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ABSTRACT

The stationary density of a centered invertible linear processes can be represented as a
convolution of innovation-based densities, and it can be estimated at the parametric rate
by plugging residual-based kernel estimators into the convolution representation. We have
shown elsewhere that a functional central limit theorem holds both in the space of contin-
uous functions vanishing at infinity, and in weighted L;-spaces. Here we show that we can
improve the plug-in estimator considerably, exploiting the information that the innovations
are centered, and replacing the kernel estimators by weighted versions, using the empirical

likelihood approach.

1 INTRODUCTION

For independent and identically distributed (i.i.d.) observations Xi,..., X, Frees (1994)

has shown that densities of certain functions ¢(Xi,...,X,,) with m > 2 can be estimated

1/2

pointwise at the parametric rate n="/“ by local U-statistics

% S ke a(Xi, . X)),

m/ 1< <-<tm<n



where k;,, = k(z/by,) /b, for some kernel k (an integrable function that integrates to 1) and
some bandwidth b,, (tending to 0). Giné and Mason (2007a,b) prove functional central limit
theorems and laws of the iterated logarithm in L, for p € [1, 00].

Independently of Frees (1994), Saavedra and Cao (2000) have considered the special
case q(X1,X3) = X; + aX, and obtained the pointwise rate n~1/2 for the convolution
S f(x—ay)f(y) dy of kernel estimators, i.e. by a plug-in estimator for the functional [ flx—
ay)f(y)dy of the density f of the observations. Such a plug-in estimator is asymptot-
ically equivalent to the corresponding local U-statistic with kernel of the form K(z) =
[ k(x — ay)k(y) dy. Schick and Wefelmeyer (2004b, 2007a) prove functional central limit
theorems for plug-in estimators of the density of ¢(Xi,..., Xm) = ui(X1) + -+ + U (Xn)
and ¢(Xi,X5) = X7 4+ Xs in L; and in the space Cy of continuous functions vanishing
at infinity. — Du and Schick (2007) obtain similar results for derivatives of convolutions.
Schick and Wefelmeyer (2008b,c) show that the rate n~'/? may not be attained for plug-in
estimators of densities of ¢(X;, Xa) = | X1|” + | X2o|” with v > 2.

The results on density estimation for sums of independent random variables carry over to
estimation of the stationary density of linear processes. Saavedra and Cao (1999) consider
pointwise convergence of plug-in estimators for the stationary density of moving average
processes of order one. Schick and Wefelmeyer (2004a) obtain pointwise asymptotic normal-
ity and efficiency in this case, and Schick and Wefelmeyer (2004b) generalize the result to
higher order moving average processes and strengthen it to functional convergence in L; and
Cy. Schick and Wefelmeyer (2007b, 2008a) consider observations Xj, ..., X,, of a stationary

linear process with infinite-order moving average representation

oo
Xt =&+ Z Ps€t—s, (11)

s=1
where the coefficients ¢, are summable and the innovations ¢, are i.i.d. with density f,
mean zero and finite variance. They base their estimator for the stationary density on the

convolution representation X; = &, + Y;. In order to obtain n'/?

-consistency, Y; must have a
density, say g. Hence the case Y; = 0 must be excluded by assuming that at least one of the
moving average coefficients , is nonzero. Then the stationary density has the convolution
representation f x g and is estimated by plugging in residual-based kernel estimators f and
g. Invertibility of the linear process is used to construct residuals, i.e. estimators for the
innovations.

These kernel estimators do not use the information that the innovations ¢;, and therefore
also the series Y;, have mean zero. In the present paper we will show how to make use of
this information. We do this by applying the empirical likelihood approach of Owen (1988,

2001) to density estimation as follows. Consider first the simplest case of a kernel estimator
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flx) = (1/n) > i1 kv, (x — X;) based on i.i.d. observations X, ..., X, with density f having
mean zero and finite variance. Then we can improve f () by a randomly weighted version,

with weights chosen such that the weighted empirical distribution also has mean zero,

1 n
= — E -k — X ith E =0.
"2 wiky, (r — X;) wi w; X

Weighted kernel estimators are studied by Chen (1997), Zhang (1998), Hall and Presnell
(1999) and Miiller, Schick and Wefelmeyer (2005, Section 2).
We mention in passing that weighting a kernel estimator f is asymptotically equivalent

to correcting it additively as
folz) = f(z) — 6722 f (x Z

with 62 = (1/n)Y°7_, X7 an estimator of 0* = E[X?]. Such additive corrections are easier
to calculate than the weights w;, but the disadvantage is that f, is only approximately a
probability density. Similar corrections for empirical estimators have been introduced by
Levit (1975) and Haberman (1984). The heuristic motivation for the additive correction
of density estimators is the same as for empirical estimators: The constraint F[X]| = 0
implies that efficient influence functions must be orthogonal to X, so we project the influence
function &, (z — X) of f(x) onto the space of random variables orthogonal to X to obtain
the improved influence function

ky, (v — X) — 0 B[ Xk, (v — X)]X.

The correction term is approximately o2z f(z)X. Finally we replace unknown quantities
by estimators.

In Section 2 we apply the empirical likelihood approach to obtain residual-based weighted
kernel estimators fw and g, for the densities f and g of €, and Y, respectively. The kernel
estimator f(z) = (1/(n — pn)) 3" ipn i1 ko(z — €;) is based on asymptotically independent
residuals &; = X; — > 0,X;_; with appropriate estimators g; for g;, and the weighted
version is fu(z) = (1/(n — pn)) > i1 Wikp(z — €;) with weights w; fulfilling the one-
dimensional constraint Z — w;é; = 0. On the other hand, the kernel estimator g(x) =
(L/(n=pn)) >y 1 kol —Y;) is based on dependent Y; = X; — &;, and we use a weighted

version
n

1 N
Y wik(r—Y))

n—p, —1
P



with weights fulfilling an increasing number [,, ~ logn of constraints, i.e. “infinitely many”

constraints
n

1 ‘s
—— j:p§n+1 wigj¢ =0, t=1,...1.
Our main result gives a stochastic expansion of the convolution estimator fw % (,, for the
stationary density. It holds both in Cy and in weighted versions of L; and implies a functional
central limit theorem for fw % J, in these two spaces. The result follows from Schick and
Wefelmeyer (2007b) and (2008a), together with stochastic expansions of fuw and g, around
f and g, respectively, which are consequences of the lemmas in Section 3.

