Convergence in weighted L;-norms of convolution estimators
for the response density in nonparametric regression

Anton Schick and Wolfgang Wefelmeyer

ABSTRACT. Consider a nonparametric regression model Y = r(X) 4 ¢ with a
random covariate X that is independent of the error €. Then the density of
the response Y is a convolution of the densities of € and 7(X). It can therefore
be estimated by a convolution of two kernel estimators for these densities, or
more generally by a local von Mises statistic. If the regression function has a
nowhere vanishing derivative, then these estimators are known to converge at
the root-n rate, and convergence holds uniformly. We show that convergence
also holds in weighted L1-norms, and under weaker smoothness assumptions on
the error density. It follows that the corresponding process obeys a functional
central limit theorem in the corresponding Li-space.

1. Introduction

We consider the nonparametric regression model Y = r(X) + ¢ with a one-
dimensional random covariate X that is independent of the unobservable error
variable €. We impose the following assumptions:

(F) The error variable ¢ has mean zero, a finite variance o2 and a density f
of the form

f(z):/j fl(x)dx, z€eR,

for some integrable function f’ of bounded variation.

(G) The covariate X is quasi-uniform on the interval [0,1] in the sense that
its density ¢ is bounded and bounded away from zero on the interval and
vanishes outside. Furthermore, g is of bounded variation.

(R) The unknown regression function r is twice continuously differentiable on
[0,1], and ' is strictly positive on [0, 1].

We observe independent copies (Xi,Y1),...,(Xn,Ys) of (X,Y), and we are

interested in estimating the density h of the response Y. An obvious estimator is
the kernel estimator

- 1 <&
— ST K-V R
h(y) n; Wy —Y;), yeR,
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where K(t) = K(t/b)/b for some kernel K and some bandwidth b. Under the
above assumptions on f and g, the density h has a second derivative h” that is
L1-Lipschitz: For a constant L,

/ W'y + ) — W' (y) dy < Lltl, teR.

Thus, if the kernel is bounded, compactly supported and of order three, and the
bandwidth b is chosen proportional to n~!/7, then one can show that

|h hHl = / |h |dy = ((nb)_1/2 + b3) _ Op(n_3/7),

The kernel estimator A neglects the structure of the regression model. We shall
see that by exploiting this structure one can construct estimators that have the
faster (parametric) root-n rate of convergence in the Li-norm and obey a (func-
tional) central limit theorem in the space L;. For this we observe that the density
h is the convolution of the error density f and the density ¢ of r(X). The latter
density is given by
sy — 907

r(r=1(z))’
By our assumptions on r and g, the density ¢ is quasi-uniform on the interval
[r(0),7(1)], which is the image of [0,1] under r. Furthermore, ¢ is of bounded
variation.

The convolution representatlon h = f * q suggests a plug—ln estimator or con-
volution estimator h = f * ¢ based on kernel estimators f and ¢ of f and g,

z € R.

1
— 2N ky(z—¢;) and k(2 — R
nz oz =) and g Z b(z — (X)), zeR,

with residuals €; = Y; — #(X;) and 7 a nonparametric estimator of r. Setting
K =k x k, the convolution estimator has the form of a local von Mises statistic,

n n
=5 DY Koly—&—#(X;), yeR,
i=1 j=1
and is thus easy to calculate.

Assuming that f also has a finite moment of order higher than 8/3 and a
bounded integrable second derivative, Schick and Wefelmeyer (2011) have shown
that the estimator & is root-n consistent in the sup-norm and obeys a functional
central limit theorem in the space Cy(R) of all continuous functions on R that
vanish at plus and minus infinity. This result was obtained under mild assumptions
on the kernel k and the bandwidth b and with 7 an under-smoothed local quadratic
smoother. We shall also work with such an estimator. As in their proof we rely
on two properties of this estimator of r: its bias is uniformly very small (of order
o(n=1/?)), and its precision is uniformly sufficiently good (considerably better than
n~Y 4). These two criteria can be met by requiring sufficient smoothness on r and
working with higher-order local polynomial smoothers. For a twice continuously
differentiable 7 and a local quadratic smoother, the bias is of order o(c?), and the
precision of order (logn/(nc))!/?, where c is the chosen bandwidth. Choosing c
proportional to n~1/4 results in the required uniformly small bias and a uniform
precision of order log n'/2n=3/8,
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The local quadratic smoother is defined as follows. For a fixed z in [0, 1], the
estimator 7(x) is the first coordinate 31 (z) of the weighted least squares estimator

(1.1) B(z) :arg;naxnlczn:w<XjCI><Yj _ﬂT@b(?))z

where 9 (z) = (1,2,2%)". We make the following assumptions on the weight func-
tion w and the bandwidth c.

