GROSS-ZAGIER FORMULA

NOTES TAKEN BY MIKE WOODBURY

These are notes taken in Tonghai Yang’s course titled “The Gross-Zagier For-
mula” at the University of Wisconsin Fall 2009. The main goal of the course was
to understand the recent paper of Yuan-Zhang-Zhang [7].

1. WENESDAY, SEPTEMBER 2, 2009

1.1. Birch’s story. In “Heegner Points and Rankin L-functions,” Birch has an

interesting article about the history of the Gross-Zagier formula. It says something

interesting about working on problems that aren’t necessarily state of the art.
Heegner proved two big problems in number theory.

Theorem 1 (Heegner). o (The Gauss class problem) For imaginary qua-
dratic fields K = Q(v/—D), the only values of D for which hx = 1 are
D =3,4,7,8,11,19,43,67,163.
e (Congruence number problem) A prime p is congruent if ...

It is now accepted that his result on the congruence number problem was cor-
rect, and that the work on the class number problem was essentially correct with
only a “gap” (that was later filled by Stark.) However, he was not a professional
mathematician and his prose was unpolished and his notation was unorthodox. As
a result very few people paid it much attention.

1.2. Some history. The idea of what Gross was trying to do is quite simple: find
rational solutions to certain equations. In other words, if f(z,y) € Q[z,y], find
rational solutions to f(z,y) = 0. For example:

i Quadratics like 322 + 5y2 + 6zy = 10.
ii Cubics: 22 + y3 = p.
iii Higher order equations

If f(z,y) is smooth of degree d, the genus of the associated curve C : f(x,y) =0
is g(C) = d(d —1)/2. So (i) has g = 0, in which case there are either no solutions
or infinitely many. If there is one solution (zo,yo), then any rational line through
(x0,y0) intersects in one more place which must also be rational.

With respect to curves with g > 2, Faltings has proved that #C(Q) < co. In
the case of (iii) there have been at least two Annals papers on the topic. One by
Lieman [4] and another by Tian and Diaclo (sic?).

Item (ii) is the case of g = 1. What is so nice about curves F with ¢ = 17 In
analogy to the g = 0 case one can consider the line L through any point P on the
curve E. This line must intersect at two other points ), R. One can then define
P+ @+ R =0. One can check that this definition gives a valid group law on the
set of points E(F) for any field F'.

Date: Fall 2009.
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Theorem 2 (Mordell). The set E(Q) is a finitely generated abelian group.

(Weil proved the analogous statement for abelian varieties, so sometimes this is
called the Mordell-Weil theorem.)
As a consequence of this,

E(Q) = E(@)tor @ ZT

where F(Q)sor is finite. Number theorists want to know what the number 7 (called
the rank) is. One way to do this is the method of descent which for a given elliptic
curve gives a method of finding points. This is discussed in [6] chapter 9.

Birch and Swinnerton-Dyer studied, rather than #E(Q), the numbers N,(E) =
#E(F,). Computationally, they found that

N, (E
> M(E) ~ Cp(log X)"
px P

where Cg is a constant depending on E and r is the rank. One can define an
L-function associated to E using the values a, =p+1— N,,.

L(s,B) = [[Lp(s, E)  Ly(s,E) = (1 —app™* +pp™)~".

Their computational results lead them to the conjecture:

Conjecture 3 (BSD). (0) L(s, E) has analytic continuation and a functional
equation F(s,E) = L(2 — s, E).
(1) ords=1 L(s, E) = rank(FE).
(2) L1, E)/r! = “arithmetic infomation” on E.

Even the fact that L(s, F) has analytic continuation was not at all clear. This
was known to be the case for CM elliptic curves, but up to quadratic twist there
are only a finite number of such curves. Shimura, in the 1960s, proved the following
theorem, which established many more examples for which (0) could be proved.

Theorem 4 (Shimura). The curve Xo(N) = Io(N)\H U {cusps} is defined over
Q. One can define an L-function L(s, H'(Xo(N)) =[] L, such that

L(Sle(XO(N)) = HL(87f)
f

where f ranges over a basis of modular forms of weight 2 and level N. Moreover,
giwven [ one obtains a map

J(Xo(N)) — Ay
such that L(s, Ay) = HU:Q(f)H:_)(C L(s, f7).

Since Q(f) = Q(am/(f)), if f has coefficients in Q then Ay is an elliptic curve.
(In general if f is weight two cusp form, [Q(f) : Q] = dim Ay.) Since the L-
functions of modular forms were known to have functional equations and analytic
continuation, this then proved that for curves which are modular, meaning there is
amap 7 : Xo(N) — E, the BSD conjecture makes sense.

This leads naturally to the question: “Which curves are modular?”
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2. FRIDAY, SEPTEMBER 4, 2009

2.1. More stories. The problem in the BSD conjecture is to determine first of all
when L(s, F) is defined at s = 1. Shimura’s work implies that L(s, E) = L(s, f)
if and only if there exists a so-called Weil parametrization 7 : Xg — E. In this
case, F is called modular. At first, people doubted that many curves were modular
until Weil proved his converse theorem that said if L(s, F) and it’s twists have a
functional equation and analytic continuation then it is modular. At that point the
Taniyama-Shimura conjecture that every elliptic curve is modular seemed probable.

(Remark: Two elliptic curves are isogenous if and only if their L-functions are
the same.)

Birch recognized that Heegner’s method to find points could be generalized and
simplified by working on X, (V) instead of E. He studied the curves

Ep =Dy? =23 —-1728

and deduced from them the conjectural formula

d ~
d—(L’(s, E)L(s, E))|s=1 = 238Qh(Heegner)
s
where E(H eegner) is the height of the Heegner point.
It was recognized that the LHS is related to the Rankin L-function, and from
here Gross started his work.

2.2. Start to define things. We have the modular curves
Po(N)\H = Yo(IV) — Xo(N) = To(N)\H U {cusps}.
Question: How do we know that X, (V) is defined over Q7

e Classically. Consider the modular polynomial j(7) which is a rational func-
tion on Xo(N). Since jn(7) = j(N7) is as well, and Xo(N) is a curve,
there must be some relation ®y(z,y) € Clz,y| such that ®n(j,jn) = 0.
The projective curve defined by ®p is isomorphic to Xo(N). Since Py is
defined over Z this gives the result.

e Another way. Think of Yy(V) as the moduli space of cyclic isogenies of
elliptic curves. In other words, a point = of Y5(NV) is a triple (p, E, E')
where ¢ : E — E’ is a degree N morphism whose kernel is cyclic. If one
can show that E, E' and ¢ are all defined over F', then z is as well.

How does the moduli space condition relate to the upper half plane description
of Yo(N)? In the special case that N = 1, a point = corresponds to an elliptic
curve, so the map

SLo(Z)\H — {elliptic curves} T— E, =C/(Z+Zt)
gives the isomorphism. In general
T+ (p: Enr — Er)

where ¢ is the obvious map.
Question: For a given [7] € Yy(N), over what field is [r] defined? The answer
depends on j(7) and jn (7).

Theorem 5. If 7 € H is algebraic then [1] € Yo(N) is algebraic if and only if T is
(imaginary) quadratic. (Such a point is called a CM point.
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Complex multiplication: Let K = Q(v/D) for D < 0, O = Z[%]. A CM
elliptic curve/L is a pair (E, 1) where E is an elliptic curve over L together with an
action ¢ : O — Endp(F).

Propostion 6. Every CM elliptic curve by Ok over C is of the form (C/a, 1) where
t: K — C acts on C/a by multiplication.

The idea of the proof is to write E/C as C/A where A = Zw; + Zw,. Since C is
the universal cover of C/A we get

c--->C

]

c/A 22 ¢/

The induced map from C to C must be multiplication by some number «. Therefore,
al C A for all choices of a € Og. Thus A is an Og-module of rank 2 as a free
Z-module. In other words, A is a projective Og-module of rank 1. One concludes
that A ~ a an ideal of K.

We have the following facts.

o (C/a,.) is defined over H, the Hilbert class field of K.
e Denote the image of [a] in Gal(H/K) by o4. Then (C/a)s = (C/ab™1).
o H = K(j(C/a)) = K(j(PHP)).
These facts lead to the theorem in one direction: if 7 is imaginary quadratic the
[7] € Yo(IV) is defined over a number field.

3. WEDNESDAY, SEPTEMBER 9, 2009
We have Xo(N) D Yo(N) =To(N)\H={(p: E—E')|---}.
3.1. Fricke involution. We will define a group of actions indexed by d | N on
Yo(N). Let x = (¢ : E — E') € Yy(N). In particular, we have
wy(z) = (¢¥ : B — E).
More generally, if d | N and C C ker ¢ has order d then wy(z) is the composition
E/C — E — E'/C’

where the first map is that induced by ¢ and C’ C ker ¢V is such that the degree
of the composition is N. In other words, the size of $~1(C”")/C is N.
We denote by W the group generated by wg in either End(Jo(V)) or in End(Xo(V)).

3.2. Hecke operators. For m > 1, T),,(¢ : E — E’) be the formal sum ) . z¢ €
ZY(Xo(N)) where C C E[m] is cyclic of order m and C Nker ¢ = {0} and

zo = (¢: E/C — E'/¢(C)

This is called the Hecke correspondence.
As an exercise, lets calculate T,,[7] where [7] € Y5(IV). Recall the notations
Ao =Z+ Za, E, = C/A,. Then

[r]=(¢: E=E, =C/A; - C/A,)n = E')
Take m = p a prime not dividing V. Note that

Bl = 2+ S2)/A 2 2/p X fp.
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Since Z/p x Z/p has p + 1 cyclic subgroups:
1

i1 .
Co=(=,00, Ci~( 2y (0<j<p-1).
<p ) i <p p> (0<y )

So the corresponding points on Yy(N) are

rc, = (C/(Z + Z[% +2) = /o)

v = <C/<Z]§ 4 Zr) - C/é(- )

and - L
Z[ij]ﬂm] itpt N
T(r) =4 22§ L
pr"] itp| N
§=0

Remark: Hecke operators act on modular forms:

T,f = p—1f(

=0

T+
p

)+ pn f(pT).

The Hecke correspondence on Xo(N) bives an action on Jy(N):
Ton((2) — (00)) = Ty — deg Tn(00) € Jo(N).

We denote by T C End(Jy(V) the subgroup generated by all of the T,, and W.
This is the Hecke algebra.

Theorem 7 (Eichler-Shimura,Shimura (?)). Given f € S§“(N), Tonf = am [ for
all n. Thus there exists a unique abelian variety Ay C Jo(N) (understood up to
isogeny) which is stable by Ty, action and T,a = ama for all a € Ay.

