)) dx
is bounded for some a > 1, and if (6.1) holds with k > 1/2.

Proof. If k > 1, the result follows from Proposition 3. For 1/2 < k < 1, use Uy;; = Uy, in
Lemma 13. Then C = 5(4B)%t>*, and (5.3) holds as x > 1/2. O

Proposition 5. Suppose that the random variables Uy;; of Lemma 13 fulfill
(6.2) ‘Uk—Ukij‘ §Ck_i|Zi|+Ck_j|Zj’, 1<i<j<E,

with positive numbers c1,co, ... satisfying
o0

(6.3) D VG < .
j=1

Let Z have a finite mean. Then the sequence A, is tight if E[W4(U)| is finite and the
sequence [ Wy (z) Var(an(z — Z))dz is bounded for some a > 1, and if (6.1) holds with
k=1.

Proof. Since k = 1, condition (5.3) will follow if we show that

% 3 \/E[Ck_i|Zi|+Ck—j|ZjH:O(l)-

1<i<j<k<n



14 ANTON SCHICK AND WOLFGANG WEFELMEYER

Since Z has a finite mean and va + b < v/a + Vb for positive a and b, this follows as

1
oz Z \/ Ck—i T Ck—j

1<i<j<k<n
1 ) 1 .
S 3 Z (k—l)vckﬂ""ﬁ Z (= Dy/er=;
1<i<k<n 1<j<k<n

o DR =t SN
=1

1<i<k<n

Remark 1. A sufficient condition for (6.3) is that > -2, 37| is finite for some 3 > 1.

Example 1. If we take a,(x) = 1l[xz > 0], then the process A, becomes the empirical
process D, defined by

D, (z) = n~ Y2 z": (1[Z; - U; <z]— D(z - Uj)), z€R.
j=1

In this case, [W(z)Var(an(z — Z1))dx = [W(z)D(z)(1 — D(z))dz = ||D(1 — D)|lw
and an(z —t) — ap(z) = —1[0 < z < t], so that inequality (6.1) holds with B = 1 and
# = 1. Now assume that Uy = >°2, d;Z)—; with coefficients d; such that > 72, \/|d;] is
finite. Upon taking Uy;; = Uy — dy—iZ; — di—jZ;, we see that (6.2) and (6.3) hold with
¢; = |d;|. Consequently, the empirical process Dy, is tight in Ly if D(1 — D) has finite W-
norm and E[W (U)] is finite. For V' = V,,, with m a non-negative integer, these conditions
are equivalent to D having a finite moment of order 2m + 1 + a.

7. A SECOND CLASS OF TIGHT SEQUENCES.

Consider a linear process
oo
Ut — Z dsths, t e Z7
s=1

with independent and identically distributed innovations Z;, ¢ € Z, with finite mean and
coefficients dq, ds, ... such that

(7.1) > jlds] < oo
j=1

For bounded functions a and a’ set

Ap(z) =n"1/? Z (a(:v —Uj) — Ela(z — Uj)]>, z € R,
j=1

8 (w) = n7V?

J

(a'(:v ~U;) - Eld(x — Uj)]), z R,
1

n
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Now assume that a is absolutely continuous with a.e. derivative a’. Then we have
Ap(z—t)—Ay(z) = —t/ol Al (z —st)ds, t,z€R.
Hence Theorem 4 shows that the sequence A,, is tight in Ly, if
(7.2) sup/(l + |z|)V E[A2(2)] dx < oo
n
for some v > 2r + 1, and if
(7.3) sup / E[(A (2))2] dz < oo.
n

Sufficient conditions for (7.2) and (7.3) are given in Schick and Wefelmeyer (2007b) and are
recalled in Section 13. More precisely, Lemma 23 applied with » = a and ¢ = r + 1 and
q > p > r, Lemma 24 applied with A = @/, and Lemmas 4 and 5 yield the following result.

Proposition 6. Let r be a non-negative number. Assume (7.1) holds and E[|Zy|"] is finite
for some v > 2r + 1. Then the sequence A, is tight in Ly, if a and its a.e. derivative o

have finite V,.1-norms and a’ is bounded and 1-Lipschitz.

8. SOME OPERATORS ON Ly .

We now return to the linear process introduced in (1.1). Throughout this section we
assume that

BIXo[V(¥)] < 00, i=1,2,...
A sufficient condition for this is that E[V2(Y;)] and E[X}3] are finite. For the special case
V =V, it suffices that ¢ has a finite moment of order 4+ 1. This follows from the following

lemma.
Lemma 14. Let m be a positive integer. For i = 0,...,m, let & = ZSEZ Cis€s With
C =3 ser>ivolcis| finite. Let r,ry,...,ry be non-negative numbers and t = max(1,r +

ri4 - +rm). Then

BV.() [T 1&"] <27+ CElleol'):

=1

Proof. For 0 < p <1 < q one has
Vp(z) < Vy(z) <2711 + 2|9, z€R.
Let Z =3, > i, |cis|les|. Then [&| < Z for all i = 0,...,m and

m

Vi(&o) [T 16l < Vi(2) <271 (1 + 29,
=1

The desired result follows now from the Minkowski inequality. 0
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Now we investigate some linear operators on Ly. For i = 1,2,..., we let T; denote the
operator which maps a in Ly to T;a in Ly defined by