2 RESULTS

We consider observations X1, ..., X, of a stationary linear process X;, t € Z, with infinite-
order moving average representation (1.1). We assume that the coefficients @ are summable
and the innovations ¢, are i.i.d. with density f, mean zero and finite variance. Then X has

1/2

a density, say h. In order to construct a n'/“-consistent estimator of h, we write X; = ¢, +Y;

with
o0
Yi=Xi—¢ = Z(psgtfs-
s=1
For Y; to have a density g, we must exclude the degenerate case that the observations are
iid.:
(C) At least one of the moving average coefficients ¢, is nonzero.

Then we can express the density h of Xy as the convolution h = f % g of f and g and obtain
an estimator of h as f*g, where f and g are estimators of f and g. We base these estimators

on estimators of the innovations. For this we require invertibility of the process.

(I) The function ¢(z) = 1+ Y oo, psz® is bounded and bounded away from zero on the
complex unit disk {z € C: |z| < 1}.

Then p(z) = 1/¢(z) = 1 — > o2, 0s2° is also bounded and bounded away from zero on the
complex unit disk. Hence the innovations have the infinite-order autoregressive representa-

tion -
Et = Xt — Z Qthfs- (21)

s=1
Let p, be positive integers with p,,/n — 0. For j = p,+1,...,n we mimic the innovation

€; by the residual

Pn
Ej=X;— E 0iXj—i,
=1
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where 0; is an estimator of o; for i = 1,...,p,. We then estimate the innovation density by
a kernel estimator based on the residuals,

. 1 n X
f(fE):n_p Y k(z—¢), zeR,

and we estimate the density g by a kernel estimator based on the differences Y; = X; — &,

n

In addition to (C) and (I) we use the following assumptions.
(Q) The autoregression coefficients fulfill 3 |os| = O(n='?2=) for some ¢ > 0.
(R) The estimators g; of the autoregression coefficients o; fulfill

Pn

Z(@z - Qi)2 = Op<%”_1)

i=1
for some q, with 1 < q, < p,.

The usual estimators of the autoregression coefficients are the least squares estimators
01, -, Op, which minimize 337 (X; — >, 0,X; ;)*. By Lemma 1 in Schick and We-
felmeyer (2007b), they meet condition (R) with g, = p, if in addition

np, » 02— 0 (2:2)

$>pn

holds.

1. Results for the sup-norm. We obtain stochastic expansions for estimators of h both
in Cy and in weighted L;-spaces. The following assumptions are used for results in C.

(S) The moving average coefficients satisfy y .-, s|¢,| < 0.

(F) The density f has mean zero, a finite fourth moment, is absolutely continuous with a
bounded and integrable (almost everywhere) derivative f’, and the function x — zf'(x) is
bounded and integrable.

We denote the number of non-zero coefficients among {p; : s > 1} by

N =" 1lp. £ 0]

s>1



Then we can express (C) as N > 1. Smoothness of g and h can be linked to the number
N. Our main results will thus be formulated in terms of N. The following conditions on the
kernel and the bandwidth are kept general to allow for various smoothness assumptions in
terms of a natural number m that will play the role of a (known) minimal size for N. Under
(C), we know that N > 1 so that we can always take m = 1.

(B) The sequences by, p, and g, and the exponent ¢ fulfill p,g,b;'n="? — 0, nb>™+2 = O(1),
n'/*s, — 0, n'/?b,s, = O(1), where
on = b2 V2 4 b5 22,

(K) The kernel k has bounded, continuous and integrable derivatives up to order two and is
of type (m + 1,2) as defined below.

Here a kernel k is said to be of type (m,c) if [t'k(t)dt = 0 for i = 1,...,m and if
[ [¢™€)k(t)| dt is finite.

A possible choice of bandwidth is b, ~ n~%/@m+2) Then (B) is met if 4(m + 1) > 1 and
PrGpn~Gm=D/Am+) 0 hold. In particular, p, = g, ~ n” requires 8(m + 1)3 < 2m — 1.

Let G,,, F,, and H,, denote the processes defined by

Fole) = - >, (fle=Y)) - Elf(x - Y))]),
Gulo) = = 3 (sla—2) - Blyla — &)

for z € R.
Let N > m and suppose that (I), (Q), (R), (S), (F), (K) and (B) hold. For the sup-norm
| * [|co, Schick and Wefelmeyer (2007b) show that

||f*§—h—IF‘n—Gn+f’*Hn||Oo zop(n_l/Q) (2.3)

and that n'/?G,, and n'/?F,, are tight in Cj.
If the least squares estimators are used and (2.2) holds, then n'/2f" x H, is also tight in

Co. Moreover, the random vector A = (01— 015+ 0p, — 0p,) " fulfills

A—w
" n — Pn

> Xjag+oyn ) (2.4)

Jj=pn+1
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with X;_1 = (Xj_1,..., Xj_p,) " and W,, = E[X(X{]. Then (2.3) can be written
1 2(f % § = 1) = Zulloe = 0,(1) (2:5)

with
Zn(x) =n'2> (gl — &) + flo = Y;) = 2h(z) + &, X W, E[Xo f'(x — Y1))).

j=1

It follows that the process n'/?( f x g — h) converges weakly in Cy to a centered Gaussian
process with covariance
(s, t) = im Cov(Zy(s), Zn(1)), s, t € R.
n—oo
Since f and g are known to have mean zero, we can replace f and g by estimators that
are constructed using this information. An estimator of f that uses this information is the
weighted density estimator

» 1 "L ky(w— &)
fu(z) = ——2 zeR,
Z 1‘|‘)\€j

Jj=pn+1

where )\ is chosen such that .