3.3. Complex multiplication. Fix K = Q(vD), Ox = Z[Dgi‘/ﬁ]. A pair (E, )
is a called a CM elliptic curve by Ok if E is an elliptic curve and ¢ : O — End(FE).

Note that to write down abelian extension of a number field L, we know how to
do this explicitly if L = Q, in which case we adjoint all values of e2™** where z is
D+T\fD)7 %)

rational. The only other case we can do is when L = Q(j( in which

case we can use the theory of complex multiplication.

Theorem 8 (The Theorem of Complex Multiplication). Every CM elliptic curve
over C is of the form Eq = (C/a, 1) where a is an ideal of K and ¢ : K — C is the
standard embedding.

(1) (C/a,t) =~ (C/b,1) if and only if a = ab which is equivalent to the statement

that [a] = [b] in CI(K).

(ii) E4 is defined over H = (@(]’(D"'iz\/ﬁ)7 %), the Hilbert class field of K.

(i) For all op € Gal(H/K) ~ CI(K), [Eq]°® = FEqp-1.

(iv) Let p denote complex conjugation. Then (C/a,)? = (C/a,7) = (C/a,1).

If E, € Yy(1), then this implies that j(E,) € H and j(Eq)7* = j(Eqp-1).
Consider the map
7m: Yo(N) — Yo(1)
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which has degree [SLa(Z) : T'o(N)]. If (E,¢) € Yp(1) then
7 (E, i) = Z x
|7 (@) =(E)

is defined over H even though each = need not be defined over H. When they are
defined over H, they are called Heegner points.

Sox =(¢: E — E') is a Heegner point (by Ok) if there exists an O-action
t: Oxg — Endz where End z consists of all pairs of endomorphisms (f, f’) such
that

ELE’

E——F
commutes. Endz can be described in terms of just endomorphisms f on E such

that f(ker ¢) C ker ¢.

Propostion 9. Assume (D, N) = 1. Then there exists a Heegner point if and only
if D is a square modulo 4N . In particular, both E, E' have CM by Ok .

The way to prove this is to consider = (¢ : E — E’). Then, by the theorem
on complex multiplication,

E=Cla—E =C/6  acCb,
b/a is cyclic and b = aN with N(N) = N and Ok /N is cyclic.

4. FRIDAY, SEPTEMBER 11, 2009

So Heegner points exist only if D = O (mod 4N). Assume (D,4N) = 1. One
question we can ask is “how many Heegner points are there?” We must have
N = NN and (N,N) = 1. Recall that O/N ~ Z/N.

For every [a] € CI(K) we have a point

2 = (C/mfa — C/aN™H).

The class group acts on the set of Heegner points which we denote by Heeg(D, N)
as does W. Write d | N and (d, N/d) = 1. Then

wa(z) = (0" : C/mfaN~" — C/a) = (C/mfaN ™" — C/aN"").
Lemma 10. CI(K) x W ats transitively on Heeg(D, N).
Question: Does T,,, act on Heeg(D,N)? We decided that the answer is no
because once you mod out by cyclic subgroups the resulting elliptic curves may
only have complex multiplication by a smaller order of O.

Let x : Gal(H/K) — C* be an ideal class character, f € S7°*“(N), z €
Heeg(D,N), ¢ = (x) — (00) € Jo(IN)(H). Define

= Y X N0)o(e) € Jo(N)(H, puoc).
c€Gal(H/K)

This can be projected to ¢y, € Ay which is an abelian variety over Q, or at least
over Q.
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Example: x =1 and Ay = E an elliptic curve. Then

Cx = Dpecal(n i) 0(0) € Jo(N)(K)
L7y
evr =7(ey) € E(K)
Question: When is ¢,y non-torsion? To answer this question we use the height
pairing.

4.1. Height pairing (Neron Tate height). Tate proved that globally there ex-
ists a canonical positive definite quadratic form®
hean t J(L)/J(L)tor — RZ?

when J is any abelian variety. So ¢, is torsion if and only if hean(cy,f) = 0.

The problem with Tate’s pairing is that is hard to calculate. Let H a number
field and v a prime of H. Locally, Neron proved? the following. Let X be a curve
over H, and Z(X), divisors of degree zero.

(1) There exists unique biadditive symmetric continuous pairing
(oot ZH(X)o(Hy) x ZH(X)o(Hy) — R
which is well defined only when a, b have no common generic support. More-
over,

(a,divf), =log|f(a)l, = > mylog|f(z)l,
z€supp(a)

(2) For all a,b € ZY(X)o(H), (a,b), = 0 for almost all v. Thus (a,b) =
> (@, b), is a well defined global height pairing. It only depends on the
image of a,b € J(X).

Theorem 11. The two global height pairings (of Tate and Neron) are the same.
For more on this see [1].

4.2. Relation of height to derivative. Birch related hcen(c1,f) in the case that

Af=Fand x=1to

LU P, 8)) Lo = 5 (DE, ) LB, 8)) o

The L-function appearing here is a Rankin-Selberg L-function.

4.3. Base change. Let x : I(f) = {ideals relatively primes to f} — C* be a
group homomorphism such that x(aOg) = a*~! for all @ = 1 mod f. Define

L) = Y e =TI - xveyt = 3 =
p

aCOg n=1

Theorem 12 (Hecke). There ezists a unique f, € S (dx N (f)) such that L(s, x) =
L(s, fy) if x # 1. (If x =1 replace f, with an Eisenstein series.)

Corollary 13. If x # 1 is an ideal class character of K then f, € ST (dk). If
x = 1 one gets an Fisenstein series of weight 1.

IThis means there is a symmetric bilinear form (-,-) : J x J — R such that hean (z) = %(x, ) >

0 whener x € Jior.
2See Gross[2] for details.
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5. MONDAY, SEPTEMBER 14, 2009
Recall K = Q(+v/D) and D =0 (mod 4N). Up to isogeny, Jo(N) is equal to

TN Jo(N)"™  Jo(N)" = @ Ay
Fesger(N)

So, to a point z € Jo(NN) we can associate to it x5 € Ay.
‘The Heegner points are parametrized by [a] € CI(K) and ideals N such that
NN =N and (N,N) = 1. Then

Ta = (E/[a] = E/[Na]).

The action of CI(K) is given by (g n7)7® = Tjap—1 n
To describe the action of W, write N =[], p®. If d | N and (d, N) = 1, write

Ni= H P H per.
pl(d.N)  pHd.N)
Then
wa(Tlan) = (E/[a] — E/[aN"].

Fix a Heegner point z. Write ¢ = (z) — (00) [ Jo(N)(H). As above x : CI(K) —
C* is a character. This gives, by Hecke’s Theorem, f, € S} (|D], (2)) whose
Fourier coefficients are ay(n) = > nqzy X(a)-

For ¢, =Y, x *(0)c” € Jo(N)(H, x) as before we let ¢, denote its f-isotypic
component in A¢(H,x, f).

In general, if x # 1 is a Hecke character of K = Q(v/D) of weight k — 1 and
conductor f then f, € Spe”(|D| N(f), X) where x(n) = (£) x(nOk). (If x =1 you
get an Eisenstein series.)

Another example. Take E a CM elliptic curve by Og. This gives a Hecke
character g of K associated to E such that L(s, E/Q) = L(s, xg) if F is defined
over Q and L(s,E/K) = L(s,xg)L(s,Xg) if not. Again xg is associated to a
modular form f,, which is a weight 2 modular form. This is the reason it was
known earlier that CM elliptic curves are modular.

The Rankin-Selberg L-function. Let f =Y a,¢" € Sp(N)and g = >~ byg" €
Si(N). We can assume that k > [. Define L(s, f,g9) = Y oo, anbng™.

Theorem 14. L(s, f, g) has analytic continuation together with a functional equa-
tion. Actually, times some gamma factors L(s, f,g) is equal to

/ F9B s T )y du(r)
Xo(N)

where

E = Z Qﬁ(’}/)

— 2s°
el N To() (cz + d)F=t|cz + 7|
Moreover, E(t1,s) = E(r,—s) and L(s, f) = [[ Ly(s, f).

In our case, Ly (s, f) =.

6. MonDAY, OCTOBER 5, 2009

6.1. Theorem of Yuan, Zhang, Zhang.
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6.2. Weil representation. Let F' be a local field, (V,q) a quadratic space of
dimension m. Define det V = det([(e;, e;)]) where {e1,...,en} is a basis of V over
F. Then det V # 0 is a well-defined element of F'*/(F*)2. Let

xv = (=)™ U2 det v, g
be the Hilbert symbol. Fix ¢ : FF — C* an additive character.

Then we will describe a representation of SLa(F) x O(V)(F) on the space S(V)
of Schwartz functions on V.
Some notation on groups:

GO(V) = {g € GL(V) | (92, 9y) = v(9)(x,y) for all 2,y € V'}.
The character v : GO(V) — C* is called the similitude character.
O(V) ={g € GO(V) [ v(g) = 1}.
SO(V)={geO(V) |det(g) =1}.

Example: Let E/F be a quadratic extension. For a € F* let V = E and
Ve = (V,q?) be the space with quadratic form ¢*(z) = axZ. It is easy to see that
E* C GO(V) with action z -z = zz and v(z) = zZ.

Lemma 15. In this example
GOVY)~FE*x <o> OWV?)~E'x<o> SOV)~FE!
where < 0 >= Gal(E/F) and E' ={z € E | Ng,p(z) = 1}.

Another example: Let B be a quaternion algebra over F, Vj = {x € B | tra =

x+2x* = 0}. The map x — z* is the main involution of B. We sometimes denote z*

by Z. The quadratic form is Q(x) = zx*. Notice that B* acts on V by b-z = bzb~!.
Moreover,

Qb-x) = Q(bxb™") = bab~  (bab™ )" = bxb (b~ ) a'b = xat = Q(x).
So B* C O(V).
Propostion 16. The sequence
1—F*—B*—80(V)—1
s exact.

Final example: V = B and Q(z) = zz* = detz. In this case B* x B> acts on
V by (by,bs) - & = byaby . Can check that Q((b1,b) - ) = det by det by 'Q(x). So
B* x B* — GO(V) with kernal F* and image of index 2.

7. WEDNESDAY, OCTOBER 7, 2009

We continue to define the Weil representation. Let F' be a local field of char-
acteristic not equal to 2, (V,Q) a quadratic space over F of dimension m. Then
define

(z,y) = Qz +y) — Qz) — Qy).
as above, we get groups GO(V),O(V) and SO(V).
In the third example from above (V = B) the following sequence is exact.
1—F*—B*xB*x<o>—GO(V)—1

where the map F* — B* x B* is given by a — (a,a).
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A fourth example is V = R™ and Q(z) = 23 + --- + 22,. In this case O(V) is
the typical orthogonal group consisting of g € GL,, such that tgg = 1.