Tia(z) = E[Xoa(z — Vi), @ €R.
These operators are bounded since
(8.1) [Tiallv < E[[XolV(Ya)]llallv-

If N is finite, there is an integer 7 such that ¢, = 0 for s > 7. In this case T;a = 0 for all
i > 7, as X and Y; are independent for such i and E[X(] = 0.
With pg = 1, we can express Tja as

Tia(x) = Z psble_sa(z —Y;)] = Z ¢sDsyia()
s=0 s=0

where Dja(x) = Elega(x —Yj]. Let m be a positive integer less than or equal to N. Denote
by 71,...,Tm the indices of the first m non-zero coefficients and set ¢; = ¢,,. Then we
can write V3 = ¢16¢—r, + -+ + dmEt—r,, + U with Uy = ZS>Tm ps€t—s, and obtain the
representation

Dja(z) =Y 1[j = niai(x — Uj) + 1[j > 7] Eleoao(z — U;)]
=1
with
@0(.73) - E[a(w —¢1E1 — - — ¢m5m)]
and
a;(z) = Elg;a(x — ¢161 — -+ — dmem)], i=1,...,m.

We can express a; as the convolution a * v;, where 1; = ;1 * - - - % ¥, and
wole) = o (5) (WA =17 ) acr
fori=0,...,mand j=1,...,m.

Assume now that f has finite V.4 1-norm and finite V,.; ;-variation and that a has finite V.-
norm. Then 1);; has finite V,.;1-norm and finite V,.| ;-variation for ¢ # j, while 9;; has finite
Vi-norm and is V,.-Lipschitz; see Lemma 11. Thus, by Lemma 9, the functions vy, ..., ¥m
are strongly V,-regular of order m with a common constant A; g is even strongly V,41-
regular of order m. This implies that the functions ay, ..., a,, are also strongly V,-regular
of order m with common constant A|la|ly,. From this we derive that Dja is V,-regular of
order m with constant E[(1 + |eo|)V,(Uj)|Allallv,.. For ¢ =1,...,m — 1, the i-th (almost
everywhere) derivative (D;a)® of Dja is given by

(Dja)(z) = S"1[j = nla’ (z — U;) + 1]j > 7] Eleoay’ (z — Uy)]
=1
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and satisfies
1)V, < BI(1L+ |0V (U7)] max ;" |y,

An alternative bound is available for large j. Indeed, for j > 7,,, we have (Dja)(i) =
E[EQELE)Z) (x —Uj)] = E[ao(d((f) (x = Uj) — a((])(x — Uj + ¢je0))] and obtain, since d((f) is V-
Lipschitz with constant L;, that

1(D;) v, < lips| EIEGIEIV: (Us — pje0)) L.

If a has finite V,-variation, then the functions aq,...,a, are strongly V,.-regular of order
m + 1 and so are the functions Dja, and the above holds also for i = m. It follows from
Lemma 14 that sup;q E[(1 + [g0])V:-(Uj)] < 0o and sup;~q E[V,(U; — pje0)] < oo as f has
finite V,1-norm. Thus we have proved the following results.

Lemma 15. Let r > 0 and let m be a positive integer. Suppose f has finite V,y1-norm
and finite Vy1-variation. Let N > m. Then there is a constant C such that, for each
a of finite V.-norm, the functions Tia,Tsa,... are V,.-reqular of order m with a common
constant Cllal|y,, and

(8.2) sup Z I(T:a) DIy, < Cllally, -
0<j<m— 1

There is also a constant K such that, for all a with finite V.-norm and finite V,.-variation
M, the functions Tha,Tsa, ... are V.-reqular of order m + 1 with common constant KM
and

> I(Ta) ™y, < KM.

Lemma 16. Let r > 0. Suppose a and f have finite V., 1-variation, a has a finite Viq1-
norm and f a finite Vyyo-norm. Let N > 4. Then the functions Tia,Tsa, ... are absolutely

continuous of order three and

sup ZH Tia)P ||y, <

0<]<3
Proof. The above considerations with m = 4 show that aq, ..., a4 have finite V,1-norms
and are strongly V,;i-regular of order four. The desired result is now immediate. O

Corollary 1. Let r > 0 and let f have finite V,11-norm and finite V,y1-variation. Let
the kernel k have finite V.-norm and be continuously differentiable with k' having finite

Viy1-norm. Then

(8.3) > Tk, llv, = O(1).
=1
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Proof. Note that T;kj = (T;ky,)". Thus the desired result follows from Lemma 15 with
m = 2if N > 2. If N = 1, the left-hand side of (8.3) simplifies to ||k, *¢11]ly, and is
bounded by L [ [¢|V (b,t)|k'(t)| dt with L the V,-Lipschitz constant of 111; here we used
Lemma 10 with m =1 and [ &/(¢) dt = 0. O

9. BEHAVIOR OF RESIDUAL-BASED PROCESSES.

Let X1,...,X,, be observations from the linear process (1.1). Throughout this section let
a, be twice continuously differentiable functions such that aj, and a!, have finite V-norms.
Then we have the following inequalities.

(9.1) [Stan —anllvy < lap vtV (t), teR,
(9.2) 1Stay, —apllv < lapllvItV(t), teR,
(9.3) |Stan — an +tal|ly < ||CL;,,LH\/752V(t), teR.