1 &
=0

Jj=pn+1

and 14+ X; >0for j=1,...,n.

A weighted version of g could be obtained by mimicking the above with }A/J replacing €;.
Since the random variables Y; are not independent, we choose an alternative method which
incorporates the dependence structure. One possibility is the blockwise empirical likelihood
of Kitamura (1997) for weakly dependent stationary processes. In view of the linear structure
for our model, we instead work with a different approach that uses an increasing number of
constraints which are correlated with the observations. Let [,, denote an integer that tends
to infinity slowly, say I, ~ logn, and set Zj = (§j-1,..-,&j_1,)". We now work with the

weighted kernel estimator

1 - ky(z —Y;
gw(iﬁ) = ] —b( - Aj), r € R,
n—pn—nj:annHl—Fu Zj
where p is chosen such that

1 j
Ly A
n= P =l jepnrtas1 L1
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and 14 u'Z; > 0for j=p,+1,+1,...,n.
We shall show that for our weighted density estimators, the expansion (2.3) holds with
F,, and G, replaced by

R0 = 3 (=) - Bl - Y] —2(e)o %),
" j=pntl
Gi) = = 3 (sl —2) — Blyla — )] = 6 g(a)o~s,).

where 02 = E[e2], ¢(x) = zf(x) and

It is easy to check that
3(2) = lim (n = p,) BIF, (22, (26)

is the asymptotic covariance of F, (z) and the average

G 3 e (2.7)

while

g o(x) = Eleog(x — €0)] = (n — pn) E[Gn(2)] (2.8)
is the asymptotic covariance of G,(z) and &,.
Theorem 2.1. Let N > m and suppose that (1), (Q), (R), (S), (F), (K) (B) and l,, ~ logn

hold. Then
| fu* Gu — h = F = G+ f # Hyloo = 0,(n?).

Proof. The proof is based on the lemmas given in Section 3. In view of (2.3) it suffices to

prove

o s G = F 5§+ (6% 9 +7)0 "Enlloo = 0p(n~'/?). (2.9)
By (F), the function ¢+g is bounded. Thus, in view of Lemma 3.1 and part (a) of Lemma 3.6,
it suffices to verify

1fu# G = Fx g+ Adx g+ [ (071w = 0p(n~"?), (2.10)
with I" defined in (3.16). Set ry = fw—f+ Ao and re = Gw— G+ pT . Then we can express
Forgu—Fxg+r0xg+fx(u'lD)
=(f=Xotr) s (G—p Tt = frgt+rbsg+ fx(u'D)
=—(f =N x W D)+ frrg =A% (G —9) +Ap* (' ') = Ap x4 + 7 % G-
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From Schick and Wefelmeyer (2007b) we obtain ||f — fllz = o,(n~'/4) and ||g — g|l, =
0,(n~1/%). Since b;* = O(n'/*) by condition (B), we derive from Lemmas 3.1, 3.2 and 3.3
that ||7¢||2 = 0,(n"1/?) and from Lemma 3.5 that ||r,||> = 0,(n~/2). By Lemma 3.1 we have
A = O0,(n~'/?). Furthermore, ¢ is in Ly and ||u" 1|2 = Op(L,n~"/?b~1/2). Using

lu* vlloo < lulla][vll2

we see that (2.10) holds. O

Under (F) the functions ¢ and g belong to Ly implying that their convolution ¢+ g belongs
to Cp. Under (F) one also has v in Cj; for details see the proof of Lemma 3.6 below. If least
squares estimators are used, then (2.9) implies

In72(fu % G — B) = Z2 |0 = 0,(1) (2.11)
with

Zy(w) = Zn(x) — (¢ % g(a) +y(2))o *n 1/ Z €5

It follows that the process n'/?( fw % gy — h) converges in Cj to a centered Gaussian process

with covariance function

Ly(s,t) = lim Cov(Zy(s),Zy(t)), s, t € R.

n—oo

Using the results (2.6) and (2.8) and the fact that ¢; and X, _;&; are uncorrelated for all
and j, we see that the covariance of Z¥(x) and Z,(z) — Z¥(x) converges to zero. Thus the

decrease in the asymptotic variance at a point x is
D(z,2) — Dy(z,2) = Var(Za(z) — Zy (x)) = (¢ % g(z) + ()02

We should note that
¢xgla)+(x) =) /yhs(x —osy)f(y) dy
s=0

where h, denotes the density of Xy — pseq for s =0,1,2,... with oy = 1. Note that hg = g.

Example 1. Let X; = 9X; 1 + ¢ be an AR(1) process with ¥ # 0 and |[J] < 1. Then
E[XZ] = 0?/(1 — ¥?). Furthermore, ¥; = X; — &, = ¥X,_; and therefore

V(x) = BElXof' (x = Y1)] = E[Xof'(x — 0.X)]



and

o(z) = ¢ * g(z) + Y(x) = Elzog(x — &) + Y _ Eleof(x — 9X,)].

s=0

Here we can take p, = 1. The least squares estimator for 1 is

D s Xj1 X

19 pu—
S XL

We have
0 =0"2(1—09?)— Z 165+ 0,(n71?).

Hence the stochastic expansion (2.5) of f % § holds with
=12 Z (r—&j) + f(x —9X;-1) — 2h(z) + 07 2(1 — )/ (2) Xj_1¢;).