(W) The weight function w is a continuously differentiable symmetric density
with compact support [—1, 1].

(C) The bandwidth ¢ is proportional to n~1/%.

Here we do not require w to be three times continuously differentiable as was
assumed in Schick and Wefelmeyer (2011). This additional smoothness assumption
was used there to show that a modification of 7 belongs to some Holder space of
appropriate order. We shall not need this property here. As we assumed that r is
two times continuously differentiable, a bandwidth ¢ proportional to n~/% would
yield optimal rates of convergence. Here we undersmooth to obtain the expansion
(1.5) below. This comes at the expense of slower rates of convergence. More
precisely, as in Schick and Wefelmeyer (2011), our undersmoothed local quadratic
estimator possesses the following properties.

LEMMA 1. Suppose (F), (G), (R), (W) and (C) hold and € has a finite moment
of order greater than 8/3. Then, with & = © — r, we have the following rates of
convergence

(1.2) s (o)) = 0,((122)'"),

0<z<1 ne
(13) Ly i) - o,(L).
j=1
(1.4) / 0% (z)g(x) dr = Op(i),

and the stochastic expansion
1 n
(1.5) /&(x)g(w) dz = ZZE]‘ + 0,(n"Y?).
j=1

We are now ready to state the root-n consistency of the local von Mises statistic
h in the Li-norm. For this we set

n

Hily) =+ 3 (aly—2) —h() + 54 (@), veR,
Haly) =+ 3 (Fy = r(X,) = hw) = £ (5 = 7(X,). ye R

and introduce the following assumptions on the kernel k and the bandwidth b.

(K) The kernel k has compact support, is twice continuously differentiable and
of order three.
(B) The bandwidth b satisfies nb® — 0 and nb*/log*n — occ.
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THEOREM 1. Assume that (F), (G), (R), (W), (C), (K) and (B) hold. Let ¢
have a finite moment of order greater than 8/3, and let the integral

/ (1 +Tog(1 + o)) 2(1 + [2) (' (2))? da

be finite. Let 7 be the local quadratic smoother defined in (1.1). Set H = Hy + Hs.
Then the stochastic expansion

(1.6) I —h — Hlly = 0,(n~"/?)

holds, and n'/?H converges in distribution in the space L1 to a centered Gaussian
process.

We obtain this theorem as a special case of a more general result for weighted
Lq-spaces. By weighted Li-spaces we mean L-spaces for measures which have a
density V' with respect to the Lebesgue measure. As in Schick and Wefelmeyer
(2007a) we treat continuous V' with special properties; see (2.1)—(2.3) below.

Our main result, Theorem 3, is presented and proved in Section 2. This result
states that our convolution estimator is root-n consistency in weighted Li-spaces
and obeys a central limit theorem in these spaces. More precisely, it gives the
analogue of the stochastic expansion (1.6) for the weighted L;-norm and the con-
vergence in distribution of n'/2H in the corresponding space. For the latter we
utilize the central limit theorem for general Li-spaces for o-finite measures. We
give a simple sufficient condition for the central limit theorem to hold in these
spaces, see Corollary 1, and use it to derive in Lemma 2 the limiting distribution of
n'/2H. The proof of the analogue of (1.6) reduces the desired result to expansions
for the density estimators f and ¢. These expansions are proved in Sections 4 to
6. Their proofs rely on additional properties of the local quadratic smoother which
are presented in Section 3.