Set A = (61 — 01,--+,0p, — 0p,) - Recall that X; 1 = (Xj_1,...,X;_p.) . We first
study the processes A,; and B,,; defined by

n

1 A
@) = 3 (oo =) — anl — ).
" Jj=pn+1
1 n
B,i(x) = p— j:;H X;_1a,(x—¢j), z€R.

For this we introduce the following condition.
(FO) The density f has a finite moment of order £ > 2 and PrgnnT2/¢ is bounded.

From Schick and Wefelmeyer (2007b) we recall some properties of the average

and of the residuals £; and the closely related quantities

(9.4) =g -ATX; =6 > 0X;.i j=patl,....n
i=pn+1

Lemma 17. Suppose (1), (Q) and (R) hold. Then

(9.5) Z;L:pn—‘,-l(éj - Sj)z = Op(Pnan);

(9.6) Y paa1 (G — €5)2 = Op(n%),

(9.7) ATX = Op(n_lp,llﬂq%ﬂ).
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If also (F0) holds, then

(9.8) o max_ [gj —ej| = op(1),

Lemma 18. Suppose (1), (Q), (R) and (F0) hold and f has finite V2-norm. Then
1An1 = ATBuillv = Op(n™ "2~ [lal,llv) + Op(n™ " pugallarlv).
Proof. By continuity of V' we have

(9.9) ,, max_ V(n;) =1+0,(1) if ,, max_ Inj| = op(1).

The properties of f imply that E[V?(g1)] is finite and E[V (e1)|Xo|?] = ||f|lv E[|Xo0||?] =
O(pn). Thus (2.1), (9.8) and (9.9) imply

2 2 2 _
Y v > VAV ) = 0,00
J=pn+1 " j=pn+1
1 n
Unz == 37 VE)IXsal = Oplon).

Jj=pn+1
Let A}, be defined as Ay, but with &; replaced by €} given in (9.4). Then, by (3.6) and
(9.1),

n

* 1 ~ Ak
1An1 = Anyflv < D llan(- =€) —an(- = &))llv

— Pn j=pn+1
HanHV V ]|pnﬂ%§§nv(6j 63)
] =pn+1
< | (U : an € A*)Z)” : V(g - &)
- an v nln_p’n 8.7 8] pn+1%§§” 6] 6]

Jj=pn+1

Since (9.6) implies maxp, 11<j<n €] — €j| = 0p(1), relations (9.6) and (9.9) give
1An1 = Aallv = Op(n™2=Clap, [v)-

From (3.6) and (9.3) we obtain the bound

AL — ATB|lv <

Z Vieglanllv(E — )V (Er — &)
Jj=pn+1

Note that assumption (R) implies that |A[]> = Op(n~'g,). Thus (9.6), (9.8), (9.9) and the
identity €7 —¢; = —ATXj_l give
1471 = ATBuillv = Op(llapllvIAPUnz) = Op(n " pagullarIv)-

The desired result is now immediate. O
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Lemma 19. Suppose (I), (Q) and (R) hold. Let f and (a!,)? have finite W,-norms for
some o > 1. Then
|ABullv = Op (™91 %4/ 1a1)* 177).

Proof. Let W = W,,. Set B,1(x) = X(a, * f)(z) for z € R. In view of (9.7), (2.5) and (2.4)

we have
AT - 2
1A Bl = Op(n'pY26M2|1d, = Fllv) = Op(n~ ' p 22 ()2 [112).
Since By1(7) — B, (z) is a martingale, we have
(1~ D) BB (2) — B ()] < E[Xof? / (d(x — 2))2f(2) d=

and thus, as W(z +y) < W(z)W(y) and E[|Xo|?] < pnE[X?],

/W E[[Bu(2) — By (2)[2) dz < —2— BIX3]l|(ap,) 1w £ 1w

n — Pn

This and (2.4) show that
JAT B - Bun)llv = Op(n™" 10/ (@) ).
This completes the proof. O

The previous two lemmas will be applied to f . For g we need analogous results with
Y; =X, —¢; and }A’j = X; —¢; in place of ¢; and £;. The corresponding processes are now

n

Apa(z) = — > (an(z = Y)) — an(z — V7)),

n —
Pn e

Z X; ja(x—Yj), z€R
J =pn+1

Lemma 20. Suppose (I), (Q), (R) and (F0) hold. Let E[V(Y1)|Xo|?] = O(p,) and let
E[V2(Y1)] be finite. Then

1An2 + ATBuallv = Op(n ™2 Iv) + Op (™ pugullaylv).
Proof. Stationarity, finiteness of E[V2(Y7)], and (2.1) and (9.9) give

n

1

n — Pn

VE(Y;) = Op(1),
Jj=pn+1

while stationarity and E[V(Yl)]Xo\Q] = O(py) give

Z V(Y;)IX;- 1‘ Op(pn).

n — .
pn] =pnt1

The desired result now follows as in the proof of Lemma 18. O
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For r > 0, E[V2(Y7)] is finite and E[V,.(Y7)|Xo|?] = O(p,) if €¢ has a finite moment of
order £ > max(2r,r + 2). This follows from Lemma 14.

Lemma 21. Suppose (C), (1), (Q) and (R) hold. Let )., s|ps| be finite and r be a non-
negative number. Suppose that f has a finite moment of order & > 2r + 3, and that a,, and
al’ have finite V;41-norms. Then

JAT (Bu — EBua]) v, = Op(n "0k 20}/ (v + v ) ).