For the weighted version fw % (,, we obtain from Theorem 2.1 that
1nY2(fu % G — h) = L[l = 0(1)

with

ZY(x) = Zp(z) — c(x)o2n"1/2 Z £;.
j=1
A formula for the asymptotic variance of Z,(x) is given by
D(z,2) = g% % f(z) = *(2) + (1 = 9*)(v/(2))* + f* * g(z) — 1*(2)
+2§j(/ Who (e —079) [ () dy — 1))
2= )@Y [[vedate vy -0 phe) dy o
r=1
+2 Z (/f(m —92) fr(x — 9" 2)h(2) dz — h2(x)>
r=1

where f, is the density of >_7_,¥'s; and h, is the density of X, — ¢,&0.

Now assume that f is the standard normal density. Then the asymptotic variance can be
calculated explicitly and ¢(x) equals (1+9)zh(x). In this case the relative variance reduction
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Jy(x) = 2(x)/T(z, x) is an even function of z. Graphs of this function over the interval [0, 10]
are given in the next figure for four choices of the parameter, namely ¢ = .3,.5,.7,.9.

1.0
9
8
7 N\ N
.6 \\ ¥=.9
AN
5 \_ 9 =7
AN
4 I=5 N\
3 N9 =3 N\
\\ \

2
1

0 1 2 3 4 5 6 7 8 9 10

From the figure we see that variance reductions of over 90 percent are possible.

Example 2. Let X; = ¢, + ¥¢;_; be an MA(1) process with ¢ # 0 and |¢| < 1. Then Y, =
X;—e&; = Vg1 has density given by g(z) = fy(z) = f(z/9)/]9], and y(z) = Eleo f(x —eg)].
Let 0 be a n'/2-consistent estimator for 9. As in Example 2 of Schick and Wefelmeyer (2007Db)

we obtain the stochastic expansion
[n*2(f % § = h) = Znlloo = 0,(1)

with

n

Zn(x) =072 " (folw —5) + fz — Ve;) — 2h(z))

j=1
—n'2() — 9)Eleof'(x — Ve0)].
We have ¢ * g(z) = Eleofs(x — p)]. For the weighted version f, * g, we obtain from
Theorem 2.1 that
1n'2(fu * G — 1) = L lloo = 0,(1)
with

Zi(@) = Zo(a) — ala)n Y

where a(x) = (Eleofs(x — £0)] + Eleo f (x — ¥e0)])o 2. The weighted estimator f,, # g, () is
asymptotically equivalent to the additively corrected estimator

n

f o+ ga) — ) — ¢

N —Pn -
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of Schick and Wefelmeyer (2004a), with a(x) a consistent estimator for a(x). Both estimators
are efficient for h(x) if an efficient estimator for ¢ is used. The asymptotic variance reduction
of fu * Gu(z) over fx §(z) is a®(z)o? = (Eleofo(z — €0)] + Eleof (x — 9e0)])20 2.

2. Results for weighted L,-spaces. Results analogous to those in Cjy can be obtained in
weighted Li-spaces. We denote by Ly the space of functions a with finite V-norm ||ally =
JV(z)|a(z)|dz. In the following we consider the choice V,(z) = (1 + |z|)" for some non-
negative r. The case r = 0 or V =1 corresponds to the natural distance between densities.
The choice V; is useful if we want to estimate expectations Ela(Xy)] = [ a(z)h(z)dz for

functions a bounded by a multiple of V.. We need modified versions of Assumptions (S),
(F), (K) and (B).
(SV) The moving average coefficients satisfy > o, s|ps| < oo for some 3 > 1.

We say that a function a has finite V -variation if there are measures p; and s of equal
mass with [ Vd(uy + pe2) finite such that a(z) = py((—oo,z]) — p2((—o0, z]) for Lebesgue
almost all z. In this case, we call [V d(uy + po) the V-variation of a. Aside from moment

conditions, we require only that f has finite V., -variation. In particular, f need not be
continuous.

(FV) The density f has mean zero, a finite moment of order £ > 2r + 3 and finite V, -
variation.

We formulate our assumptions on the kernel and the bandwidth in terms of the moment
order £ and a natural number m that plays again the role of a known minimal size for N.

(KV) The kernel k is twice continuously differentiable with bounded derivatives and k,

k' and k" have finite Va,,o-norms. Furthermore, k has finite V,,,,.1-norm and satisfies
Jtk(t)dt=0fori=1,...,m.

(BV) The bandwidth b,, satisfies
nbi""“Jr2 — 0, n_1/4_cb;1 — 0, n_1/4b;1/2 — 0,
and the sequences b, q, and p, satisfy

gy — 0, nTY2pagabyt — 0 and  pugan T = O(1).

Define
vi(z) = E[Xof(x = Y;)], z e R.

12



Let N > m and suppose that (I), (Q), (R), (SV), (FV), (KV) and (BV) hold. Schick and
Wefelmeyer (2008a) show that

= 0,(n"1/?). (2.12)

r

Pn
f#g—h—TF,—G, b — 0.V,
Hf*g +;(9 @)VZV

We have the following result for the weighted estimator fw * (u-

Theorem 2.2. Let N > m and suppose that (1), (Q), (R), (SV), (FV), (KV) (BV) and
[, ~logn hold. Then

Pn
wa *gu—h =T, =G+ (8 —a)v|| =op(n"?).
i=1 "
Proof. In view of (2.12) it suffices to prove
R R 1 n
Y I -2 B [ — ~1/2y
Jurgu=frg+(@xg+oT—rc > 5| =o)(n7")

Pn Jj=pn+1

The proof of this is parallel to that of Theorem 2.1, now using

[uxvlly, < lullv; [vllv.-

3 LEMMAS

In this section we always assume that the following condition is met.

(A) The density f has mean zero and a finite moment of order (3 > 2. The conditions (I),
(Q) and (R) hold. The rates ppq,n~'+*% = O(1) and I,, ~ logn hold.