Local von Mises statistics go back to Frees (1994). He observed that densi-
ties of certain (known) transformations T'(X7, ..., X,,) of m > 2 independent and
identically distributed random variables X7y, ..., X,, can be estimated pointwise at
the parametric rate by a local U-statistic. Saavedra and Cao (2000) consider the
transformation T'(X1, X2) = X1 + ¢ X with ¢ # 0. Schick and Wefelmeyer (2004b)
and (2007a) obtain this rate in the sup-norm and in L;-norms for transformations
of the form T(Xl, .. ;Xm> = Tl(X1> + -+ Tm(Xm) and T(Xl,XQ) == X1 + XQ.
Giné and Mason (2007) obtain such functional results in L,-norms for 1 < p < oo
and general transformations T'(X71, ..., X,,). The results of Nickl (2007) and (2009)
are also applicable in this context.

The same convergence rates have been obtained for local von Mises statistics or
convolution estimators of the stationary density of linear processes. Saavedra and
Cao (1999) treat pointwise convergence for a first-order moving average process.
Schick and Wefelmeyer (2004a) and (2004c) consider higher-order moving average
processes and convergence in Ly, and Schick and Wefelmeyer (2007b), (2008a) and
(2009a) obtain parametric rates in the sup-norm and in L; for estimators of the
stationary density of invertible linear processes. Analogous pointwise convergence
results for response density estimators in nonlinear regression (with responses miss-
ing at random) and in nonparametric regression are in Miiller (2010) and Stgve and
Tjgstheim (2010), respectively. Escanciano and Jacho-Chévez (2011) consider the
nonparametric regression model and show uniform convergence on compact sets
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of their local U-statistic. Their results allow for a multivariate covariate X, but
require the density of r(X) to be bounded and Lipschitz.

In the above applications to regression models and time series, and also in the
present paper, the (auto-)regression function is assumed to have a nonvanishing
derivative. This assumption is essential. Suppose there is a point x at which the
regression function behaves like r(y) = r(x) + ¢y — x)” + o(ly — z|”), for y to
the left or right of x, with v > 2. Then the density ¢ of r(X) has a strong peak
at r(z). This slows down the rate of the convolution density estimator or local
von Mises statistic for h = f % g. For densities of transformations T'(X7, Xs) =
| X1 |¥+|X2|” of independent and identically distributed random variables, see Schick
and Wefelmeyer (2008b) and (2009b) and the review paper by Miiller et al. (2010).

Our estimator is generally not efficient as its influence function

I,(X,Y) =q(y — &) — h(y) + f(y — (X)) = h(y) —(f'(y — (X)) = ' (y))

at y does not always belong to the tangent space for our nonparametric regression
model. The tangent space consists of functions

a(X) +b(e) + c(X)l(e)

where the function a satisfies [a(z)g(z)dz = 0 and [a*(z)g(z)dz < oo, the
function b satisfies [b(y)f(y)dy = 0 = [yb(y)f(y)dy and [b*(y)f(y)dy < oo,
and the function c satisfies [ ¢?(z)g(x) dz < oo; see Schick (1993) for details. The
projection of the influence function at y into the tangent space is

IH(X,Y) = fly—r(X)) = h(y) + qly — ) — h(y) — L) (f'(y — (X)) — W' (y)) /]
= [fy —r(X)) = h(y)] + [a(y — &) — h(y) — d(y)¢(e)]
+[d(y) — (f'(y — (X)) = P'(y)) /)L e).

Here ¢ = —f/f denotes the score function for location, J is the Fisher information
which needs to be finite for efficiency considerations, and d(y) is the expectation
Elq(y — €)e]. Thus I,(X,Y) = I}(X,Y) holds if and only if ¢(¢)/J = &, which
in turn holds if and only if f is a mean zero normal density. Consequently, our
estimator is efficient for normal errors, but not for other errors.

We expect our result to carry over to estimation of the stationary density of
the time series X,, = r(X,—1) + €,. This generalization, however, will be non-
trivial. In the autoregressive setup we can no longer assume that the support of
the variables is compact. This makes the estimation of the function r much more
complicated. Some of these difficulties were already encountered by Miiller, Schick
and Wefelmeyer (2009) when estimating the innovation distribution in such models.