Proof. Lemmas 4 and 5 imply that a;, is V4 1-Lipschitz with constant ||aj,||v,,, and that
Vii1a;, is bounded by |a;||v,,,. We may assume that £ < 2r +4. Then o = £ — 2r — 2
satisfies 1 < a < 2. By (2.4),

Pn
IAT (B2 — EBr2]) I}, < KalAJ” Z/Vzrm(w)B?(x) dx
i=1

with B;(x) the i-th coordinate of B2 (z) — E[Bpa(z)]. It now follows from Lemma 25 applied
withh=al,g=r+1landp=r+a—1<r+1 that

Pn

Cpn
E /V2r+a(:v)(n—pn)E[Bf(:v)]dx< - Voanlloo (lag v,y + llanllviir)
=1

for some C' > 0. The above inequalities and the rate |A]2 = O,(n'q,) yield the desired
result. O

10. ESTIMATING THE INNOVATION DENSITY.

In this section we study rates of convergence in Ly of the residual-based kernel estimator
f and of functionals a * f . We impose the following conditions on the innovation density f
and the kernel k.

(F1) The density f has finite W,-norm for some o > 1.

(K1) The kernel k is twice continuously differentiable with bounded derivatives. Moreover,
k, k' and k" have finite Ws-norms.

Under (K1) the i-th derivative kl()i) of kp, satisfies
(10.1) 1) lw, = O(b7") and  [|(ky))llws, = O(b; '), i =0,1,2.

These rates stay valid if we replace W by V., VV;, V'V, or W, with o < 2. Since &’ and k”
have finite VVa-norms, [K/(t)dt = [K'(t)dt = 0, and [ ||V (£)Vi(t)|kS (t)] dt = O(bL)
for ¢ = 1,2, Lemma 10 yields the following rates.

Lemma 22. Let (K1) hold and let U = V' V3 with 0 < 8 < 1. Suppose a has finite U-norm
and is U-Lipschitz. Then |lax ky |l = O(1) and |la k) o = O(b,").

n
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Theorem 5. Suppose that (1), (Q), (R), (F0), (F1) and (K1) hold. Then
1f = f % ko, llv = Op(n =270, 1) + Op(n ™ padnby, ) + Op(n~ /26, 1/2).

Proof. We may assume that a < 2. Set W = W,,. Let f = f x ky, and let f denote the

kernel estimator based on the actual innovations €, +1,...,¢n,
- 1 L
flx) = Z kp, (x —¢€j), x €R.
n—pn  °
j=pn+1

Then E[f(z)] = f(z) and nVar f(z) < k:gn * f(x), and in view of inequalities (2.4) and
(2.5) (the latter applied with W in place of V') we have nE[||f — f||3] < Kollkg lwll fllw =
O(b;1). This shows that ||f — f||y = Op(n_1/2bﬁl/2). Thus we are left to show that

1f = Fllv = Op(n™/276.1) + Op(n ™ prany,®).
But this follows from Lemmas 18 and 19, applied with a,, = k;,, and from the rates

E vy =0B:Y, |k Iy = O®:2) and ||(k: )?||lw. = O(b;?) shown above. O
bn n bn n bn a n

Theorem 6. Suppose that (I), (Q), (R), (F0), (F1) and (K1) hold. Let n="/?p,q,b;* — 0.
Suppose a is V-Lipschitz and ||a®||w, is finite. Then

lax (f = f # ks,) — Anllv = 0p(n~1/?)
and nt/?A,, is tight in Ly, where
1 n
An(r) = Z (a(z — ;) — Ela(z —¢5)]), zeR

n — .
Pn J=pn+1

Proof. We may assume that o < 2. Let f and f be as in the previous proof. It is easy to
check that ax(f — f) = Ay ks, . It follows from Lemma 12 and the finiteness of ||a?||y,, and
| fllw, that n'/2A,, is tight in Ly. Then Lemma 2 gives |[n'/2(A, * ky, — Ayn)|lv = 0p(1).
In other words,

la x (f = f) = Aallv = 0p(n~'/?).
One verifies that

ax(f—f=—"

B N — Pn

(an(:r —&j) —an(x — ej))
J=pn+1

with a, = a * ky,,. Since a;, = a*kj, and a; = a*kj , Lemma 22 yields [la,[v = O(1) and
lazllv = O(b;"). Using (2.6) and (10.1) we find [|(a7)*[lw,, < lla®|lw Ik, Iy, = O(b;2).
Thus Lemmas 18 and 19 yield

lax (f = Pllv = Op(n™/27¢) + Op(n™ ' pugnby ') = 0p(n~1/?).

The desired result follows from the above. O
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In the above proof we have seen that ||n'/2(A, * ky, — A,)||y = 0p(1). Thus we obtain
the following result.

Corollary 2. Under the assumptions of the previous theorem we have

o, a5 (F = 1 ko) = Aally = 0p(n112).

11. ESTIMATING THE DENSITY g.

Now we study convergence rates in Ly of the kernel estimator g based on Y] = X; —¢j,
7 =pn+1,...,n, and of functionals of the form a * g. Here we restrict ourselves to the case
V =V, for some non-negative r. Then W, = Vo,

Theorem 7. Suppose that (C), (1), (Q) and (R) hold, that )" ., s|ps| is finite, that (K1)
holds with Wy = Va,49 and that (F0) holds with § > 2r+3. Let f have finite V,41-variation.
Then, with my, = n"'p,qnb, 2,

19 = g%k, llv, = Op(n 2705 1) + Op(mn) + Op(n ™26, 1/2) 4 Op(n™2qy/%).

