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Outline.

What do one-step-estimators for semiparametric models estimate
when the model is wrong? We look first at parametric models; they
show already most features. For comparison we also look at the
maximum likelihood estimator.

Parametric models:

- Maximum likelihood estimator.

- One-step estimator.

- One-step estimator as nonparametric estimator.

- One-step estimator when the model is only partially wrong.
- Robust one-step estimator.

Semiparametric model:
- Linear regression.



Maximum likelihood estimator when the model is correct.

Let Xq,..., X, be observations from a parametric model Py with den-
sity fy and one-dimensional parameter ¥ (for notational simplicity).
The maximum likelihood estimator 9 maximizes > 7—1log fo(X;). If
the model is correct and ¢ is the true parameter, the m.l.e. estimates
¥, which is the maximum of Pglog fr in 7, and has the stochastic
expansion

. 411 2 _
9 =9+ J; 15 3" L9(X;) + op(n~1/2),
j=1
where £y = 9glog fy = fg/fy is the score function and Jy = Pyl3 is
the Fisher information for 9.



Maximum likelihood estimator when the model is wrong.

Suppose the parametric model Py is not correct, and the true distri-
bution is . Then the maximum likelihood estimator estimates the
maximizer of Q) log f+ in 7, which is the Kullback—Leibler information
K(Q). The score function at K(Q) is still centered, Qlgy = 0,
and the m.l.e. has the stochastic expansion

R : 11 & _
U= K(Q) + (Qlgg)) 15 > L) (X;) + op(n 1/2).
=1
This is similar to the expansion when the true Q = Py is in the model
(previous slide):

_ 41 _
9 =9+ J, 15 3" L9(X;) + op(n~1/2).
j=1



One-step estimator when the model is correct.

If £ is a nl/2-consistent initial estimator, a one-step or Newton—
Raphson estimator is

=T+ J "= > £(Xy)
Suppose the model is correct. Then the initial estimator cancels,

I=1+ 71> Z (X)) + 5t z £y(X;) (T = D) + op(n™/?),
] 1 ] 1

and
1 . . 5
; Z ﬁg(Xj) — Pﬁ@&l — —Pﬁeﬁ — —Jﬁ.
J=1

Hence the one-step estimator is asymptotically equivalent to the
maximum likelihood estimator.



One-step estimator when the model is wrong.

Suppose the parametric model Py is not correct, and the true distri-
bution is Q. The initial estimator ¢ converges to t(Q), say. But the
score function at t(Q) will, in general, not be centered, Qét(@ = 0.
To expand the one-step estimator ¥ = f + J{%Z}T‘:lé,;()(j), we
must add and subtract Q¢z. This creates an additional bias term:
The one-step estimator estimates not ¢(Q) but

t(Q) +J (Q)Qﬁt(Q)

This also creates two additional variance terms from the expansions
of Jz and Q47 in the stochastic expansion of the one-step estimator:

7=+ Tyt + iy, Z(€t<Q>(X)_Q£t<Q>)

+ (Tioy @) — Jt?c?zy’t(cg)%(@) (F— (@) + op(n~/?),



One-step estimator as nonparametric estimator.

The initial estimator ¢ is a nonparametric estimator of some func-
tional t(Q). We note that the one-step estimator also is a nonpara-
metric estimator, of a different functional,

The one-step estimator is obtained by plugging in nonparametric
estimators #(= t(Q)) and empirical estimators

1 LS 2
Q:;.Zl(sz and EZ l=(X;).
j: :

The Hajek—Le Cam theory of efficient estimation tells us that the
one-step estimator (if it is regular and asymptotically linear) has an
influence function which equals the gradient of the above functional,
and is therefore efficient.



One-step estimator when the model is only partially wrong.

Let Xq,...,X, be real observations with density f(x — ¢9), where f
iIs a known density and symmetric about 0. Let ¢ = —f’/f and
J = [¢2(x)dz. Let T be an initial estimator (e.g. the sample mean).
The one-step estimator is

o 1 2 .
I=F+J 1= «x;-9).
n .__
1=1
Suppose that the density f is not correctly specified, but the true
distribution @ is symmetric, about ¢t(Q), say. Then the score function
remains centered, Egl(X —t(Q)) = 0. Suppose the initial estimator
t estimates ¢(QQ). Then the one-step estimator also estimates ¢(Q)

and has a simple stochastic expansion

I=HQ+ I 36X — Q)

j=1
+ (1= T EQl (X — Q) (E - t(Q)) + op(n~1/?).



Robust one-step estimator.

When the model is correct, the initial estimator cancels out of the
one-step estimator. This also happens under misspecification (at
least partially) when we choose a “robust” estimator for the variance.
Consider again observations X1,..., X, with density f(x — ), where
f is a known density and symmetric about 0. Let ¢ = —f’/f and
J = [¢?(x)dz. Let T be an initial estimator (e.g. the sample mean).
Replace J by J = %Z?:M/(Xj — 1) in the one-step estimator:

d=F4+J1

:Il—*

> €= D),
]:
Then

T =@+ 36X~ H@) + op(n ).

j=1



Linear regression.

Let (X 1 ]) be observations of the linear regression model Y = ¥ X +¢
with X and e independent and € having density f with mean 0. (We
take ¥ and X one-dimensional for notational simplicity.) If the model
is correct, an efficient estimator 9 of ¢ is characterized by

1
J=9+ A1 Zg( i) + op(n~1/2)

with “efficient score function” ¢(X,e) = (X — p)é(e) 4+ o 2ue and
pn=FEX, t=—f"/f, 02 = Ee?, and with variance A—1, where

A= Eg?(X,e) = J(M — p?) + 022

with J = E¢2(¢) and M = EXZ2. The one-step estimator replaces
Y by an initial estimator ¢t (e.g. the least squares estimator), the
density f by a kernel estimator based on residuals éj = Yj —fXj, and
the expectations empirically.



One-step estimator for linear regression.

The one-step estimator replaces ¥ by an initial estimator ¢ (e.g. the
least squares estimator), the density f by a kernel estimator f based
on residuals éj = Yj — fXj, and the expectations empirically:

. - 11 R
I=T+L7"1> 3 §(X;,&))
’n,jzl
with §(X,e) = (X —@)l(e) + 6 e and f=+¥"_ 1 X;, L= —-F/F,
52 =1 - 5?, and with
L= J(M - ) + 6 °p°
with J = %2?:1 P2(¢;) and M = %zyzl X2,



Misspecified linear regression.

Suppose the linear model is not correctly specified. Let Q be the
true distribution of (X,Y). Suppose the initial estimator ¢ estimates
t(Q). Independence of X and € might be lost under Q. Write s(X,y)
for the conditional density of € given X. The conditional density of
eg =Y —t(Q)X is s(X,y + t(Q)X), and the unconditional density is

foly) = Egs(X,y +t(Q)X). Set Ly = —fg/fg. Then
1 X2 _
- Zl(Xj — p)E(E;) — EQ(X — p)lo(Y —(Q)X) = I,
]:
;1o 2
J = - > E(E) — Egtp(Y —t(Q)X) = Jg.
j=1
Hence the one-step estimator estimates t(Q) —I—Lél(IQ +JC_22uQE€Q)

with Lo = Jo(Mg — u3) + 05°ud, where ug = EgX, Mg = EgX?
and O'% = EQeé