2. The main result

Let V be a continuous function with the following properties:

(2.1) V(0) =1,
(2.2) Viz+y) <V(@)V(y), xyeR,
(2.3) V(x) = sup|g <1 V(sz), 7R

For a measurable function u, we introduce the V-norm defined by

llullv =/|u(x)|V(a:) da.
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We let Ly denote the collection of (equivalent classes of) measurable functions
with finite V-norm. In other words, Ly equals L;(u) where pu(dz) = V(z) dx. The
following are easy consequences of the property (2.2) of the function V:
(2.4) [u(- =O)lv <V(@®llully, teR, uely,
(2.5) lluxvllv < Jullv|vllv, u,v€ Ly.
We say a measurable function u is Ly -Lipschitz if

[u(- —t) —ully < LItV (), teR,
holds for a constant L.

Let )
W(z) = (1+1log(1+|z])"(1+ lz)V3(z), x€R.

This function shares the properties (2.1)—(2.3) with V. An application of the
Cauchy—Schwarz inequality and the identity

Il
2o

1
/ 5 dz
(1+log(1 + [=]))"(1 + |=])
yield the inequality
(2.6) lull? < 2llu?llw,

valid for all measurable u.

We are interested in a generalization of Theorem 1 to the space Ly,. Toward this
goal we first derive a central limit theorem for the process n'/2H = n'/?(H, + H>)
in the space Ly. For this we rely on the central limit theorem in L;-spaces; see
Ledoux and Talagrand (1991, Theorem 10.10) or van der Vaart and Wellner (1996,
page 92).

THEOREM 2. Let pu be a o-finite measure on the Borel-o-field on R. Let
71,23, ... be independent and identically distributed zero-mean random elements
in Ly(p). Then the sequence n='/2 3" | Z; converges in distribution in Ly(p) to a
centered Gaussian process if and only if

Jim 2P / 1Z1(@) pdz) > 1) =0 and / (E[22(2))) " u(da) < oc.

We have the following corollary to this theorem.

COROLLARY 1. Let Z1,Zs,... be independent and identically distributed zero-
mean random elements in Ly . Then the sequence n~1/2 i1 Z; converges in dis-
tribution in Ly to a centered Gaussian process if

(2.7) |E[Z2)|w = / W () E[Z2(y)] dy < .

PrOOF. We apply the previous theorem with pu(dx) = V(x) dx. Using (2.6) we
obtain the bounds
ICEIZEDY2I5 < 2 E[Z]llw < oo
and
B[l Z117] < 2E[|1Z7|lw] < co.

The Markov inequality and the Lebesgue dominated convergence then imply
lim *P(||Z1|lv > t) < lim E[||Z|31[|Z1]lv > t]] = 0.
t—o0 t—oo
Thus Theorem 2 yields the desired result. O
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We can write H = (1/n) Y7, Z;, where

Zi(y) = qly—e;) = h(y) + fly—r(X;)) = h(y) —&; ([ (y —r(X;)) =1 (y), yeR.
We have
E[Z}) =@« [ =W+ fPxq—=h*+*((f')* xq— (W)?)
SExf+Prg+o’(f) xq
and thus
IE[Z]llw < I lw Il fllw + 121w llallw + o212 lw llgllw-

Note that f is bounded by assumption (F) and that ¢ is bounded with compact
support by assumptions (G) and (R). Therefore ¢ and ¢ have finite W-norms, and
f? has finite W-norm if f does. This shows that |E[Z?]||w is finite if f and (f)?
have finite W-norms. Thus we have the following result, with the second statement
following from Remark 5 of Schick and Wefelmeyer (2007a).

LEMMA 2. Suppose (F), (G) and (R) hold and ||f|lw and ||(f)?|lw are finite.
Then /nH converges in distribution in the space Ly to a centered Gaussian process.
Moreover, |n'/?(H * Ky — H)||y = 0,(n"'/?) if K has finite V -norm.

We are now ready to formulate our main result.

THEOREM 3. Suppose (F), (G), (R), (W), (C), (K) and (B) hold. Let be the
local quadratic smoother defined in (1.1). Let || f|lw and ||(f")?||w be finite, and let
f' be Ly -Lipschitz. Then the stochastic expansion

lh—h = Hly = o,(n="/2)

holds, and n*/>H converges in distribution in the space Ly to a centered Gaussian
process.