Fix ¢ : F' — C* a character. We will define wy, 4 a representation.

Let W = F? by the symplectic space with (standard) form (z,y) = x1y2 — T2y .
From this we obtain the group

Sp(W) = {g € GL(W) | (92, 9y) = (z,9)}

which is isomorphic to SLs.

Let # = W @ V. This has dimension 2n. Defining

(w1 ® v1, w2 ® v2)) = (w1, w2)(v1,v2)
gives # a symplectic structure (meaning that the form is alternating: ((z,y)) =
—(({y,x)).) We also have an injection
1:Sp(W) x O(V) — Sp(¥)

with i(g, h)(w ® v) = (gw) ® (hv).

The Weil representation is a (very small, i.e. nearly irreducible) representation
wy,y of Sp(#') = Mp(#'). We have the diagram

Mp(W) x O(V) —— Mp(¥')

| |

Sp(W) x O(V) —— Sp(¥)

(See [5] for more discussion of the Weil representation.) If m = dimV is even,
then the representation wy,, descends to a representation of Sp(W) x O(V). It is
natural to ask what this restriction looks like.

(All of the above works for W any symplectic space of dimension 2n.)

In our special case (n = 1 and m even) we can write down a model (the
Schrodinger model) of the restriction w of wy,y to SLy x O(V). Then the O(V)
action is given by

w(h)p(z) = p(h™'z) heOV),pe SV).
Define the subgroups
N={n()=('})[beF}, M={m(a)=(",)|acF"},

P = MN and K is a maximal compact subgroup of SLy(F). (K = SLy(Op) if F
is nonarchimedean and K = SO3(R) if F =R and K = U(2) if F = C.) We have
the decompositions

SLe = NMK SLy = PU PwP

where w = (1_1).

We define the action of SLy(F) via
w(n(b)p(r) = p(0Q(x))p(x),
w(m(a))p(x) = xv(a) ™ p(xa),
w(w)p(r) =y(V)px)  Blx) = /V P(y)(—(,y))dy

One can check that this gives a well defined representation so long as m is even.
(If m is odd you have to move to SLy = Mp(W).
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8. SIEGEL-WEIL FORMULA

Now let F' be a number field. We can for a Weil representation w = ) w, on
SLa(A) x O(V)(A) on S(Vi) = Q' S(V3).
Weil define the theta kernel. For p € S(Vy) it is defined to be

0(g.h0) = Y wlg,h)p(x) =Y w(g)p(h™ z).
z€V (F) zeV

This is a well defined function on SLy(F)\SL2(A) x O(V)(F)\O(V)(A). In other
words, it is an automorphic form.

The theta integral is
I(g,9) = / 0(g,h, p)dh.
[SO(V)]

For any group G, we write [G] = G(F)\G(A). The theta integral need not be
convergent, but it is for example when F' is totally real and V' is positive then this
is convergent because it implies that O(V)(F)\O(V)(A) is compact.

Exercise: Try to compute for V= FE = Q(4), Q(x) = 2Z and ¢ = ®¢, with

—2mzZ

Poo(z) =€ , oy = log, (if n 1 00).
Let ¢ : Q\Qa — C be the character such that 1o(z) = €2™ and ¥,(z) =

e~ 2mA (%) where

A Qp/Z, — Q/Z.
(1) Calculate 0(g,, 1, ) where g, = n(u)m(y/v). (Note that g;i = u+iv = 7.
(2) What is I(g,,)?
By definition

(g 1,0) = Y wn(wm(vv))p(a+ ib)

a+ibeQ(4)
= Z Woo (N(u)M(v/0))Poo (2) (¢pf(a+1ib) =0 unless a,b € Z)
z€Z(1)
=y1/? Z Yoo (UQ(2v/V)) oo (/) (by the definition of the action)
2€Z(1)
=y1/? Z e2miu(a+0%) g—2m(a®+b%) (by the definition of ¥, and )
a,beZ
:1)1/2 Z e2TiTZZ ,Ul/2 27'2(71)(]“
Z€L3 n=0

where ¢ = €*™7 and ro(n) = #{z € Z[i] | 2z2 = n}.

Remark: The reason that the action of O(V') is so nice, and that of SL is messier,
is because in the choice of model we have written # =W V =XV aeY V
where W = X @Y is a polarization. The group O(V) acts on Y, and in this
decomposition it remains nice, but SLy acts on W and it is split up.

9. FriDAY, OCTOBER 9, 2008

We continue to discuss the Siegel Weil formula. The results of Siegel are from
the 1940s, those of Weil are from around 1964, and the contribution of Kudla-Rallis
is from about 1994.
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Recall that (V,Q)/F is a quadratic space of dimension m, ¢ : FFy — C* is an
additive character, and w = wy,, is a representation of SLy @ O(V)(A) on S(Va).
From this we obtained the theta kernel

0(g.h,0) = Y w(g, h)p(x).
zeV

Theorem 17 (Weil). The function 6(g, h, @) is an automorphic form on SLgy (F)\SA/LQ(A) X
O(V)(FNO(V)(A).

As before we let [G] = G(F)\G(A).

Thus the theta integral
I(g,¢) = / 0(g, h,)dh
[SO(V)]

is an automorphic form on SLy(F )\E}AI,;(A) whenever the integral converges.
For example if E = Q(v/D) for D < 0, V = E and Q(x) = &, then if we define
@ and v as in the exercise above we get

0(g:.1,0) =02 > 1o, (n)g"
2€0k

where ro, (n) = #{z € Ok | 22 = n}. Without the factor v'/2 this is a modular
form of weight 1.

We now define the Eisenstein series. Let x : F*\F;" — C* be a character. Then
we define

I(s,x) = Ind3>® (x |-[*) = {& : SLy(A) — C | d(n(b)m(a)g) = x(a) |a|*"* d(g)}

The space I1(s,Xx) = @, <o 1(5; xv) which is generated by elements of the form
® = ®®,. For such an element we define

E(g,s,®) = Y. 2(yg.s).
YEP(F)\SLa(F)

When this converges it is clearly an automorphic form on SLa(F)\SL2(A).

Theorem 18. The map

A:S(Va) — I(so,xv) @ M) :g— w(g)e(0)

is SLa(A)-equivariant. (Here so = m/2 —1.) In other words Mw(g)p) = p(g)A(p)
where p is the Tight reqular action.

Theorem 19 (Siegel-Weil). When the sum and integrals are absolutely convergent

1
m[(g’ (p) = I{E(Qa 505 )‘(SD))

where k =11ifm >2 and k =2 if m < 2.

If r is the dimension of the maximal isotropic subspace of V', Weil proved that
I(g, ) is absolutely convergent when

(1) r=0 or r>0and m—r > 2.

On the other hand, if (1) holds and m > 4 then E(g, so, A(¢)) is also absolutely
convergent.
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Kudla and Rallis proved that there is an analytic continuation of E(g,s, A(p))
if (1) holds in the following way. Given A(y) € I(sg,xv), we want to define a
standard section of ®(g,s) € I(s, xv) such that ®(g,s0) = A(¢) and ®(g,s) |x is
independent of K. Concretely if we write g = n(b)m(a)k for some k € K then we
want to define

(g, 5) = Ap)(9) lalg)]"™™

where a(g) = a. Since the decomposition of g in this form is not unique one has to
check that this gives a well defined element of I(s, xy ), but this is the case. This
gives E(g, s, ®), for which Kudla and Rallis proved that the Siegel-Weil formula
extends.

Remark: Actually, Kudla and Rallis proved even more. When F has a pole at
s, they proved that there is a Siegel-Weil type formula involving the residue. We
will not need this for what we are doing.

9.1. Fourier coefficients. Fix . For any automorphic form f : SLy(F)\SL2(A) —
C, we can write

10 =S hie)  file) = /F S @gv-abde

beF

The function f is called the b-th Fourier coefficient.

When f is an Eisenstein series the following proposition tells us that calculating
the Fourier coefficients is pretty simple.

Remark. This simplicity is mirrored in the classical case. Here

E,=1+ *Zak_l(n)q” Op—1 = deil = H a,(f_)l(n)
d|n

p<oo

where a,(f_)l =1+p" 14+ )1+ + (p")* ! and r = ord,(n). On the other
hand, finding the coefficients of cusp forms is very complicated.

Propostion 20. For all a # 0, E(g,s,®) = [[, Ea,v(gv, s, P,) where

Ea,v(gv»saq)v) - / @v(wn(x)gms)lb(—ax)dx

v

is the local Whittaker function
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Proof. We use the fact that SLy = PUPwN from which one can easily deduce that
P\SL; < {1} UwN. Now, using the definitions,

Ea(gv S, (I)) = F\A E(n(x)gv 5, (I’W’(_ax)dx

- LY ema(-ands

YEP\SLa(F)

— /F\A O (yn(x)g, s)Y(—ax)dx + Z ®(wn(b)n(z)g, s)¢(—az)dx

T1F

=0l [ vicandes /| X (e (s

beF

=®(g, s) w(—aa:)dx—i—/@(wn(az)g,s)w(—ax)dm

F\A A

~0(g.5) [ wianydo +]] [ @utuwn(a)gn.s)o(-aayis

F\A

To finish the proof we note that || F\A x(z)dz is zero unless x is trivial (in which
case it is the volume of F\A which is finite.) O

Notice that we have proved more, since we have given the formula even when
a=0.

Exercise. Check the Siegel Weil formula for V = Q(v/D), Q(z) = x in general.
If this is too hard try the cases D = —3, —1, —7 where the class number is 1.

10. MonDAY, OCTOBER 12, 2009
Recall that the theta kernel

0(g,h, ) = > w(g, h)p(x)
zeV
is an automorphic form on SLg(F)\éig(A) x OV)(F)\O(V)(A). G
Given f € 7 an irreducible cuspidal autormophic representation of O(V)(F)\O(V)(A)
and ¢ € S(V,), we define

ohs fo) = [ Bl.h.o)fl)ds
[SL2]
This is absolutely convergent because the assumption that 7 is cuspidal implies
that f has exponential decay.
We get the space

@(7() = <0(h‘a f»@) | f eEmpeE S(VA)>

This gives the so-called theta lifting from functions SLy to functions on O(V'). (Can
go in the opposite direction but this isn’t a concern for us.)
The natural questions are
(1) When is O(w) # 0?
(2) In this case how does ©(m) decompose as a representation of O(V)?
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It is a fact that in our situation ©(7) has a unique irreducible subquotient.