Proof. Let g denote the kernel density estimator based on Y}, 11,...,Yy,

n

@)= —— 3 k(@-Y), zeR

n—pn

Jj=pn+1

We may assume that a < 2. Then [|fllw.. [ wa. [[E]lv;..
has finite V,.;i-variation. Thus Proposition 3.3 and Corollary 5.1 in Schick and Wefelmeyer
(2006) yield the rate

and ) ., s|es| are finite and f

G — g * ks, lv, = Op(n~1/2p,1/%).
Let 'y (z) = E[Xok;, (z —Y1)]. It suffices to show
(11.1) 19 =G+ATully, = Op(n™"2767") + Op(n™ pagnby®),
(11.2) IATTallv, = Op(n™2¢)/?).
Statement (11.1) follows from Lemmas 20 and 21 applied with a, = k;, and the rates

1k, lv,y = O, 1) and ||k} ||v,., = O(b,?); see (10.1) for the latter.
The i-th component of T, is Tikgn. Thus the Cauchy—Schwarz inequality yields the bound

[e.e]
N A
IATTA[IT, < 1A Y IITiks, I3,
i=1

Thus statement (11.2) follows from Corollary 1 and (R). O

By assumption (C) we have N > 1. Thus the following result always applies with m = 1.
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Theorem 8. Suppose that (C), (1) (Q), (R) and (S+) hold, that (K1) holds with Wy =
Voryo and that (F0) holds with & > 2r + 3. Let f have finite V,1-variation, and let a have
finite V,y1-variation and finite Voppoq-norm for some o > 1. Assume the kernel k is of
Vi--order m for some positive integer m. Let b;"qi/Q — 0 and n~1/2

N >m,

Prgnbyt — 0. Then, if

Pn
Ha # (5= g% h,) —Kn+ (6 = 0)(Tia) || = op(n=1/?)
=1

T

and nl/QKn is tight in Ly, where

Ku(r) = - _1pn '_ZH (a(x — Y}) - Ela(z — Y})]), z€R.

Proof. We may assume that « < 2. Set W = W,. Let 7 = inf{s > 1 : ps # 0}. Write
Y; = Z;+U; with Z; = @re4r and Uy = ) o0 | dsZy—s, where ds = @r45/¢p-. We can express
K, = K,1 + K,» with

Kpi(z) = — Z (a(a: —Zj —Uj) —a(x — Uj))?
" j=pn+1
Koo () = — (e — U;) — Ela(z — U,)]),
(LI L g

and a(z) = Ela(x — Z;)]. Then a = a %1, where 1 is the density of Z; = @pre9. Let
us now show that n'/2K,; and n'/2K,, (and hence nl/QKn) are tight in Ly,. We use
Proposition 5 to establish tightness of n'/2K,;. The assumptions of this proposition hold
with Uki; = Uy — dy—iZ; — di—;Z; and ¢j = |d;|. Indeed, (6.3) holds in view of (S+) and
Remark 1, the moment assumptions on g and Lemma 14 yield that E[W (U)] and E[W (Z)]
are finite, and so is

/ W (x) Var(a(z — 2)) di < ||| E[W(2))

and (6.1) holds with k = 1 as a is bounded and 1-Lipschitz. Thus Proposition 5 yields
tightness of nl/QKnl.

We use Proposition 6 to establish tightness of n'/2K,s. Since a and f, and hence 1, have
finite V,11-norms and have finite V., -variations, a has finite V,1-norm and is absolutely
continuous, @ is V,.y1-Lipschitz and has finite V,.y;-norm, and V;..1a’ is bounded; see Lem-
mas 4 and 8. This, (S+) and the moment assumptions on f give the required assumptions
for this proposition, and thus tightness of n'/2K,.s.

Let g be as in the previous proof and set g = E[g] = g * kp,. It is easy to check
that a * (§ — §) = K, * ky, . Since n'/?K,, is tight in Ly, , we obtain from Lemma 2 that
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|n'/2(K,, % ky, — Kp)|lv, = 0p(1). In other words,
lax @~ g) = Kally, = 0p(n™").

Next, one verifies that a % (§ — ) equals A, with a,, = a * kp, . We obtain from Lemma 22
that |la,|lv,., = O(1) and ||al||v,,, = O(b,'). Thus Lemmas 20 and 21 yield

|ax -2 +Z<@1 — )T,
=1

We have Tya;, = Ti(ax ky ) = (T;a) x kj, = (Tia)" * kp,. Let us now show that

v, - OP(”_1/2_<) + Op(n_lpn%bgl) = Op(”_1/2)~

r

(11.3) Zn (Tian) — (TiaY v, = 3 [(Tia) » by, — (TiaY v, = Op(b).
=1
By Lemma 15 the functions (Tia)’, (Tha),... are V,-regular of order m with constants

L1, Lo, ... (bounded by some L), so that Lemma 10 yields
I(Tia)" * kv, — (Tia)'|lv, < LiW(bn)bnm/W(t)ltmk(t)l dt.