Note that Theorem 1 is a direct consequence of Theorem 3 and the observation
that functions of bounded variation are Li-Lipschitz. For the latter result see
Lemma 8 in Schick and Wefelmeyer (2007a).

PROOF. Set f, = kp x f and g, = kp * ¢. We have the decomposition

fria=foran+fox(@—a)+a*(f—f)+F = fo)*(G—a)
Note that
foxaqy=f*xqxkp*ky=hxKp.

Let us introduce the notation

E= %Zn:e’:‘j
and )
RG) =+ (Fly = #0X,) = fly = () +&i0 (= (X)), e R

and the kernel estimators

fy =23 kly-<), vekr
j=1
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and
q(z) = %Zkb(z -r(X;)), z€R

Then we can write
wx(f—fo)=a*(F—fo +Ef) +a*(f— f—&f)
=Hy « Ky +aq+ (f — f — &)

and } .

Jox(G—a) = fox(G—aq) + fox(G—9q)

= Hy « Ky + R *x Kp.

The above identities show that
h—h—H=hxKy—h+HxKy—H+RxKy+q*(f—Ff—fl)+(F—f)*(G—q).

Since ¢ is of bounded variation and quasi-uniform on [r(0),r(1)], we may and
do assume that ¢ is of the form

4(z) = / _dlu)udn), aeR,

where v is a finite measure with v(R — [r(0),7(1)]) = 0, and ¢ is a measurable
function such that |¢| < 1. As shown in Schick and Wefelmeyer (2011), this allows
us to write

hy) = / f(y — o)qla) dr = / Fly — w)(u) v(du),

where F' is the distribution function corresponding to the error density f. The
properties of f now yield that A is two times differentiable with bounded derivatives

(2.8) W(y) = / f(y - w)d(u) vdu), yeR,

(2.9) W (y) = / 'y - u)d(u) v(du), yER.

Since f’ is Ly-Lipschitz, so is h”; see Lemma 6.1(2) in Schick and Wefelmeyer
(2008¢). As k is of order three, so is K. Thus it follows from a standard argument
that

|h* Ky — h|lv = O(b).

In Sections 4—6 we shall verify the following statements:

(2.10) If = f = efillv = op(n=1/%),
(2.11) IRllv = o0p(n=1/2),
(2.12) If = follv = Op((nb)=1/2),
(2.13) 1d = abllv = 0p(6~" (nc)~1/2).

Using these results we derive
lh = h = Hly < |h* Ky = hlly + |H % K — Hllv + || Rl|v | Ksllv

lalvllf ~ F = eRllv + 17 ~ fllviid — allv
= O(%) + 0,0 2) + Op(n 10727 1/2) = 0, (n11%)
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by the choice of the bandwidths b and c¢. Here we also used Lemma 2 and the
inequalities ||qp||v < [|[Kpllv||lglly and ||Kpllv < [|k]|%, valid for b < 1 in view of
(2.3). O

3. More properties of the local quadratic smoother

In this section we collect additional properties of the local quadratic smoother
7 that will be needed in our proofs. For proofs of these properties we refer the
reader to Schick and Wefelmeyer (2011). To simplify notation we set
a=7-—r.

For a function u defined on [0, 1], we write

lul = sup |u(z)].
0<z<1

For x € [0,1], let U.(x) denote the matrix defined by

Uute) = [ gl + cupiw)o™ (wuwla) du.

This matrix is invertible for ¢ < 1/2. We write D.(z) for the first row of its inverse.
For later use we mention the bound

(3.1) sup  sup |D.(x)| < 0.
0<e<1/20<z<1

Let us now set
S0 = L3 (5 ().
j=1

Then we have the stochastic expansion
(3.2) la = Al = 0p(n~1/?).