Example: Shimura lifting. (due to Waldspurger, Niwa, Shintani, Shimura) Set
V =By ={z € B|trx =0}, and let Q(x) = axZ. Here we really need to replace
SLj by SLy because dim V = 3. For this choice SO(V) = PB* = B*/F*. In the
special case that B = Mj, we have SO(V) = PGLg, and the associated lift is the
Shimura correspondence.

10.1. Extended Weil representation. Another example (of much interest to us)
is the Shimizu lifting: V = B, Q(z) = 2Z. However, we’d like to enlarge the theory
to treat the case GLy x GO(V) instead of SLy x O(V). We do this in the next

section.
As normal, we assume dim V' is even. The space on which GLy x GO(V') will act
is S(Va x F)). The action by GO(V) is simple: w(h)e(z,u) = o(h~ z,v(h)u).
The GL2 action is more complicated: w(g)p(x) = wy(g9)p(z) where

wu(n(b))p(a, u) = Y(buQ(x))p(z, u)
wy(m(a))p(e, u) = xv(a)|a|™* p(za, u)

%WW@M=%WWW”Aﬂwawa

The Shimizu lifting. Let 7 be an irreducible cuspidal automorphic representation
of GLy(F)\GL2(A), and let (V, Q) be as above. We redefine the theta lift

: _ ¢(2)
O(h; f,0) = 3L(1, 7, Ad) /[GLz] 0(g, h, p)dg.

Note that this is the same as before, but with a different normalization and we
now are using the extended Weil representation. Since B* x B* C GO(V'), we can
think of ©(m) as a representation on B* x B*.

Theorem 21. e O(m) # 0 if and only if m, is not a principal series at all
places such that B, is a division algebra.

—_~—

o When O(m) # 0, we have O(m) = JL(m) x JL(m) as a representation of
B x BJ.

e If m is an autormophic representation of B*, can go in opposite direction
and get an irreducible representation of GLs.

Now we have a B* x B* and GL3 equivariant map
0:7@S(Vax F*) a7 foo—0hf o)
where 7’ = JL(w). In other words,
6 € Homgr,xpxxpx (1@ S(Va x F*), 7' @7").

By Jacquet-Langlands this space has dimension 1, so 6 is a generator.
We would like to understand what this looks like locally. Since 6 = [], 6, we
want to find canonical choices of
Oy : Ty @ S(Vy X ES) — my @ T,

This is tricky because the Siegel-Weil formula given is completely global, and defin-
ing something similar for the local situation is a challenge.
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More concretely, don’t have a good way to construct the decompostion

S(Vy x F) = @ T ® O(m).

melrr(GLs)

11. WEDNESDAY, OCTOBER 14, 2009

Today we discuss the Shimizu lifting. Let B over F' be a quaternion algebra and
© € S(Va x F). Then we get

0(g,h0)— > wlgle(h 'z, v(h)u),
(z,u)EVXFX*

and if f € 7 an irreducible cuspidal automorphic representation of GLa(F)\GL2(A)
then we can define

0109 = 5 ok [, Ao h o)

As discussed last time, can think of # as an element of
Homgy, a)xpxxpx (T @ S(Va x F),n' @ &)

which has dimension 1. Since § # 0 there should be 6, such that § = []6,.
We would like to understand 6, canonically. To do this we need a local map
Ty — T Q .
There is a canonical pairing on 7’ ® 7. Locally, it is
Ty, @7, = C  (z,f) = f2).

This is just because 7 is the space of linear functionals on 7’. Globally, the pair-
ing is even more natural. Notice that 7’ is always cuspidal hence a subspace of
LE(B*\BY). Since this is a Hilbert space, we have the positive definite inner form

Ten -C  (fi,f2) — f1(g9) f2(g)dg.
FBX\B}

This implies that 7 = {f | f € 7'}, and

F:ner -C  (f,f)— f(9)f(g)dg.
FBX\BX

11.1. The Whittaker model. This is a local analogue of the Fourier expansion.
Let 7, be an irreducible admissible representation of GLo(F,), v : F, — C a
nontrivial character. The - Whittaker functional on m, is a linear map

¢:m, — C such that {(n(b)x) = (b)l(x).

Theorem 22. For fixed nontrivial v, a - Whittaker functional exists and is unique
up to scalar.

Corollary 23. For x € m, is as above and { is a - Whittaker functional, the map
x = W?*:g— lm,(9)x) is a GLa(F,) equivariant map

Ty = W (GL2, ) = {W : GLa(F,,) — C [ W(n(b)g) = ¢(b)W(g).
The image of 7, is called the 1-Whittaker model. It is unique.
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Notation. We will always take ¢ fixed from here on out, but every other character
is of the type ¢¥%(x) = ¢¥(ax), and for f € m, we will denote the corresponding ¥*-
Whittaker function by W/ (g).

We can now define 6,. It is uniquely determined by the property that

Z,0,(f © ) = = / W7, (g)ulg)e(1, 1)dg
(Fu)\GL2(Fy)

and * is a constant so that for unramified ¢ and f the value is 1.
Globally, the Whittaker model is easier. Take f € m C L3(GLo(F)\GL2(A)).
Then

f Wi /N o, T

One can easily check that
o fr— Wd{ is injective;
w(g)f = Wi = p(g)W] - b W (hg);
o W/ (n(b)g) = (L)W ](g).
Since qu is a function on GLy(A) this gives a local Whittaker model g, — WJ (9)-

By the uniqueness of the local models, one sees that the global model must also be
unique.

Theorem 24. 6 =]6,.

Proof. Let us write V.= B =V, ®V; where Vy ={be€ B |trb=0} and V; = F
Define SO(V')o = {(g1, 92) | det g1 = det g2}. The following diagram commutes.

SO(Vp) —= SO(V)

1 ]

B = sov),

So,

0(f @) = g, (b,b), 0)dgdb
) BX\BX

/ / 0(g, (b.b), )dbdg
[GLo] FXBX\BJ

/ / 0(g,b, p)dbdg
[GLo] [SO(Vo)]

/GLQ] (9) Z Z “Hxo, 1), v(b)u)dg

(z,u)eEVI X FX z€Vy

/L] @ Y. D w@ed  w,z1,u)dg

(z,u)EVI X F* €V
-/ 0 ¥ S wlg)ele,u)dg.
[GLo] ~EP(F)\GLs(F) (z,u)€Vi x FX

In the last step we applied the Siegel-Weil formula. (We are allowed to write
P(F)\GL2(F) because it is the same as P1(F)\SLz(F).) This final integral can be
unfolded. We will do this next time. ]
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12. FripAay, OCTOBER 16, 2009

Recall that globally we have

Z.C

T®S(Va x FY)—Lor' @ 7
and locally,
T @ S(Vy x FX) 2o 1 @7

C

where
Gu(2) /
Ly(1, 7, ad) Jn(p,)\GLa(F,)
We had started to prove that 8 = []6,, by first noting that it suffices to prove
that #0 = [[ %,0,. Then we decomposed V = V; &V, and applied the Siegel-Weil
formula, which says that

E(g, (-, 32, u)) = > w(yg)p(; w2, u)
YEP(F)\SLa(F)

F 6y — Wliw(g)eu(1,1)dg.

to obtain the following.

FO(f 0 ) = / / F(9)0(g, (h. 1), @)dgdh
BXF\B) J[GL,]
Sy S w(g)p(h e w)dhdg
[GL2] [SO(Vl)] (zl,mz,v)GVl X Vo X F'X

- /[GL KON S w(ig)e(e u)dg

YEP(F)\GL2(F) (z2,u)EVax FX
+f 9 S whg)elesuwdg

P(F)\GLZ(A) (zg,u)EszFX
Note that we have used that f(vg) = f(g). We break up this final integral into two
pieces. Let

L= wgeOu) = > w(g)e(za, ).
u€F* (z2,u)EFX XFX
Let us recall/derive formulae for the action of
M = {m(a,d) = (*4) | a,d € F¥}

under the Weil representation. In the case at hand m = dimV = 4.

w((* )z, u) = [d ™ ple,d ),

w((® 4-1))ele,u) = x(a) |a|™? p(za,u),

w((*1))e(e,u) = x(a) o™ p(za,a™ u).

So putting this all together we have that
w((® ), uw) = x(a) |a/d™* p(za,d u).
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Using this, we can write
I, = Z w((lu)g)@(oal)v I, = Z X_l(xZ) w((IQu)g)w(]ﬂl)
ueFx (z2,u) EFX X FX
Note that x |r= 1. So using the fact that P = M N, we have that

f(mg)w(mg)p(1,1)dg

Ty = /
N(F)M(F)\GL2(A) 1, 37 ()

=/ (@)w(g)e(1, 1)dg
N(F)\GL2(A)

P (b)w(g)e(1,1)

e |
:/ / f(n(b)g) w(n(b)g)e(1,1) dbdg
N(A)\GL2(A) JN(F)\N(A)

W’ (9)

/ wlge D) [ v
N(A)\GL2(A) N(F)\N(4)

-11/ W/ (g0)ulg.)eu(1, dg. = [] 7260
v Y N(Fy)\GL2(Fy) v

To complete the proof we must show that J; = 0. We compute in a similar
fashion to above.

e /P(F)\GLQ(A) u;: FIC2) g)w((F o) 9)(0,1)dg

% (0Q(0))w(g)¥(0,1)
—_—~
> F(n(b)g) w(n(b)g)p(0,1) dbdg

ue %

- [wtgret0.n) | F(n(b)g)dbdg.
N(F)\N (&)
Because f is cuspidal, fN(F)\N(A) f(n(b)g)db = 0. This completes the proof.

/N(F)X{(* 1)H\GL2(4) /N(F)\N(A)

12.1. Section 2.3 of [7]. We want to represent L(s,, x) as an integral.

Recall the setup: E/F is a quadratic extension with associated character 7,
7 is an irreducible cuspidal automorphic representation of GL2(F)\GL2(A) and
X : EX\E} — C is a character such that x |FAX wr = 1.