Note that the assumptions on f are met under (F) and (FV). The boundedness of
Pngun~ T2/ is implied by (B) and (F) for the choice 3 = 4, and by (BV) and (FV) for
the choice 8 = €.

Lemma 7 in Schick and Wefelmeyer (2007b) implies the following properties of the resid-

uals:
1 " _ _
n— (& — €5)* = Op(pngun™") = Op(n~*7), (3.1)
pn j:pn+1
pnsion € — &5l = Oy(n™) + 0, (02 *n 1 /PHP) = 0,(1), (3.2)

13



n —
pn J=pn+1

with 7 = min{(, 1/8} > 0. The second property implies that

n

1

n — Pn

é? = 0%+ 0,(1)
Jj=pn+1
and

< — &, = 0,(n*/?).
Jnax [&;] < max |ej| + max |€; —e;| = o0p(n’")

(85 = 25) = Op(n™7) + Oplpy 0, *n™") = Op(n ™27

(3.3)

(3.4)

(3.5)

Here max,, <j<, |;| = 0,(n'/?) follows from the fact that the innovations have a finite mo-

ment of order 3.

Using (3.3), (3.4) and (3.5), we derive as in Owen (2001, pages 219-221) the following

result.

Lemma 3.1. Suppose (A) holds. Then
A =02, +o0,(n"?).
Let V be a continuous function on R satisfying V' (0) = 1 and

V(ie+y) <V(x)V(y), =zy€eR,
V(sz) <V(x), |s|<1,zeR.

Using the properties of V' and 6,, = max,, << |€; — €;|) = 0,(1), we obtain that

1 u . 1 _
p— Y V(E) < V(5n)n — > ViE) =0,(1)
" j=pn+1 " j=pn+1
if E[V(g9)] = ||f]]v is finite, and
) <
rp— 'Z V(Y;) < V(6 Z V(Y; L(1)
J=pn+1 J=pn+1

if E[V(Y1)] = ||g|lv is finite. We set
Viz) = (L+]z)V(z),  Viz) = QA+ 2])*V(z), zeR,
and note that V, and V., have the same properties as V. Finally, we let

o(x) =xf(z), zeR.

(3.7)



Lemma 3.2. Suppose (A) holds and the bandwidth satisfies b, — 0 and nb?> — oo. (a) If
B =4 and [(1+u?)k*(u)du is finite, then

1 fw = F+ Abll2 = 0p(n1/?).
(b) If f and k have finite V,-norms, then
I fw = F+ Al = 0p(n~"/?).

Proof. 1t follows from (3.5) and Lemma 3.1 that

Jnax |AS;| = 0,(1). (3.8)
Writing
N2E2
=1-—X; + ——
112, ST
we see that
fula) = f(2) + Az f(z) = AA(x) + N B(2)
with
1 - ) .
Alz) =~ _— Z (= &)k, (x — &),
J=pn+1
1 - 2

B(z) = S k(e —2y).

(L L S L+Ag;

An application of the Cauchy-Schwarz inequality and the substitution x = &; + b,,u show
that

1 n
|A]12 < > /(a; — &)%kE (v — &;) dx = b, /quQ(u) du.

n— )
Pn J=pnt+1

Another application of the Cauchy—Schwarz inequality and the same substitution show that

1 . &j
bl Bll5 < —J/bnkQ —&;)d
1B < - —— Z Toe) | bz — &) do

n

< max ! ! Z (1+|éj|)4/k2(u) du.

pa<i<n (1 4+ Aé;)%2n — p, =

Thus, if f has a finite fourth moment and [(1 + u?)k?(u) du is finite, then we have
nllfu = F+A3lI5 < 20N AJl5 + 200 B3 = 0,(1)
in view of nA\? = O,(1), (3.8), (3.6) with V(z) = (1 + |z|)*, and the properties of k and b,,.
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For large n such that b, < 1 we have the bounds

1 n A A
4y = [ V@l 3 @& a =)
pn j:pn+1
1 n
= > /V(f‘fj + bpu)|uk(u)[by du
" Pn j=pn+1
1 n .
<3 V) [ Vb du
pn j_pn+1
1 n .
<o 2 VEbalkll.
n j:pn+1

and )
E Lk _ &
| 1+ A (T = &)

—Fn

dx

ABlly = [ Via)

1 i A\E?2

< L /V(é'+bnu)|k(u)|du
n—pnj:p;rll—l—)\gj J

& A

<o Y T VE) [ Vil
j=pn+1 J
AE; 1 - ,

< max > VeIl

~ p<i<n |1+ A n —p, =

Thus, if f and k have finite V,-norms, then we have
1fw — £+ 2ollv < INIAlly + IABlv) = op(n~"/?)

in view of A = O,(n~%/2), (3.6) applied with V, in place of V, and (3.8). O

Lemma 3.3. Suppose (A) holds and the bandwidth satisfies b, — 0 and nb? — oco. (a) If f
and |k| are bounded and have finite fourth moments, then

16— ¢ll3 = O (0, )1 f = fll2-

(b) If f and k have finite Vi.-norms, then

o — oY = O f = Fliv.
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Proof. Without loss of generality we may assume that b, < 1. An application of the Cauchy—
Schwarz inequality yields

16 - ollt = ([ (@) - fa)? )’

< [l (@) - @) de [(f@) - @) da
<1 = ool F i + 171 IF = I

By the properties of f and k& we have ||f — flloo < ks, lloo + I flloe = O(b, 1) and

||f||V4 S ”k||V4

" j=pn+1

Thus part (a) is now immediate in view of (3.6).
In view of the properties of f and k, part (b) follows from the inequalities

16— olZ <IIf = FIE <1 = Fllv I F = Fllv
and
.7 =pn+1
and (3.6). O
Now let
Zj = (5j—17 e ,€j_ln)T
and

1, =(1,...,1)" ¢ R,

We write |v| for the euclidean norm of a vector v. We write |A|, for the operator norm of a
matrix A defined by
AL, = sup | o],

lv|=1
For a symmetric A one has |A], = supj,_; [v" Av].