This is the desired result if IV is finite as in this case T;a = 0 for all but finitely many ¢. If N
is infinite, then we obtain again from Lemma 15 that the Lipschitz constants are summable
as we can take L; = ||(Tja)™ D ||y

Note that (R) implies max;i<i<p, |0; — 0i| = Op(q,imn_l/?). This, (11.3) and bﬁqéﬂ — 0
yield

= (g} 1) = oy (n~1/2)

| i(@i — 00)(Tial, — (Ta))|

Combining the above yields the desired result. O

In the above proof we have seen that ||[n'/2(K, xk, —K,)||v. = 0,(1) and that || > (5;—
0))((Tya) * ky, — (T;a)")||lv, = 0p(n~1/2). Thus we obtain the following result.

Corollary 3. Under the assumptions of the previous theorem we have

= OP(nil/z)-

r

Pn
[ 0 (5= g5 ) = K+ (01
i=1

To simplify notation let v; = (T;a)’. Let us now take a closer look at the term

J = Z _Qz

We shall first look at the case when we are dealing with a parametric model for the au-
toregressive coefficients, say o; = r;(9) for a differentiable function r; defined on an open
subset © of R? for i = 1,2, ..., where ¢ is an unknown parameter. Then it is natural to
take ¢; = r;(J) with J a n'/2-consistent estimator of 9. Let (R2) hold. Then under the
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assumptions of the previous theorem Y2, ||villy, is finite and so is Y72, |||}, . Thus we
obtain that

17 = D@ = 9|, = op(n~1/?)

with D =", 7(9)v. It is now easy to see that nY2DT (9 — 9) is tight.

Let us now look at the nonparametric situation. Let M, = E[X¢XJ]. Then M, is
invertible, and the operator norm of its inverse M, ! is bounded by some C. We consider
the case when A — A = 0,(n"/2) with A as given in (1.3).

Theorem 9. Suppose that (C), (I) and (R) hold, that a and f have finite V,11-variation,
a has a finite V,11-norm and f a finite V,1o-norm. Let A=A+ op(nfl/Q) with A as in
(1.3). Then

(11.4) H 1/22 (A; — Ay

= op(1),

and nl/? S A A is tight in Ly,.

Proof. Note that ~; = 0 if for some 7 we have ¢s = 0 for all s > 7. In this case N is finite
and the conclusion is obvious. Now assume that N > 4. Then, in view of Lemma 15, we
have

1<i<p

Pn
|- Ao
i=1

This proves (11.4).

In view of Lemma 16, we have

v < Z lvillv,, max \A —A; | = (’A _ A’) _ Op(n—l/Z).
=1

o0
B =Y 7,y <00, j=0,1,2

Thus the functions 7; and 4/ are of finite V,41-variation bounded by B; and Bs, respectively,
see Lemma 5. Hence, by Lemma 4, V,417; is bounded by B; and V;.417, is bounded by Ba,
and

o0 oo
(11.5) > Illws < Bi Y illviey = BoBu.
=1 =1

Moreover, we have

/(w(x—t)—w(x))wxgﬁ/(/Olry;(g;—st) ds)zdx

1
<12 /0 / (e — st))* de ds < oI
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and thus
(11.6) Z /(’yz(x —t) —vi(z))? de < 2B Bs.
i=1

We can write n'/2 Sy Ay = n'2AT5 where 4 = (71, .. ., Ypn) " - The matrix E[nAAT]
is given by 02M ! with ¢? the variance of £o. Since the spectral norm of M, ! is bounded
by some C for all n, we obtain that

En(AT4(x))*) = E[f " (2)nAAT(2)] = 0?7 (2) M, i (2) < a*Cl3(2)|*.
Using this, (11.5) and (11.6), we derive
[ Wa(2)E[(n'/?AT4(2))? dz < 0*CByBy,
[E[n2AT(3(z — t) — F(z))?] dz < 0>C'B; Bat?.

Thus tightness of nt/2AT~ follows from Theorem 4. O

12. SOME PROOFS.

This section contains the proofs of Theorems 1 and 2 and of Lemma 13. Under (C) and
(F), the density g inherits the properties of f, see Lemmas 4, 5, 8 and 14. In particular, g
is bounded and |[|g||v; is finite.

Proof of Theorem 1. Set f = f *ky,, g = g*kp, and h = f x g. Write

(12.1) h—h=h—h+gx(f—f)+fx@G-9+(F—H=*G—9)

We study the four right-hand terms, beginning with the last. Condition (B) and Theorems
5and 7 imply || f — fllv, = 0p(n~'/%) and ||§ — gllv, = op(n~/*). Inequality (2.5) then gives

(12.2) I(f = 1)+ @ =Dllv < I1f = Fllvillg = gllv, = 0p(n™?).

An application of Corollary 3 with a = f gives

Pn
(12.3) Hf* (§-9) —Fat (6 — 0| = op(n™"/2).
i=1 "

An application of Corollary 2 with a = g yields

(12.4) g+ (f = F) = Gally, = 0p(n™"/%).

Since h is V,-smooth of order m + 1 by Lemma 9 and k has V,.-order m + 1, we obtain from
Lemma 10 and nb?™*2? — 0 that

1l ky = hlly, = O ) = o(n™/?).

This completes the proof.
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Proof of Theorem 2. The least squares estimators ¢; fulfill (R) and A — A = 0,(n"/2); see
Lemma 1 in Schick and Wefelmeyer (2007b). Theorem 9, applied with a = f, now implies
that n'/2 37 Al is tight in Ly, , and that ||n/2 327" (A; — A)V||v. = 0p(1). The latter
and Theorem 1 now give the stochastic expansion of Theorem 2. The sequences n'/2F,, and
n'/2G,, are tight in Ly, by Theorems 8 and 6, applied with a = f and a = g, respectively.
This establishes the desired tightness.