From this date we get a set ’

¥ = {1} | 6(%,71'1;7)(11) 7é Xv"]v(_l)}

and an adelic quaternion algebra B such that B, is division algebra precisely when
v € X. (So B is global if #X is even and incoherent if odd.) Let

7' =m = QJL(m,) = .,
For fixed Ey — B we get a decomposition
V=B=FEy®Eyj=V,®V,.
The element j € B satisfies
j2 € A% and ja=1aj for all a € Ey.
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For o € S(V x FJ) = 5(Vy x Vo x F) we define the Eisenstein-theta series:

Igs,o)= Y. 009 >, whg)ela,u)

YEP(F)\GL2(F) (z1,u)EVI X FX

where §(n(b)m(a,d)g) = ’%’1/2. This is an Eisenstein series on Vo and a theta
series on V;. We would like to understand its x-component:

et z,Q(t)u)

—~ =
I(g,x7x,<p)=/ I(g,s, w(t)p )x(t)dt.
EX\E}
We define
P:n®S(VxF)—C 92(f®<p)=/ 1(g, s, x, ) f(g)dg.
ZAGLQ(F)\GLQ(A)

Theorem 25 (Waldspurger). If f = ®f, and ¢ = Qp, then P(fRp) = P, (f,®
) where

Polfs ® 00) = / x(t) / 5(0) W_r()wlg) et Q1)) dgd"t.
FJ\E) N(Fy)\GL2(Fy)

Theorem 26 (Waldspurger). When everything is unramified

P58 ) - U D2

13. MonDAY, OCTOBER 19, 2009

Today we prove the second theorem of Waldspurger from the end of last time.
To do this we first discuss the local newform of m, = 7 an irreducible admissible
representation of GLa(F)).

Let w € F, be a uniformizer, and denote the ring of integers by O,. Define

K = {o= (¢ ) ) econla=(" 1) mason}.

Theorem 27 (New Whittaker function). (a) There exists a unique integer ¢ =
¢(m) > 0 such that dim 7%1(7") = 1.
(b) There exists and unique W € Wy such that W(gk) = W (g) for all k €
Ki(w®) and W(1) = 1.
(©) Lis,m) = [ W((* 1)) ]al™"?da.
(d) When m = 7(p1, p2) is an unramified principal series then

ifa ¢ O,
W«m):{ ’ Adi

1/2 aw)—ps(aw .
o lemioutes) i c 0,
In the case that ¢(m) = 0 this theorem describes W completely. Indeed, GLy(F,) =
NMK where K = GL3(0,) = K;(7°). We know how N acts because W is a Whit-
taker function, the action of K is trivial by (b) and that of M is given by (d).
Since “everything is unramified,” B, = Ms(F),), p, is the characteristic function

of M3(0,) x OF, ¢(m,) =0 and

B unramified field extension of F,,  (inert case)
v F, x F, (split case)

We’ll do the case F, an unramified field extension.
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Lemma 28. For this choice of ¢, the action of K via the Weil representation is
trivial. In other words w(k)yp = ¢ for all k € K.

Note that Z(F,)N(F,)\GL2(F,)/K, ~ {m(a,1) € M}. Let us assume that
vol(K,) = 1. We are now ready to compute.

Polfo @ p0) = / 59V W1 w(g)w(g)o(t™1, Q1)) x(t)d" tdg

Z(Fy)N(F,)\GL2(F,)/ K, J EX
s d

/ / 0" Wt (" 1) af** ot ™, Q()a~ )x(at ™ )d .
FX JEX |a|
Note that under the injection E, — My (F;,), we have that the preimage of M>(O,)
is precisely Op,. So ¢(at™,Q(t)a™!) = 0 unless Q(t)a~t € O and at~! € Op,,
in which case it is identically 1. It is straightforward to check that these conditions
imply that a € @?"OX and t € w”(’)gv, and our integral becomes

—n(s /”L aw p2law n
Py(fo @ o) Z/wzn@x /wnox (s+1) P ; 2( )X(w) I td*a

pi (@) — pa(@)
0wl | M2 @
(@) — po(w) —M2(w)2((ﬂgx)(w)qfsfl)n
n=0

_ ( 1 ) (ul( @) — (papdx)(@)g >~ — (p2(w) — (uw%x)(W)q“)>
11 () — pro(w) (1= (xpd)(@)g 1) (1 = (xp3)(w@)g—=1)
B 1 +q7871
(1= x(@)pi(@)g—> ") (1 = x(@)p3(@)g~1)’
because (xu1p2)(w) = 1 by assumption.
Since in the case we have 1,(w) = 1, L,(s,1), = (1 + ¢~*)~!. Note that, in the
split case (E, = F, x F,) ny(w) = —1.
Exercise: Do the above calculation in the split case.

14. WEDNESDAY, OCTOBER 21, 2009

Recall that we have the Eisenstein-theta series:

I(s,g.9)= Y. d(ve* Y. wlygelx,u),

yEP(F)\GL2(F) (x,u)EVI X F'X
I, = [ Hsgu(t e,
EX\E}
We have seen that
P(s,x, fre) = / I(s,9,x,%)f(g)dg
(A)GLa(F)\GLa(A)

satisfies

(2) '@(57X7f790):Hf@v(&wa)u@v)
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where

(5, xor )01 00) = / X(®) / 5(9) W (9) w(g)pu(t™, Q(1)) dgdt.
FS\E N(Fy)\GL2(Fy)

w(g)w(t,t)e(1,1))

When everything is unramified

3 'gz’u ) vy 9 v = 2
(3) (85 Xos £)V, 00) T(s + L)
In other words,
L(s+1,m)
0 _ )
f@v(SaXvaf)UaSDv) - L(Sgl”ﬁv’xv) L@’L)(87X’U7f)/U790v)

is 1 for all but finitely many v.
Lemma 29. The map

P8, Xy ") i T @S(Vy x FX) — C
given by (fu, p0) — P2s, Xu, [V, 0u) factors through © @ 7.
Proof. We have seen that

G (2)

(1l ad) Wy (g)w(g)w(t, 1)p(1,1)dgdt.
2L(1, 7y, ad) /N(Fv)\GLz(Fv) H(g)w(g)w(t, e(1,1)

Fulby(f @ ¢) =

So, by the above,

0 _ 2L(s+1,ny)L(1, 7y, ad)
W Folsxe Pveo) = = oy ies o 03

/ F o0y (fo @ 0u)x(t)dt.
FY\EX

O

IfF0,(fo®@p,)=f® f" where f'® f' € 7l @ 7, we have seen that
(m, (), ') = Zu(f ® ).
Hence we have the following important corollary.
Lemma 30 (Local Theta Lifting). Define a, : 7, @ ., — C by
a(f' @ f,x)=C (m, () f, F)x(t)dt
F\ES
where C is the constant appearing in (4). Then

@3(87meva 501)) = av(av(fv & @v)va)'

We are now ready to prove Waldspurger’s formula. In this case we have #X%
even, B = B/F is a global quaternion algebra, x |FAX wy = 1. Define

0fx) = / FoOxmd  o(F ) = / Pt
FAXEX\EX F‘AXE'X\EI_;<

Theorem 31 (Waldspurger,YZZ).

_ CF(2)L(%77T5X

0P = EEEE T a6 oy
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Proof. Step 1: Global theta lifting (Shimizu lifting). This is a surjective map
0:7®S(VaxFJ)— 7' @7 given by

0(f,¢) = 0(g, h, )dg

*
/GLZ(F)\GLQ(A)
where h € B x B;.

Suppose that 0(f @ ) = f' @ f'. Then

0 )0 xY = / O(f @ @)(t1,t2)  x(taty ")dtydts.
(FAXEX\E§)2 N—
f[GLz] 9(g,t1,t2,ga)f(g)dg

Step 2: Seigel-Weil formula. Interchange the order of integration and make the
change of variable t; = tt5 to get

/ f(9) x(1) / (g, tta, ta, @)dtadtdg
[GLo] FXEX\E[) FXEX\E}

Write V.= E® Ej = V4 @ Va. Since SO(Va) = FX\E*, the Seigel-Weil formula
allows us to replace the inner integral:

/ 1(9) XOI(0, g, w(t, 1)p)dtdg
[GLs] FXEX\E}

=/ F(@)1(0,9,x,0)dg = Z(0,x, f, »).
[GL2]

This implies that
ell(f' )UF X7 = C20.x. 1. 9)-
Step 3: Unfolding and Calculation. By (2) and (3) this is equal to

C’CL H@ (0, Xvs fo @ ¢0)

Step 4: Local Theta Lifting and global to local principal. Lemma 30 now says
that this is

CCL Hav fv®(pv) v)'

The proof is complete by noting that if f ® ¢ = &) f, ® ¢, then O

15. FripAYy, OCTOBER 23, 2009

From now on we will assume that #3 is odd. Since the functional equation is
A(57 T, X) = (_1)#EA(1 -8, X)7

we must have that L(2 ,m, %) = 0. So we're interested in understanding L’ (2 T X)-
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15.1. Kernel function. The setup: V =B, Q(z) = 2%, V=V, @ Vy, V; = Ey
and V; = E, V, = E,j with j2 € A (but j is not defined over F.)
The functions:

Ig,s,0)= > () Y. whgelru),

YEP(F)\GL2(F) (z,u)eVi X FX
I(g,s,9,Xx) = / I(g,s,w(t,1)p)x(t)dt.
EX\E}

For f € m we defined

Ps,x. o) = / I(g, 5% ¢)f (9)dg

Z(A)GL (F)\GLa(A)

which is a functional & : 7 ® S(Vy x F)) — C.
The theorem: (Waldspurger)

‘@(57X7f7 (p) :HgZ'U(&vafva(pv)

CL((s+1/2,m %)
7Tﬂ7) 1:[ yg(SaXvafm@v)

where

Ly(s,m0)
LU((S + 1/2>7Tva Xv)

x / X(®) / 5(9)* W (g)w(g)w(t, 1)o(1, 1)dgdt
FS\EJ N(Fy)\GL2(F,)

‘@S(Samevacpv) =

which is equal to 1 for all but finitely many v.
Two corollaries: We defined v, (xu, fo, ) = 220, X, fo@w). Then

o If #% is even Z(0,x, f,¢) = % [L, @ (0, xv, foo)-
o If #5 is odd 2/(0, X, f, ) = EHETO [T (0, x0, fupn)-

From here on out, we are interested in understanding £’(0, x, f, ). The goal
will be to relate it to a height pairing of CM points on a (global) Shimura curve X
associated to B.

15.2. Incoherent Eisenstein series. The definitive reference for this material is
Kudla[3].
When we write V=V, & V5 we find that

S(Vx FY) =8V x FY)® S(Va x F).
The map (from right to left) is given by
P10 @2 = (0 X 92) : (2,u) = p1(z, u)pa (2, u).

We denote the Weil actions on each part of the right hand side by w; and ws
respectively. So

w; : GLy(A) x GO(V;) — Aut(S(V; x F)).
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Note that GO(Vy) = EJj which acts by 7 -z = ar~!, and GO(V;) = E acts
by r -« = rz. These actions come via the action of B* x B* — GO(V) given by
(h1,hg) - & = hyzhyt. So

() w((g,t1 ® 2)) (1 ® @2) = wi(g, t1)e1(x, u) @ wa(g, t2)p2(z, u).