Lemma 3.4. Suppose (A) holds. Then

p=o"2&,1;, +o,(n"?).

17



Proof. For notational convenience we abbreviate the average operator
1 S
Ly wy
Now we set

M,= max_|Z], M,= max |Z]

pn+ln<j§n pn+l7L<an

Anzijzﬁ An:Zij’ S”:ijsz]T and SnziijZjT'

We derive from (3.1) to (3.3)

> 12— 2 = Oy, (39)
L max_ |75 = Zi| = o,(1,%), (3.10)
M, < M, + , ax_ | Z; — Z;| = 0,(1*n'/P) + 0, (11/?), (3.11)
A, = A, + O, (120 7V277) = O, (11/*n1/?). (3.12)
Let us now show that
S, — 020, | = O, (120~ Y8 4 3p79), (3.13)

where I, is the I, x I, identity matrix and § = min{1/2,1 — 2/3}. Since the matrices S,,
S, and I; are symmetric, this follows if we show

gn—Sn*:sup _, v Z)2 — (v Z)2|| = O, (11216 3.14
| ‘71 j J J pP\'n
and _
1Sy — 0%, | = sup | > (v Z;)° = ®| = Op(Iin~"). (3.15)
J

jol=1

Since (v7Z;)? = (vT 2,2+ 20T Zjw (Z;— Z;) + (v (Z,; — Z;), (3.14) follows from (3.15), (3.9)
and an application of the Cauchy—Schwarz inequality. Now set

cn(i) = Zj gigj,  1=0,1,2,...
For 1 < 4,4y < ,, we have

L,

3 e = eallin — )| < max ey

Pn<j<n

18



and
In 1254

(E[Z|cn D <1, ZE %:O(lin_l).

i=1
Thus for a unit vector v we have

E (w'Z)? -0 =c,(0) —0® + R,
J
where

|R,| < max |5J]2 —1—122]%

Pn<ji<n

and hence
R, = O,(Bn*P~1 £ 13n~Y2) = O, (3n79).

For 3 > 4, we have ¢,(0) — 02 = O,(n"Y/%) = O,(n™°). For B < 4, we have c,(0) — 0% =
O,(n~12/8) = 0,(n7%). To see this write ¢, (0) — 0 = T} + Ty, where

= Zj <5J2'[HEJ" < n!P] — Bl [le;] < nl/ﬁ]]>>

=Y (el > n'? = B e;| > /7)),
and verify that
(n = po = L)BIT?) = Ble'1le < n'/")) < n=P/ B |e]

and
E[|Ty|] < 2E[*I[|e] > n'/7]) < 20~ 020 E|e|7].

Using the statements (3.11)—(3.13) one can first show that the probability of the event
that the origin is an interior point of the convex hull of the random vectors an+ln+17 ey Zn
tends to one (we omit the elaborate argument) and then use this and arguments of Owen
(2001, pages 220-221) to conclude

= 5,1 Au| = Op(My| A, ).
Thus in view of (3.11) to (3.13) one obtains
W= 0"2A, +o0,(n"2) = 0725,1,, + 0, (n"Y?),
which is the desired result. ]

Now set
n

A 1 A ~
[a)=—— > Zjky(z-Y;), z€R (3.16)

n—p,—1
Pn " J=pn+ln+1
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Lemma 3.5. Suppose (A) holds and the bandwidth satisfies b, — 0 and nb?> — oco. (a) If
B =4 and [ k*(u)du is finite, then

1 = G+ n" Ll = 0p(n"7).
(b) If g has finite V2-norm and k has finite V-norm, then

19w = g+ 1" Lllv = op(n™"7%).
Proof. 1t follows from Lemma 3.4 and (3.2) that

max_|u7 2] = op(ln %)

Pntln<j<n
and thus .
A, = max M (l3/2n_1+1/f6).
prtn<j<n |1 4 MTZ | n
Writing
1 . TZ)2
_—=1- ,uTZj + M,
14+ u"Z; 14+ u'Z;
we see that
guw(x) = glz) — p' I'(z) + D(x)
with L
g(z) = Zj kv, (x = ),
L (MTZJ)z o
D(z) = -Y
@) =3, { e =)
Note that
D 1 Pn+ln .
() = gla) = (1= 2P o)+ bon (7 = ¥))
Jj=pn+1
From this one derives that
21 2L,
a—allo < — =™ ||k — k —-1/2
6=l < Pl = =l = o)

if k& has finite Ly-norm, and, in view of (3.7),

o Lol 1y L i
13— gl < (= > v, JH T > V) = oyl

n—mp, —1
Pn = tn j=pn+1 " j=pn+1
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if & and g have finite V-norms.
As in the proof of Lemma 3.2 we derive the bounds

ballDIE < 423 12, [ Ko (w)

1Dl < 83" 1ZIV (55l
It follows from (3.9) that
> 12 <2 12 +2) 12— Zi = Oyh).
If g has a finite V2-norm, we obtain from (3.7) applied with V2 instead of V' that
> VAT = 0,0,

It is now easy to see that ||§ — g|l2 + || D||2 = 0,(n~'/?) if 3 = 4 and k is square-integrable,
and that ||g — g|lv + || D|lv = 0,(n~/?) if g has a finite V2norm and k has a finite V-norm.
This completes the proof. O

Lemma 3.6. Suppose (A) holds and the bandwidth satisfies b, — 0 and nb> — oo. (a)
Suppose (S) and (F) hold and ||k||2 < co. Then