Finally, we need some results that address the dependence of # on the pairs
(Xj,€;). To describe these results we define, for a subset C of {1,...,n},

n

w(Xj — 33)1[] ¢ O] (Sj + R(Xj,x))D(x)w(M)

aC(x):: 1 c c

nc

J
with

R(X,,2) = r(X;) — r(z) — ' (2)(X; — 2) — %r"(a;)(xj _ )2,

We abbreviate ay;y by a; and ag; jy by a; ;. Then we have

(3.3) max [|a —a;]| = op(1),

(3.4 iz (6(%) — 1,(x,))" = 0, (5 1),
(3.5) - [ (@) - 450 g(0) do = 0,(25 ),
(3.6) E[(a1(X1) — 412(X1))%] = op(ﬁ).
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4. Proof of (2.10)

Without loss of generality we assume that ¢ < 1/2. Let us again set @ = # — r.
For a continuous function a, we set

Han(z) = / / (ko2 — y + a(@)) — k(= — ) F(¥)g () dy da
:/fb(era(x))g(:c)dz—fb(z), 2€R.

A Taylor expansion yields

san(2) = Fi(2) / i(x)g(x) di + / / (1= 8) /(= + sa(2))a® (x) ds g ) da.

As (f')? has finite W-norm, the inequality (2.6) yields that f’ has finite V-norm.
Using this and the fact that k and k" are bounded with compact support, we derive
the bounds

[ follv = L * ollv < I/ lv[Esllv = O(1)
and
1 v = 1+ kyllv < I v Ikl = O@~H).

Using these bounds, relations (1.2), (1.4), (1.5), and b?nc®> — oo, we obtain the
rate

s = fizly < 13l [ atrg(o)de ]

+ I vV (lall) /&2(95)9(56) dz = op(n~/?).
The desired result (2.10) follows from this if we show

(4.1) If = f = paslly = op(n=/?).

To this end we introduce

n

()= -3 Ty(er(@) and T()= - S Ti(r(a), z€R
j=1

j=1
where
Tj(z,a) = ky(z — &5 + a(X;)) = k(2 =€) = pa,p(2),
and where 7 is the function defined by
T(r) = —1[z < —1] + z1]|z| < 1] + 1]z > 1].

Note that 7 is bounded by 1 and satisfies |7(z) — 7(y)| < |z — y|.

The probability of the event {||a|| > 1} tends to zero. On its complement we
have the identity 7(a) = @ and thus T = f — f — Ha,b- In view of this, relation (4.1)
follows if we show

(4.2) IT = Tullv = 0p(n~"/?)
and

(4.3) 1Tl = op(n~1/2).
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For real numbers z1,...,z,, and y1, ..., Ym, the function y; defined by
1 m
Xo(2) = - Z (kp(z — @i — yi) — k(2 — 24))
i=1

1 [*
:f—Z/ yiky(z — x; — sy;)ds, z € R,
mi=iJo

satisfies the inequalities

1 m
(4.4) Ixollv < IIkillv% > V@)V ()il
i=1
and
(4.5) Iz lw < (k) [lw — ZW ;i)W

Note also that ||kj|ly = O(b~!) and ||(k})?||w = O(b=3). The inequality (4.4) and
the statements (1.2), (3.3), (3.4) and (3.5) yield the rate

- = logn _
IT =Tl = 0, () = 0p(n %),

The last step used the fact that nc?b?/log? n = n'/2b?/log” n — co. This proves
(4.2). To prove (4.3), we write

nB[T?(2)] = BT} (z,7(a1))] + (n — D) E[T1 (2, 7(a1) Ta(2, 7(a2))].

Conditioning on £ = (g2, Xo,...,&,, X,,), we see that the first expectation on the
right-hand side is bounded by

Z14(2) = B[ (k= — 21 + 7(@1 (X0) = k(2 —£1))°].