Lemma 32. The function I1(g,s, 01 @ @2) = Y, px 0(g,u, 01)E(g,u, s, ) where

0(gup) =Y wilge(@u),  Elguse)= Y. 5(y9) walyg)e2(0,u).
zEV] YEP(F)\GL2(F)

This justifies the terminology “theta-Eisenstein series” used above, It is a theta
series in 1 and since §(vg)*w2(vg9)p2(0,u) € I(s + so,n) = Indg%Af)(A) n it is an
Eisenstein series in (o.

We will give the proof of this later. (Note that actually in the proof we need
the sum to be over P(F)\SLz(F) which is in bijection with P(F)\GL2(F) but for

which the term E(g,u, s, p2) is actually well-defined.)
Theorem 33. E(g,u,0,¢2) =0 for all o € S(Vy x F).

The main reason for this is that Vs is incoherent.
Recall the Fourier expansion for ®(g,u,s) € I(s,n) (sop = 0 in the present case)

E(g,u,s,®) = > ®(vg,u, )
YEP(F)\GLa(F)

=Fy(g,u,s,P) + ZEg,us@

acFX%

where the a-th coefficient is

Lemma 34. Ifa # 0,
Ea(g,u,s, (I)) = HWa,v(gaua S, (I))

and

Eo(g,u,5,®) = ®(g,5) + [ [ Wo.u(g, u, 5, ®)

where
Wan(g,u,s, @) = D, (wn(b)g, s)ip(—ab)db.

F’U

For our special case ® = §(vg)*w2(v9)¢(0,u), if a # 0 then
Ea(97 u, s, SO) = - H Wa,v(ga u, s, Qov)a

and
Eo(g,u,s,9) = 0(g)°*w2(g)p(0) — H WO,v(gv U, 8, Py)

where

Wanw(g,u,s,05) = /
F.

v

5(uwn(b)g)* / wn(9) (2, up(buQ(z2))dradg.

Va,v
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Proof. By definition

W, = /F B, (wn(b)g, s)ib(—ab)db

v

=1p(—ab)d(wn(b)g) w2 (wn(b)g)p2(0, u)db
=(—ab)d(wn(b)g)*y(Va,u, ¥y) / wa (wn(b)g)ps(x2, u) dradd.

2 (bu,Q(w2)

The proof follows provided that

_ 1 if V5 is coherent,
H’Y(Vz”’q/}”) - { —1 if V5 is incoherent,

We take this as given. O

16. MonDAY, OCTOBER 26, 2009

The goal is to show that I(g,0,¢) = 0 and to compute its derivative because

P, fr0) = / £(9) / X(BI(g, 5, w(t, 1)o)dtdg
Z(A)GL2(F)\GL2(A) EX\E[

L(s+1 0
_L(STUHQZ 8, X fu, o)-
which implies that
L’(
@/(0,X7f7(p) = THQU X fva@v)

Reall that I(g,0, ¢) is a product of a theta series (which is independant of s) and
an Eisenstein series. Today we want to see why the Eisenstein series E(g,u,0, ©2)
is automatically zero. This is an example of an “incoherent Eiesenstein series” and
“incoherent quadratic space.”

The space Vo = Eyj for j € B* and j? = —a € F)' \ F*Ng/pE; is isomorphic
to Ey via xj — x. With this isomorphism in mind we define

Q@) = Q(zj) = 2jjT = axz.

Claim: n(a) =[], n(ew) = —1. The reason for this is class field theory and the

fact that

n: FP\F /NgpEf — {£1}.
Lemma 35. Ifa € F* then
E.(g,u,s,p2) = —Wal(g,u,s, p2) HWGU g,U, 8, 92)
where Wo, (9, u, 8, 02) = [ d(w fV 9) o2 (x, u)p(bu(Q(z) — a))dadb.

Lemma 36. Assume a € F'*.

(a) If Vo does not represent au™"' then W, (g, u, 0, p2) = 0.
(b) If there exists € € Vo with Q(&) = au™! then

Woo(gs 1,0, 03) = L(1,7,)"" / ws(g)pa(E,u)de
El

v
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For a € F* define

Diff(Va,a) ={v | (Va,, Q) does not represent a}
:{’U | nv(ava’) = _1}

To see why, recall Vy,, ~ E, and Q(z) = zZ. So (Va,,Q) represents a if and
only if there exists x € E, such that a,zZ = a. This happens precisely when
T =aa, ! € Ng, r, ), which is equivalent to 7, (aa;t) = —1.

Since n(a) = —1, it follows that # Diff (V3,a) is odd. In particular, it is at least
1.

Corollary 37. Ifv € Diff (Vy,a) then W, (g, u,0,92) = 0. Moreover E(g,u,0,¢2) =
0.

Proof. The first statement follows from the above. To prove the second statement,
recall

Eg,u(),apg ZE
acF

and E, = — [[Wa (g, u,0,¢2) if a € F*. Since # Diff (Vq, a) is odd, some W, ,, =
0.

So we only to check the constant term. There are two ways to do this. One way
is to compute directly. Alternatively, write Vo oo = ®Vy ,, where o; : I — R are
distinct embeddings and Vg ,, = F ®F,, R = C. The signature of V5 ,, is either
(2,0) or (0,2) which means that the weight is either 1 or —1. Since E is a modular
form of nonzero weight it follows that the constant term must be zero. O

Proof of Lemma 36. To prove (a), we compute (ignoring issues of convergence)

Wan(g,u,0,92) / /V wa(g Y)Y (bu(Q(z) — au™'))dxdb
= lim wa(g U —au "))dz
= dm_ [ . / 2 y)(bu(Q(x) — au™))dadb
= tim_ [ walg)ela.y) / H(bu(Q(x) — au~1))dbdz
Va wm O,

As a consequence of the fact that O, is compact,
/ ¥y (bx)db = vol(O,) char(w, O, )(x)
o

where n = min{m | 1, |omo,= 1}. Using this, we have

/ D(bu(Q() —au—l))dbz/ (e ™ (™ b(Q() — au=1))db
@m0 o

v

=|w,|™ vol(O,) char(w™¥*) 0,) (uw™(Q(z) — au™"))

This will be zero if and only if Q(x) —au~"! ¢ =l TmO, | Since Q(x) —au?!
is never zero and we are taking the limit m — —oo this must be the case in the
limit. (]
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17. WEDNESDAY, OCTOBER 28, 2009

We have E/F a quadratic extension with associated character 7, 7 an aut.
representation of GLo(F') and and x a character on E. This gives ¥, B = V and
7’. We are assuming that ¥ is odd.

Write

V=Ey+Eyj=Via+ Vs
Recall that
S(VxFY)=8S(Viax FS)®S(Va x FY).

17.1. Loose ends from before.

Lemma 38. If o = p1 @ p3 € S(Vi 4 X FJ) @ S(Va x FY), then
I(g,5,0) = Y 0(g,u,01)E(g,u,5,9)
u [ FX

where

0(9?“»901) = Z w(g)spl(xvu)v

z€V]

E(g,u, p2) = > 3(79) w(79)p2(0,w).
YEPY(F)\SLa(F)

Note that in [7] they have the summation of the Einsenstein series over P(F)\GLa(F).
Although this is in bijection with P*(F)\SLy(F), the summand is not invariant by
P(F) and so their definition is not valid.

Proof. By definition,

Igs,o)= > (9 D, wilvg)er(@ wwa(vg)e2(0,u)

YEP(F)\SL2(F) (z,u)EVIXF
=> Yo 59 w(rg)ea(0,u) > wavg)er ().
uEFX yeP1(F)\SLa(F) z€VY
E(g,u,8,¢1) T

We need to show that 7" is not dependent on ~.
Recall that for ¢ € S(V; 4), the theta kernel

0(g,h,0) = Y w(g)p(h™ ')

zeVy

where g € SLy(A) and h € O(V)(A) is an automorphic form on [SLy] x [O(V)].
Hence 6(vg, h,¢) = 6(g, h, ) for any v € SLa(F).
In order to extend the Weil representation to GLs x GO(V) we defined

w(g)p(z,u) = w"(g9)pu(r)

for g € SLa(A). The function ¢, (z) € S(V1,4) is equal to ¢(z,u) and w" is the weil
representation for Vi* = (V1,uQ).
Therefore, T = 6(vg,1,0") = 0(g, 1, o). O
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17.2. New stuff. We have
Vo = Euj Q(zj) = —j*xz = ax®

where a € F; and n(a) = —1.
We know that E(g,u,0,¢s) =0 and we want to understand E’(g,u, s, v2) |s=o-
If a # 0 we have the Fourier coefficient

Ea(97U7 S, 902) = - H Wa,v(gaua S, 902)
and

W = [ 8un®9)* [ wal)pale. 0p(buQ(e) - a))dod,
F, Va,
and we proved that W, ,(g,u,0,¢2) = 0 if v € Diff {v | Vo, doesn’t represent a}.

Corollary 39. If #Diff(Vo,a) > 1 then E!(g,u,0,9) = 0. If Diff(V3,a) = {v}
then

E:I(g, u,0,¢) = _Wz;,v (9,4, 0,¢2) H Wa,v(g;u, 0, 02) = _Wz;,v (9,u,0,p2) H Wév)(% u, 0, (pév))'
U’;é'u ’U/#’U
Corollary 40. For each v let F(v) = {a € F* | Diff(Vy,au™') = {v}. Then
E,(gauaOvSOQ):E(l)(.g?uaO?SDZ)—’_ Z E’(g,u,O,gpz)(v)
v nonsplit

where

E/(gvuvoa@Q)(v): Z E(Il(g7u707902)'
a€F(v)

We denote the neight quaternion algebra of B at v by B(®). This is the quaternion
algebra over F' such that BI()T,]) = By if v/ # v and BY” satisfies Hasse(Bz(,v)) =
—Hasse(B,). We write V() = B®) = E + Ej(v) = Vi + V{”). Then

Fv) = {a € F~*

Vs, doesn’t represent au~!
Vg, does if v/ # v

1

={a | F* | VQ(U) represents au~ ' everwhere locally}

={a | F* | VQ(U) represents au~! globally}

The final equality is the Hasse principle.
A quadratic space over F), is determined by

dimV =m, xv=(-1)™""Y2detV,)y, and Hasse(V).

So if we fix xy and m then Hasse(V') determines V. Take V = E, and Q(z) = axZ
for o € F.

For us, Vo = E, = F, + F,2v/A and Q(z + yvVA) = ax? — aAy?. The Hasse
invariant Hasse(V,,) is equal to the Hilbert symbol

(a’ _aA) = (Oé, A)(aa _O‘) = (a’ A) = 771;(04)~

Vo represents a means there exists x € £ such that axz = a. This is so if and
only if 7, (ac) = 1.
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We have two cases. First suppose that E, = F, X F,,, n, = 1. Then there is only
one quadratic space V,, because a € Ng, ,r, E; . So in this case every a € F* is
represented. From this we see that v € Diff (Vg, a) implies that v is nonsplit.