1f (1T 1) = 072780l = 0p(n1?). (3.17)
(b) Suppose (S) and (FV) hold and k has finite V,.-norm. Then
If (1T 1) = 07292y, = 0p(n~"%). (3.18)

Proof. For x € R, we set

Una) =Y Zif@=¥;) and Una) =Y Zif(w—Y)).
Then we can write f  (uT1") = (1" U,) * ky, . Note also that
Un(w) = E[Un(2)] = E[Z1f(z = Y1)] = (1(2), ..., . (2))
where, for a positive integer j,

vi(z) = Eleof(z = Y;)], z€R.
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Let us first prove (a). It follows from (F) that f is bounded, Lipschitz with Lipschitz
constant || f'||oo, and Ly-Lipschitz with Lipschitz constant || f’[|;. Since €9 and Y; — p,e¢ are

independent and ¢y has mean zero, we see that
i(x) = Eleo(f(z = Y)) — flx = Yj + pje0))], z€R,

and obtain
Yilloe < 1 lsolipslo® and  [Iy;lly < [ f l]eslo?.

Thus we have the bounds

o (o]
Voo <D illoe < I F 1l 3 5] < 00,
j=1 Jj=1

o0 (o ¢]
vl <D il < 211D sl < oo,
P =1

and see that 1 U, = + -+ + v, converges to v uniformly and in L;.
Of course the function ; is absolutely continuous with bounded almost everywhere

derivative

V(@) = Eleo(f'(x = Y)) = fl(x = Yj + pje0))], z€R.
Let i, = inf{i : ¢; # 0} and ¢ = ¢;,. Then we can write Y; = pe;;, + Y with V" =
Y esi. PsEj—s. For j >i,, we have

75(x) = Eleo(w(z = Yj) —w(z =Y + ¢;e0))]

with w = f"* f, = f,x f and f,(z) = f(x/¥)/|¢| the density of peo. Thus w has a bounded
and integrable derivative w’ = f’x f. Consequently, for j > i., we derive

1%llee < lslo®llw' e and 9l < oyl e

This shows that + has a bounded and integrable derivative 7/ = Zj; 7;- The above imply
that v belongs to Cj.

In view of the inequalities [[v * kp,[loc < [[0lloc|[klli and [Jv * Ky, llo < [J0ll2llKs, ]2 =
Hv||2||k\|2b711/2, the desired statement (3.17) follows if we show that

1" (Un = Un)lloo = 0p(n~?), (3.19)
1" (U = Un)l2 = Op(n™*"), (3.20)
||/~LTUn - 0_27?3_71”00 = 01?(”_1/2)7 (3'21)
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Iy * kb, — Y]|oo — 0. (3.22)

Since v belongs to Cp, we obtain (3.22). Since |U,| < |y1| + -+ + |y, ], we obtain |[|Uy]|le =
O(1). This and Lemma 3.5 yield ||(1 — 0728,1,,) "Up||c = 0,(n""/?). As 1] U, converges to
v uniformly and &, = O,(n~'/2), one obtains (3.21). It is easy to check that

17 (O = U)o < 101 (32 125 = Zill flls + 1 I Y 123 1Y = il ).

In view of 1 = o,(Iy/*n=%/2), (3.1), (3.9), and the identity ¥; —Y; = &, —¢;, we obtain (3.19).
Note that the i-th coordinates of U, (z) and U,(x) are

Uni(z) = Zj gj-if(x — YJ) and Um<$> = 7i(7).

For 7 < i,, we find that
(1= po— 1) / Var(Un,(2)) da < / SB[ (x — V)] dz = |||

For i > i,, it follows from Lemma 25 in Schick and Wefelmeyer (2008a), applied with
p=q=0,h=fand d; = ¢;, s, that

(n—pp—1,) /Var(Um-(x)) dr < C’(l +0— i+ i(l + s)goi*JrS),

s=0

where

C = 8max{2, | /' 1} flloc4* (1 + (2¢.)° Elleo]’])*

and .
e =1+ Z ;-
j=1

This shows that
_ ln
EU, = Unlll3] = /ZVar(Uni(x)) dx = O,(I2n™")
i=1
from which we conclude that

" (Un = Ol < ulllUn = Oalllz = Op(13*n71) = 0, (n=*1).

Let us now prove part (b). It follows from Lemma 14 in Schick and Wefelmeyer (2008a)
that
E|Z;PVa(Y)] < 1277 (1 + 2" Elleo[*]) (3.23)
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for s > 0 for which E[|go|*™] is finite. It follows from Lemmas 4 and 7 in Schick and
Wefelmeyer (2008a) that (FV) implies that V.41 f is bounded and that f is Vi-Lipschitz for
every 0 < s <7+ 1: There is a A, such that

/ Vi@)|f (@ - t) — f(2)|de < AVAOl, tER

Now abbreviate V, by V. For this V, one also has V(zy) < V(x)V (y). Using this, the
properties of V' and the substitution u = x — Y; + @je0, we find

Inillv < / V@) Elleollf(— ;) — flz Y, + pe0)[] de

< B|leolV(Y; ~ pse0) | VWl f(u = pye0) = J(w)] du

< A5 | BV (Y — @je0)] ElegV (w5€0)]
< Al V() EIV (V)] E[V (€0)| E[V;ya(20)].