Moreover, we calculate

E[T1(2,7(a1))T2(2, 7(a1,2))] = E[T2(2,7(a1,2)) E(T1(2, 7(a1))[€)] =
Similarly one verifies

E[T1(27T(d172))T2(Z7T(d2))] =0 and E[Tl(Z,T(&l72))T2(Z,T(dl,z))] =0.
Thus the expectation e(z) = E[T}(z,7(a1))T2(z, 7(a2))] equals
E[(Ta(z,7(a1)) — T1(2,7(a1,2))) (Ta(2, 7(a2)) — Ta(2,7(a1,2)))] -

An application of the Cauchy—Schwarz inequality shows that e(z) is bounded by
E[(Ti(z,7(a1)) = Th (Z,T(&LQ)))2] which in turn is bounded by

Eg’b(z) = E[(kb(z — &1 — T(dl(Xl))) — kb(z — &1 — T(&l’Q(Xl))))Q].
With the help of (3.6) and (4.5) we obtain the bounds

2w < 1662 W () BIW (e0)) Bl (X2) — 1 2(X0))%) = O )

and

Z0sllw < N0 BV (o)) Bl (X)) = ()

The above bounds show that ||(T.)?||w = Op(n=2b73¢™ 1) = 0,(n~!), which implies
relation (4.3).
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5. Proof of (2.11)
We set

1 n
=Y el y-rX;), yeR
j=1

and, for a continuous function a,

Zf —r(Xj) —a(X;)), yeR,

/f (@) — a(@))g(e)dz, yeER,
va(y) = / a() f'(y — r(@))g(x) dz, yER.

Then, with @ = 7 — r, we can express R as the sum
(Sa —So —va+10) + (va — 1o+ va) — (Va — J).
Therefore the desired result (2.11) is implied by the statements

(5-1) 1S5 = So = va + wollv = 0p(n~1/2),
(5.2) lva — vo + Zallv = 0p(n~1/2),
(5.3) 7 — J|lv = 0p(n=1/2).

The first statement, (5.1), is verified by arguing as in the proof of (4.1); we skip
the details. The identity

va(y) —vo(y) + Zaly
- _fZ/ / (y —r(z) — sa(z)) — f'(y — r(x))) ds g(x) dz,

the inequality (2.4), and the Ly -Lipschitz property of f’ let us bound the left-hand
side of (5.2) by a constant times

[V e @)

The second statement, (5.2), now follows from (1.2) and (1.4). It remains to prove
the third statement, (5.3). Relation (3.2) implies

176 — vallv = op(n™"/?).

We can write

Ly [ @ (B (B g gt e
j=1

= 1> es [ D06 - ey (X5~ ew)(X; - ) du

= J(y) + Riy) + Ra(y),

where

= % Y el (y = (X)) (te(X;) — 1)
=1
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and
%Z / —1(X; —cu)) — f'(y — r(X;))) pe(X, u) du
with
pe(z,u) = g(z — cu)D(z — cu)p(u)w(u)
and

/(bcxudu

It was shown in Schick and Wefelmeyer (2011) that
E[(t.(X) — 1)?] — 0.
We have )
B[Ri(y)] = e*E[(f'(y — (X)) (te(X) —1))]

and
B < B[ [ 620X du [ (£ = r(X = ew) - 7'ty r())" ]

Since (f’)? has finite W-norm, we have

2
= bt|1<p/W —s)—f'(y))” dy — 0.
With
B= sup sup sup |¢.(x,u)| < oo
0<e<1/20<z<1 |u|<L1
we find that

Bl| Rt |lw] = n/W(y)E[Rf(y)] dy < | (f VP IwW (IrDE[(t(X) = 1)%] - 0
and
Bl R3llw] = n/W(y)E[Rg(y)] dy < o*W (||r[})Bm(c) — 0.
This proves the third statement, (5.3), and we are done.
6. Proofs of (2.12) and (2.13)

The statement (2.12) follows from (2.10), the property [|Ef'|lv = O,(n~1/?),
and the property .
If = follv = Op((nb)~1/2).
The latter follows in turn from the inequality (2.6) and the fact that

bE(F — full3] < /W /wx—fmww<mmwmm o).

Similarly, one verifies

1G = asllv = O((nb) /).
Thus (2.13) follows from

(6.1) 1G — dllv = 0p(b~" (nc)"1/2).

Let a =7 — r. In view of the identity

q(z) —q(z) = —72/ kb z—r( sa(XJ))d(Xj)ds
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we have
1 n
G —dllv < ”kI/)”VV(Mn)E > la(Xx;)]
j=1
with

M, = max (|r(X;)| +|a(X;)]) = Op(1).

1<j<n

We have ||k} ||y = O(b™'), and the desired (6.1) follows from (1.3).
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