Now assume that E,/F, is nonsplit. Choose v € F* \ N(E)). Chose a €
FX\NE}Y. Thus V; #V,. Then V; represents a if and only if « € NE and V,,
represents a if and only if a ¢ NEX.

18. FripAay, OCTOBER 30, 2009
We want to understand W, , (g, 4,0, p2). We saw that
E/(g,u70,<p2) :E(/)(gau,()vLPQ)'i_ Z E/(g7u’07502)(v)7
v nonsplit
El(ga u, 0, 902)(1}) :Wc;,v(gv u, 0, WQ)W(U) (97 u, 0, (p( ))

=2 W9 0.020) W (0..0.057).
y2€ B\ (VS\{0})

Lemma 41 (Basic Lemma v { 00). Assume F/Q is unramified at v. Let 1, be the
unramified additive character (1, = 1, o trg g.) Assume E/F is unramified at v.
Then Vs, ~ E,, Q(x) = axZ. assume thata € OF,. Take @3, = char(Og, xOF ).
Then

orda
BE(Lu,5,020) = L(L,m) " Y (m(@0)g, *)" char(OF, ) (u) char(Op, (a).
n=0

In particular Eq(1,u,0, @2.,) = 0 unless gz, (a,u) # 0.
In the case that Eq(1,u,0,¢2,) # 0,

DT e g o
W, 17 707 =L 1, -1 2 Zf v/ v 1S unmmzﬁe
a,v( U 902,11) ( 7711) { 1+ orda ivang < F,.
=0 <= n(w,) = —1 and ord a is odd

= Vo, does not represent a

Moreover, when this happens,

1+orda

Wé,v(lvuaovwlv) = 2

log q, .

Recall that

Wan(l,u,s, p2) / d(wn(b P(buQ(z))(—ba)dxdb

OE,,
- /F 5(wn(b))* £ () (~ba)db
where f(b) fo P(buQ(x))dx

Lemma 42. f(b) =1 ifbe Op, and f(b) = n,(b) [b|™" otherwise.

We will now drop the v in our notation.
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Proof of Basic Lemma. First, suppose that E, = F, x F,, and write x € E, as
x = (1, 22) so that T = xz129. Then

f(b) = P(buaxizs)drydas

2
OFU

:/ char(Op,) (buaxs)dzs
Or,

fOF d$2:1 ibeOFv
“\ v, dza= b i OF,

Since 7, (w) = 1 in this case, we are done.
Now assume that E, = F, + VAF,. Note that 7o (b) = 1y ()74 = (—1)°rd?,
The claim is easy if b € OF, so we assume that b € w™"Op, for some n > 0. Then

fb) = Y(buaxr)dr

= Z q; 2k / Y (buaw?* 27 dx.
k=0 Og,

We calculate

Y(buawez)de = Y(buoww®zz)d* x
Op, Ok,

=vol(E}, d*z) (b t)d*t

X
OF’U

=vol(E}, d*z) ( w(bw%t)dt)

=vol(E}, d*z) (char (O, )(bw™) — g, char(Or, ) (b 1)

1-gq;! ifbew k0,
—q;l ifbe w_Qk_lopv \w_%(’)pv

We claim that vol(E}, d*z) =1 — g, !. To see this, note that

l—qv_2=/ dxx:/ / dh dXt:vol(E}),dXx)/ d*t.
o Or, \VE} 1)

;‘U
Since [,x d*t =1—q;*, the claim follows.
F,

(b t)dt — /

Or, wOr,

=vol(E},d*z) {

X
E’U

Puttiné all of this together, we get

N o 1—g,> it m <k
=36 0% ithme

- _ q_l(l + q—l)q—Q(m—l) + Z q—2k(1 _ q—l)

k=m

q72m

= =g = () bl
because 7, (b) = —1 and |b] = ¢'~2™.
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‘We have
1 if b € Op, < wn(b) € GLy(OF,)

G
O{wn(b)) = { o it ¢ Or, = wn(®) = (1) (4 )
It is now straightforward to derive the formulas. O

Lemma 43 (Basic Lemma v | o0). Assume F, = R, E, = C. So Vg, ~ C and
Q(x) = axZ. Assume that a > 0, and g, = e~ 27CWI . Then W, (g,,u,0, p2.,) =
0 if and only if au < 0, and

W;,v (gTa u, 0> 302,1)) = EZ(4.7T ‘Ua| ’U())€2Trua7—

where T = ug + ivy and Ei(g) = [T et

19. MonDAY, NOVEMBER 2, 2009

Suppose that v | co. Recall that F' is totally real. Assume that B, is a division
algebra, £, = C. Then

B, = E, + E,j,, j2 € R and j2 <0.

In other words, V,, has form @) which is positive definite.
In slightly more generality, we assume that (V, Q) is a positive definite quadratic
space of dimension 2m. Let

0 € S(V xR*) = {H(u)P(x)e 2"1"I%@) | P is a polynomial on V, H € C=(R*)},
SOV x RX) = {[P1(uQ(x)) + sgn(u) Po(uQ(x))]e "9 | Py, Py € Rla]}.
Lemma 44. Let
SV x RY)OVIE) — fo e S(V x RX) | w(h)p = ¢ for all h € O(V)(R)}.
Then the map S(V x RX)OWVIE) _, SOV x RX) given by
G (o) = [ 3 R0
RX
18 surjective.
Proof. Let 3 = H(u)P(x)e271"IQ) be O(V)(R) invariant. Then if h € SO(V)(R)

then H(u)P(h~'z) = H(u)P(z) implies that P = P(Q(x)) for some polynomial P.
So we may assume @ = H(u)P(Q(x))e 2"1“IQ(*) Then
- d wlo) d
o= [ om0 = [ HEPE Qe e &
RX

2l Jrx 2|

— 9p—27|ulQ(x) /Oo H(Z2U)P(z_2Q(a?))|CZ'
0

If u > 0 let t = z2u, so that
> dt
pla,n) = 190 [ HOPE Q@)
0
Since P, H are polynomials, it follows that ¢(z,u) = e~2714IQ@) Py (uQ(x)).
One can argue similarly if v < 0. (]
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19.1. Standard Schwartz function (Gaussian). We define
e 2mRWVum) if 4 > 0
0 ifu<0.

Lemma 45. If Q(z) # 0 (which is always the case for us) then
w(g)e(@,u) = Wug@)(9) g € GLa(R).
WT”LtZTlg g= (t t) (yo -’Jvlo) ( cos 6 sin@),

1

—sin @ cos 6
lyol " e?ifa=0
Wal(g) = \y0|m/2 e2mitemd  if ayg > 0
0 if aug < 0.

(Recall that dim V' = 2m.)

19.2. Degenerate Schwartz functions at finite places. We assume v is a finite
place, unramified in E. Let ¢, = char(Og, x Op,). Let d,, be the local different of
F at v.
If v is split in E:
SOV, x EX) ={p € S(V, x F) | p(x,u) = 0 if ord,(uQ(x)) > —ord, d,}
If v is nonsplit in E:
SOV, xEX) = {p € S(V,xFX) | ¢(x,u) = 0 if either d,uQ(z) € O, or d,uQ(zz) € OF, }.

Functions in S are called degenerate. Globally, ¢ € S(V x F)) is degenerate at
v if ¢, is degenerate.

Assumption: Fix v1,vs { 0o nonsplit in £. We assume that ¢ € S(V x F))
satisfies

(1) ¢ is degenerate at v and vg,
(2) Yoo € S%(Vy x EX).
Propostion 46. I'(g,s,¢) = 15(9,0,9) + > ., nonspiic L' (9:0,9)(v). Under the as-
sumption above, E'(g,u,0,¢2) =0 and I'(g,u,0,¢3) = 0.
20. WEDNESDAY, NOVEMBER 4, 2009
Let § = ®, @v € S(V x FY),
E(g,s. @)= > d(vg)° D wy9@(z,u).
YEP(F)\GL2(F) (z,u)eVi X F*
Assume that if v | co then @, = H(u)P(z)e=2m1uQ@),
We have that if ¢ = 1 ® @2 then

6)  I(g,58)= Y > 8(79)*w(g)@a(0,u) Y w(9)@i(x,u).

wEFX yEPL(F)\SLy(F) zEV;

E(g,u,s,92) 0(g,u,o1)

Let ¢ = Q. € S(V x FJ). This implies that ¢,(z,u) = [P1(uQ(z)) +
sgn(u) Py (uQ(z))]e 2m1R@) "and ¢, = & ytoo o is K-invariant for some open com-
pact K C GO(V). Let K, = KNAF, px = KN F*. Then set

I(g,s,¢) = = > 5(v9)? > w(vg)e(@, u).

yEPL(F)\SLy(F) (@u) Epugc \Vi x FX
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(To make this independent of the choice of K one should have x = [AX : FXK.].)
Set

I(g. 5, %, ¢) =/EX\EXx(t)f(g,saw(t1)w)x(t)dt-

(The assumption that y | Py Wr = 1 implies that x |r, wr,co = 1 but the assump-
tions at infinite places imply that wr  is trivial. Hence x |p_ = 1.)

Propostion 47. 1(g,s,x,p) = I(g, s, X, ¢) where ¢ = fo w(g)@dz.
The proof is not difficult. This proposition implies that

(1) I(g.s.0)= > S 519 w(g)e2(0,u) > wlg)er(a,u).

uep \F* yEP(F)\SL2(F) zeV]

Propostion 48.
?(9757X7<p):_ Z ?(9,0,¢)(U)+Ié(g,07<p)
v nonsplit

where

(g,0,0)(v) = 2 / A (g, (1.6))dt,
EXFJ\EJ}

'%/L;U)(g’ (t1,t2)) = *%/Lp(v) (9, (t1,t2)) = * Z Z kw(tl,tz)@v (9, y, w)w(g)w(ts, t2)90(v) (y,u),
UEPFN\F X yeVII\V;

L(1,n) ,
VOI(E%) w(g)gpl(yl’ U)WUQ(yz),U(g7 U, 07 @2)7

ku(g,y,u) =

andy =y, +ys € VO =V + V.
Recall that theta function looks like

0(g.hp) =+ Y > wlguwh)p(e,u)

uEpd \F* €V

where ¢ € S(VAU) x F). So, in the preceding proposition we would like k, (g, y, u)
to be a Schwartz function. (However, it is not, as can be seen below because
ord, (Q(y2)) is not a locally constant function.)