This shows that ||v]|y < oo and that 1£Un = + -+, converges to 7y in the V-norm.
In view of the inequality ||u * v||y < [|ullv|v|]y, the desired (3.18) follows if we show

"0 = 07 720lv = 0p(n~'7%) (3.24)

and ||y % kp, — 7v||ly — 0. The latter follows as v and k have finite V-norm; see Lemma 2 in
Schick and Wefelmeyer (2008a). Thus we are left to verify (3.24).
We bound || (U, — U,)|lv by |u|(|| fllvTi + LTy), where

T = Zj 12— Z;|V(Y;) and T, = Zj 1Zi|V(Y;)V (€5 — &5)l€; — &l
Since 0,, = max,, <j<n |£; — €;| = 0p(1), we have
T2 < V3§ )Z Z; — Z; |2Z V2(Y, L (Ln~2P)
in view of (3.9) and E[V?(Y})] < oo, and
3 < VG 1ZEVEDY 15— &l = Oyltan*/)
in view of (3.1) and E[|Z,*V?(Y1)] = O(l,). This shows that
" (U = Un)llv = 0p(n~"/2). (3.25)

Now set W = Va4, for some « € (1,2] such that 2r + 2 + a < £ It follows from the
Cauchy-Schwarz inequality that

lall} < /(1 + |z|)™ dx/W(a:)az(a:) dx. (3.26)
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For 7 < 1,, we have
(n—pn — 1) / W (2) Var(Usi () dz < 02 / W (2)ELf2(x — V1)) da
= E[W ()]l f*|lw-
For i > i, it follows from Lemma 25 in Schick and Wefelmeyer (2008a), applied with

p=r+a—1<q=r+1,h=fand d; = ¢p;, s, that

(n — pn — ln)/W(x) Var(Upi(z)) dr < 0(1 +i— i+ i(l + s)soi*+s),

s=0

where
C = 8max{ A1, 2|| fllv, ., HIVisr fllood? (1 + (26.) 7 2T Elgo [ T24]) ",

This shows that
/ W () E([Un(z) — Ta(x) ] dx = Op(2n7"),

Using this, (3.26) and |u| = Op(li/Qn*l/Q) we derive
" (U = U)lv = 0p(n'72). (3.27)
Since |U,| < Zé"zl 7] and 3772, [1llv < oo, we see that
(= 07%2u11,) "Ully = 0p(n?) (3.28)
in view of Lemma 3.5. Finally, since llTnUn converges to 7 in the V-norm, we obtain
lo™28.(1, 0 = )llv = 0p(n~"?). (3.29)

Combining the above yields the desired (3.24). O

Acknowledgment. We thank the referees for their valuable comments which led to an

improvement of the paper.

BIBLIOGRAPHY
Chen, S. X. (1997). Empirical likelihood-based kernel density estimation. Austral. J. Statist.,
39, 47-56.

Du, J. and Schick, A. (2007). Root-n consistency and functional central limit theorems for
estimators of derivatives of convolutions of densities. Internat. J. Statist. Management Syst.,
2, 67-87.

25



Frees, E. W. (1994). Estimating densities of functions of observations. J. Amer. Statist.
Assoc., 89, 517-525.

Giné, E. and Mason, D. (2007a). On local U-statistic processes and the estimation of den-
sities of functions of several sample variables. Ann. Statist., 35, 1105-1145.

Giné, E. and Mason, D. (2007b). Laws of the iterated logarithm for the local U-statistic
process. J. Theoret. Probab., 20, 457-485.

Haberman, S. J. (1984). Adjustment by minimum discriminant information. Ann. Statist.,
12, 971-988. Erratum: 14 (1986), 358.

Hall, P. and Presnell, B. (1999). Density estimation under constraints. J. Comput. Graph.
Statist., 8, 259-277.

Kitamura, Y. (1997). Empirical likelihood methods with weakly dependent processes. Ann.
Statist., 25, 2084-2102.

Levit, B. Y. (1975). Conditional estimation of linear functionals. Problems Inform. Trans-
mission, 11, 39-54.

Miiller, U. U., Schick, A. and Wefelmeyer, W. (2005). Weighted residual-based density
estimators for nonlinear autoregressive models. Statist. Sinica, 15, 177-195.

Owen, A.B. (1988). Empirical likelihood ratio confidence intervals for a single functional.
Biometrika, 75, 237-249.

Owen, A.B. (2001). Empirical Likelihood. Monographs on Statistics and Applied Probability
92, Chapman & Hall/CRC, London.

Saavedra, A. and Cao, R. (1999). Rate of convergence of a convolution-type estimator of
the marginal density of an MA(1) process. Stochastic Process. Appl., 80, 129-155.

Saavedra, A. and Cao, R. (2000). On the estimation of the marginal density of a moving
average process. Canad. J. Statist., 28, 799-815.

Schick, A. and Wefelmeyer, W. (2004a). Root n consistent and optimal density estimators
for moving average processes. Scand. J. Statist., 31, 63-78.

Schick, A. and Wefelmeyer, W. (2004b). Root n consistent density estimators for sums of
independent random variables. J. Nonparametr. Statist., 16, 925-935.

Schick, A. and Wefelmeyer, W. (2004c). Functional convergence and optimality of plug-in

26



estimators for stationary densities of moving average processes. Bernoulli, 10, 889-917.

Schick, A. and Wefelmeyer, W. (2007a). Root-n consistent density estimators of convolutions
in weighted Li-norms. J. Statist. Plann. Inference, 37, 1765-1774.

Schick, A. and Wefelmeyer, W. (2007b). Uniformly root-n consistent density estimators for
weakly dependent invertible linear processes. Ann. Statist., 35, 815-843.

Schick, A. and Wefelmeyer, W. (2008a). Root-n consistency in weighted L;-spaces for density
estimators of invertible linear processes. Stat. Inference Stoch. Process., 11, 281-310.

Schick, A. and Wefelmeyer, W. (2008b). Convergence rates of density estimators for sums
of powers of observations. To appear in: Metrika.

Schick, A. and Wefelmeyer, W. (2008c). Non-standard behavior of density estimators for
sums of squared observations. Technical Report, Department of Mathematical Sciences,
Binghamton University.

Zhang, B. (1998). A note on kernel density estimation with auxiliary information. Comm.
Statist. Theory Methods, 27, 1-11.

27