Proof of Lemma 13. 1t follows from (6.1) that
/ (an(z —s—1t) — an(x — ) —an(z —t) + an(az))2 dx < 4B min{|s|", |t|"}

for all s and ¢ in [—~1,1]. Let ds(x) = an(x — 5) — an(z) and ds(z) = E[ds(z — Z1)], and set
¢i(x,s) = ds(x — Z;) — ds(z). Then we can express the i-th summand in A, (z — s) — A, ()
as &(z — U;, s). The left-hand side of (5.3) can be expressed as (1/n?) 3" T}, where

Tijrl = / E[&i(x — Us, s)65(x — Uy, 8)6x(y — Uy, 0)§(y — Uy, t)] da dy

and the summation is over all four indices, each ranging from 1 to n. Since multiplication
is commutative, the term Tj;; does not change its value if we switch ¢ and j or k and . It
is easy to see that Tjj;; = 0 if one index is larger than the other three indices. Since

/ €y — Up ) dy = / (. 1) dy = / (ely — Z0) — du(y))? dy

is independent of (&§(y — Ui, t),&(y — Uy, t)) for i and j less than k, we have

z]kk/Egz Ui,S)fj(l'_Uj,S” dx/E[é-I%(:%t)] dy:()a Z<] < k.
By the same argument, Tj;; = 0 for the same indices. Thus we have

Z Tijkl Z,Tuu + Z 4E]zg + Qﬂjjj + 27—_‘7]1] + ,Tujj + er]u) Z 4(ﬂk]k + j}kzk)

1<j <j<k

We have
/ (diy — Z&) — du(y))? dy < / (2d2(y — Zi) + 2E[d2(y — Z4)]) dy = 4 / d2(z) da.

With (6.1) we therefore get

(12.5) /ﬁk(y — U, t)* dy < 4Bt".

From this we immediately obtain that each term whose four indices take on at most two
distinct values, is bounded by (4B)2s%t*. This is clear for Tj;, Tiij; and Tjji, but requires

an application of the Cauchy—Schwarz inequality for the other terms; for example, T, ,Lm <
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Tiiji T4 and T, m] < T3ij;T555- Now let us look at the term Ty, with @ < j < k. Since

Ukij is independent of (Z;, Z;, Z;,), we have

Tikjk = / El&i(x — Uy, 5)&(y — Uj, 8)Agij (v, y)] dx dy
with
Apij(2,y) = & — Uk, 8)&k(y — Uy t) — Ep(x — Upij, 8)Ek(y — Unijs 1),

and thus we get from the Cauchy—Schwarz inequality and (12.5) that
T < 2(43)2(815)“/ E[(&x(x — Uk, 8) — &kl — Urijy 8))%(&(y — Uj,1))?] da dy

+2(4B)%(st)" / E[(&(y — U, t) = &(y — Urij, 1))*(&i(x — Ui, 5))°] da dy
< 2(4B)3s"t* Myi;(s) + 2(4B)3s* " My, (1),
where
M (u /E o = Up, u) — & — Upgyo))?) da

< /E[(du(x — Uy — Zi) — du(x — Upij — Zx))’] dz

< E[/(du(:n — Uk + Ukig) — du())? da
< 4BEmin{|Uy — Uy;|",u"}], u > 0.

This establishes the bound [T < 2(4B)**/2,/Emin{[Uy — Uk;[*,t*}], since s < t.
This is also a bound for |Tj;|. This completes the proof of the desired bound.

13. A BOUND.

Let Ug, t € Z, be independent and identically distributed random variables with finite
mean. For summable coefficients cg, c1,... and dg,dq, ..., with dg # 0, let us consider the

linear processes

E%::ﬁiicsLQ_s and T}iiﬁiidsLQ_s, tGEZ,
s=0 =

and let us set
oo [o@)
lell = lesl, Ndll =" ldsl,
=0 =0

o0

oo
De=> (j+Dlejl, Dg=Y _(+1)dj|.
7=0 7=0
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For a measurable function h and x € R we define

K(x)=n"'2Y" (b - 1) - Elb(z - 1)),
j=1

H(z) =n~ 23" (Sih(a = 1)) - ElS;h(e - T))]).
j=1

Set
A, B) =271 (1 + PE[|Uo)°]), a>0,8>1,

Schick and Wefelmeyer (2006) have shown the following two results.

Lemma 23. Let p and q be non-negative and g, = max(q, 1). Suppose h has finite Vy-norm
and is Vy-Lipschitz with constant L, V,h is bounded, and Uy has a finite moment of order
p+ q.. Let Dy be finite. Then

[ Vorala) BU @) di < 8A Vbl DA,
where A = max(L,2||h|ly,) and A = A(max(1,2|c||),p + ¢-).
Lemma 24. Suppose h is bounded and 1-Lipschitz with constant L. Let Dy be finite. Then
[ Bl @) ds < a2l DoE (U],
We shall now obtain similar results for the process H.