Propostion 49 (3.4.1). (1) If everything is unramified then

ke, (1,y,u) = char(Og, )(y) char(Opx ) (u) log N,, - %(ordv(Q(yz)) +1).

(2) If py € SY(B, x F)\) is degenerate then kg, (1,y,u) extends to a Schwartz
function on ijv) x F)X.

(3) Ifv is nonsplit such that ¢ is degenerate at v (in addition to being degenerate
at v1,v2) then

%U@l,tz) = G(g, (thtg), k’@v & (pv)
for g € P(F,)P(Fy,)P(F,,)GLa (A1),

In the third statement, k,, ® ¢¥ € S(Bg’) x FJ). Also the limitation on g isn’t
a big assumption because of strong approximation.
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21. MoNDAY, NOVEMBER 9, 2009

We will discuss holomorphic projection as in section 3.6 of [7].

21.1. Classically. Let Si(N) be the space of cuspidal modular forms of weight k
and level N. This space has a perfect pairing (i.e. a positive definite Hermitian
form)

(Y pet 2 Sk(N) X Sg(N) = C  (f,g)per = /X (N)fv)ﬁv’“dum.

In particular, this implies that Si(N) ~ S(N)" = Homc(Sk(N),C) via f — f :
g — <f7 g>Pet'

Now suppose that f : H — C is a continuous function such that f(y7) =
(et +d)* f(2) (f need not be holomorphic) with at most polynomial growth at the
cusps. Then there exists a unique pr(f) € Si(N) such that (f, g) per = (pr(f), g) Pet.
The form pr(f) is called the holomorphic projection of f in Si(N).

How does one find pr(f) = > 0", ang™?

If k£ > 2 then can define the Poincare series

P, (1) = Z e(mt) |k v

V€T \To(N)
and if £ = 2 we define
Pu(r)= > e(m7)|x yIm(y2)°
Y€ \o(N)

and then take limit s — 0. It is a fact that Si(N) = (P (7)) m>1-
So one can compute (we’ll assume k > 2 to make the calculation simple)

(. Pr) =(pr(f). Po)
- /X PO S elmr) etdutr)

'YGFOO\FO(N)

:/XOUV) > pr(He(mr) Im(yr)Fdp(r)

'YGFOO\FO(N)

[ (et

n>1

oo 1
_ / Zanef%r(’rﬂrm)v / 627ri(n7m)uduvk72dv
(- 0

I'(k—1)
(drm)k—1"

o
:/ ame—47rm’uvk—2dv = a,,
0

So we can conclude that

(47Tm)k71<f7 Pm>Pet

fm = T(k—1)
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21.2. Adelically. We first define the space of automorphic functions we are inter-
ested in. Let w : F*\F;* — C be an idele class character. We define the space of
automorphic functions with central character w, denoted A(GLo(F)\GL2(A),w),
to be the set of functions f : GLy(A) — C satisfying

(1) f(grg) = f(g) for all g5 € GL(F);

)

3) f(zg) =w(2)[(g) for all z € Z(A) = F[;

4) f is Koo-finite, (for us, Koo = SO(Fx) because F is totally real);

5) f is smooth (i.e. locally constant on GLy(Ay)) with compact support mod-
ulo Z(Ay), and continuous as a function of GLa(Fx) with moderate growth:

F((*1)9) = Oy(Jal})  for some ¢ > 0 as [a], — oo
(6) f is gla(Fx)-finite.
It is a fact that if K is a compact open subgroup of GLa(Af) then
(8) GLa(A) = | |GLa(F) i KGLy(Fio)
which implies that
GL2(F)\GLy(A)/K =| |T/\GLa(Fs) T =GLy(F)Ng;Kg;".

So under this identification, a function f € A([GLs|,w) gives a tuple (Fy,,--- , Fy,)
of functions on GLy(F.) each satistying Fy, (goo) = f(gigoo)-
Recall that we have the isomorphism

GLy(R)/SO5(R) ~HE g+ gi.
So if f has weight (k1,- -, kq), meaning f(gkjz) = e > %*i f(g), then we can define
Fi(7) = Fy,(97) (7 + )" (det g) /2

where g, = (¥ }). Hence we obtain from f a vector valued modular form.
Some examples of (8): Let F = Q.

e Suppose K = Ky(N). Then GLy(A) = GL2(Q) K GLy(R).
e Suppose K = K;(N). Then GLy(A) = GL2(Q) K GL3(R).
e Suppose K = {(2%) € GLa(Ay) | (¢4) = (') mod N}. Then

GLy(A) = |_| GL2(Q)g: KGL2(R)

where we can take g; = (¢ 1) with a € (Z/NZ)*.

This decomposition is related to the notion of strong approximation. For SLs it
says that for any compact open subgroup K of SLa(Af),

SL2(A) = SL2(Q) KSLa(R).
This easily generalizes to
GL2(A) = GL2(Q) KGL2(R)

whenever det : K — Z* is surjective.
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22. WEDNESDAY, NOVEMBER 11, 2009

We define two subspaces of A([GLsg], w):
Ao([GLe),w) = {f € A([GLz],w) f(n(b)g)db = 0},

F\Fy

AP ([GLo],w) = {f € Ao([GLy),w) | f(gky = f(g)eX@rt+0a),

We define the Petersson inner product as

(f1, f2) Z/ f1(9) f2(g)dg.
ZpyGL2 (F)\GL2(A)

This makes sense whenever at least one of the two automorphic functions is in Ajg.
As in the classical case there is a map

pr: A([GLg),w) — A ([GLo), w)

which satisfies

(f1, f2) = (pr(f1), f2)
for all f1 € Ag([GL2],w).

Propostion 50. If f € A([GLg],w) such that f((*1)g) = Og(|a|1_6) as la| —
oo then pr(f)y can be compute explicitly via the Fourier expansion: pr(f) =
limg_.q fy,s where

fw,s(g) — (47T)degFW1(b2)(g) AZ\GL ® 5(h)5fw(gfh)W1§)2) (h)dh

Recall that fy is the -Whittaker coefficient of f, and is defined by
fulg) = [ sm)gtu(-byan,
NA\Ny
and dek) is the standard Whittaker function of weight k. So if g = 2z (Y 7) kg then

k/2 ik6 2mi(z+iy)
Ry, v |yl e e ify>0
Wy (9)_{ 0 if 5 < 0.

It may seem that only knowing one of the i)-Whittaker coefficient isn’t a lot of
information. However, if we start with fy(g) can get

fuulg) = /[N] F(n(6)g)a(—b)db
- /[ F(n(b)g)(—ab)db

N
- / F(n(abg)a(~b)db
[N]
f

((a’l 1) n(b) (a 1 ) g)¢a(_b)db

[N]
- / () (* 1) 9)a(=)db = Fu((* 1) ).
[N]

(Note: we have used the fact that a € F more than once. Also, this also shows how
GLy is nice—this same trick would not work for SLs.)
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Idea of proof. As we did classically, we will use Poincare series. Suppose W :
GL2(A) — C is a ¢p-Whittaker function (W (n(b)g) = ¥ (b)W(g)) satisfying
o W(zg) = w(z)W(g),
o W =wi )Wf where W2 is the standard Whittaker function as above,
and Wy has compact support modulo Z.

Define

ewlg)= Y. W(9)s(rg)

YZN\GL2 <0

(For weight k = 2, o (g) is the limit of the above as s — 0.)
It is a fact that [ow ((%1)g)] = Oy(Ja]'™*) and that

(pw | W as above) = A(k)([ L], w).

Now we compute

. ow) = / F(9)ow(9)dg
ZpGL2 (F)\GL2(A)

/ 9) > W(v9)é(g)*dg
ZnGL2 (F)\GL2(A) NE -

/ T o) s
ZyN(F)\GL2(A

/ / (b)) W n(B)g)db5(g) dg.
ZyN(A)\GL2(A) J N(F)\N(A)

f’d}(g)W(g)

23. MoNDAY, NOVEMBER 11, 2009

We give a definition: if f € A([GLq|,w), let pr'(f) = lims_g fy,s(g) if the limit
exists. The proposition from last time said that when f has the right growth
conditions then pr/(f) = pr(f), but this need not be the case. (We will see an
example of this at a later time.)

We take

=1 Q@pr € S(Vx FS)=5Viax FS)®S(Va x F)
and assume that

oo = [P1(uQ(x)) + sgn(u) Po (uQ(x))]e 119,
and there are at least two finite places v1,vo at which ¢ is degenerate.

Our goal is to understand the holomorphic projection of I'(g,0, x,¢). Since
this is the product of a Eisenstein series and a theta series, its constant term is the
product of the constant terms plus additional terms. We can see this classically: Let
E(7,s) = ao(v) + 2,50 q" + >, c0an(v)q" and g = > - b,g". The constant

term of Eg is
boao(v) + Y a_n(v
n>0
However, the asymptotic behavior of Eg is determined by bgag(v) because the
remaining term decays exponentially.
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With this in mind we define

IO,O(gas7§D) = Z IO,O(Q»&”»@)?

uep \Fx

10,0(97 S, U, QO) = 00(97u7 @1)E0(97 S, U, <p2)a

and let
H(g,5,u,0) = > Io,0(79,8,u, ),
~YEPL(F)\SL2(F)
/(975790): Z /0,0(9,5,%80)-
u€pi \F*

We will first discuss the Fourier coefficient of 0(g, u, ¢1) = ), oy, w(g)p2(z,u):

9(1(97“’()01) :/F\F H(n(b)g,u,gol)w(—ab)db

- /[F] S w(g)er (@ 1, ) (buQ () (—ab)db

eV,

= > w(g)pr(w,u) - Y((uQ(x) — a)b)db

x€eV)

= Y w(gpilew).
zeV:
uQ(z)=a
Lemma 51. 0y(g,u, 1) = w(g)p1(0,u).

Lemma 52.
EO(ga S, U, 902) :6(9)81”(9)%02(0? ’LL) - W()(g, S, u, 302)

00 wl)pal0.) = Fo g P W (g )

Recall that W(g,0,u, p2) = w(g)p2(0,u).

Corollary 53. 1{ ((g,0,u, ¢) = w(g)e(0,u)logd(g)—cow(g)e(0, u)—w(g)e1(0,u)(WS) (9,0, u, ¢2)

d _L(sm)

where ¢y = BTG |y

Notation:

J(gsu0)= Y. 5(v9)w(vg)e(0,u),
YEP(F)\GL2(F)
(g, 5,1, ) = w(v9)p(0,u)Wg (79, 5, ups).
These are nearly the same. Indeed we’ll find that

/1(9707X7 90) = J,(ga O»X) - J(ga Oa X) - COJ(gv()vX)'
Propostion 54. hh
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