Lemma 25. Let p and q be non-negative and g, = max(q, 1). Suppose h has finite Vy-norm
and is Vg-Lipschitz with constant L, Vyh is bounded, and Uy has a finite moment of order
B=p+2+q.. Let D= D.+ Dy be finite. Then

[ Vors@) Bl @) do < 80|Vl DA
where A = max(L, 2||h[]y,) and A = A(a,p + 2+ q«) with o = max(1,2][c[| + 2]|d|).
Proof. We can write H(z) = n~1/2 > i=1(Zj(x) — E[Zj(x)]) where
Zj(x) = Sjh(z —T;), x€R.

Now set
7j—1 o) 7j—1 0o
Si=> eUis, S8j=)Y Uiy, Tf=> dlUis Tj=)» dUjs.
s=0 s=j s=0 s=j

Then we have the bounds |S}| 4 |S;| < R; and |T}| +|T;| < R; with

Rj = Zas|Uj,s| and o; = max(|¢j|, |d;]).
s=0
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Set R = Ry and U = Uy. By Lemma 14, for every t € [0, 3],
E[Vi(R;)] < E[Vi(R+ R;j)] < E[V3(R+ Rj)] < A

and
E[Vi(al)] < E[V3(aU)] < A.

Next we can write

Zi(@) = Sih(o — T} — Ty) + S;hlw — T} — Ty)
and obtain, with F denoting the o-field generated by {U, : t < 0}, that
(13.1) Zi(2) = B(Z;(@)\F) = Kz — Ty) + Syhj(a — T5)
where 1} and h; are the functions defined by

hi(z) = E[Sih(z —TF)] and hj = E[b(z —TF)], = €R.

These functions have finite Vj-norm and inherit the V-Lipschitz property of h. More
precisely, with B; = E[V,(T})] and B} = E[|S;|V,(T})], we obtain the bounds

1hjllv, < Bjllhllv, and |[Bjllv, < Bjlhllv,,
and find that h; is Vy-Lipschitz with constant LB; and £} is Vg-Lipschitz with constant LB;.
Since |T;| < R;, |S7] < Rj and ¢ < 3 — 1, we obtain the inequalities B; < E[Vy(R;)] < A
and B} < E[Vy11(Rj)] < E[Vp(R;)] < A. Thus, by Lemma 4.3 in Schick and Wefelmeyer
(2006), we have
(13.2) 175 = 8) = Bjllv, < Blt|Vo,—1(t) and  [|h;(- —t) = hjllv, < B[V, -1(t)

with B = 2AA. To simplify notation, we abbreviate Sy by S, Tp by T, and Zy by Z. Using

stationarity and a conditioning argument, we obtain

n—1
E[H?*(z)] = Var(Z(z)) + % (n —j) Cov(Z(x), Z;i(z))
j=1
Thus
n—1
[ Vo ElP @] dr <23,
j=0
where

= [ Vora@E(2@)124(a) - EIZ())] do

Since Vp,h is bounded, V,(z +y) < V,(2)V,(y), |S| < R < Vi(R) and |T'| < R, we derive the
bound

Vo) Z(2)] < [SIVp(T)Vp(x = T) Wz = T)| < Vo1 (R)[Vphlloo,  z €R.
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Thus we get

L < Vol [ Vi@ EVyia (B)|Zy(2) ~ EIZ,(0))] da-

Using the expression (13.1) for Z;(z), we obtain the bound
(13.3) T < [Vphlloo(Tj1 + Tj2 + Lz + ATja + AT s + Allhy v, E[|S;]),
where

T = [ V@ BVa(RIh o~ T) — (a)])

Lo = [ Vifa) EVyir (R Iy — ) = by )] din

Ljs = [ Vifa) EVyr ()5 Iyl o = gy, BV (RIS,

Lo = [ V@) Bl (e~ 7)) ~ i (o)) do
s = [ Vifa)EUS, Ity T5) ~ ()] da-

Now use Fubini’s theorem, the inequalities (13.2) and Vg, _1(T;)(1 + |S;]) < Vi.(R))
obtain Iji + Ljo < BE[Vp41(R)Ve. (R))|Tjl] < BE[Vs-1(R + R;)|Tj|] and Tjs + s
BEV, (R)ITl] < BEIVs (R + R)ITyl. We also have E[IS;]) < E[Vpy ()|

E[Vs_1(R + R;)|S;]] and ||hjlv, < A|hlly, < B. Plugging these inequalities into (13.3)
yields

=+
o

IA A

i < [[Vohlleo(1 + A)BE[V_1 (R + R;)(IT;] + 1S;])].

Using (2.1) with V' = Vj_, the independence of U;; = (o; + ai1;)|U—;| and R + R; — Uy
for i > 0, and the inequalities a; + ;15 < @ and 0 < R+ R; — U;; < R+ Rj, we obtain

EVs_1(R+ Rj)|U=i|] < E[|[U-i|V3-1(Uij)| E[Vs-1(R + R; — Usj)]
< E[V3(aU)E[Vs_1(R + R;)] < A2

and thus

BV (R+ R)ITy| + 15,1 < S (diss| + leirs ) EVa—1 (R + R)|U-]
=0

o0
Z |ditj] + [citjl)-
1=0

Thus we have the bound

Lj < [Vphlloo(1+ A)BA® Y (les| + |ds]),  j = 0.

s=j
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Since B = 2AA, A < A%, and

Do lesl+1dsh) = DG+ 1)(Jejl + 1ds]) = D
7=0

Jj=0 s=j

the desired result follows. O
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