ON THE TRIPLE PRODUCT FORMULA: REAL LOCAL
CALCULATIONS
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ABSTRACT. Explicit test vectors are given and values are computed for local trilinear forms
on a triple of admissible representations m; for j = 1,2,3 of GL2(R) of weights k; with
k1 > ko + k3 using a formula of Michel-Venkatesh. This allows one to determine the corre-
sponding real archimedean local factors in Ichino’s formula for the triple product L-function.
Applications both new and old to subconvexity, quantum chaos and p-adic modular forms
are discussed.

1. INTRODUCTION

Let F' be a number field and A = Ap the ring of adeles. We consider a triple of GLs
automorphic representations 7, mo, 3 over F' such that the product of the central charac-
ters is trivial. Let II = m; ® m ® w3 and denote by A(s, II) the corresponding (completed)
L-function corresponding to the natural 8-dimensional tensor product representation of the
L-group GLy x GLy x GLy. This L-function has a distinguished history. Indeed, if 73, for ex-
ample, corresponds to an Eisenstein series and 7; and w5 to modular forms with g-expansions
f=>,sarn)g" and g = > . as(n)g”, then, up to some additional Gamma factors,
A(s,II) is the Rankin-Selberg convolution L-function

L(S’fxg):zw

ns
n>1

whose importance in number theory can hardly be overstated. Thinking of this as a triple
product L-function was an important point of view taken in the work of Michel and Venkatesh
in [MV10] in which they established subconvexity bounds for GLs type L-functions simulta-
neously in all aspects.

The case in which all three representations are cuspidal was first taken up by Garrett in
|[Gar87] and by Piateski-Shapiro and Rallis in [PSR87]. Garrett, by essentially integrating
a triple of cusp forms f, g, h with Fourier coefficients as above against a certain Eisenstein
series for Spy, was able to give an integral representation for the triple product L-function

L(s, fxgxh)=> as(n)ag()an(n)

nS

n>1
and he used this to prove a functional equation and meromorphic continuation. This work
has since been extended by many authors. (See for example [HK91], [GK92], [Wat01] and
[[ch08].) The main formula of [IchO8] (to be described below) is the culmination of these
formulas. It has the advantage of being valid for any choice of test vectors, however, from
the standpoint of number theoretic applications, Watson’s more explicit result has been
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particularly applicable in number theory and quantum chaos due to its more explicit nature.
Most notably among these applications are subconvexity results (See for example [BR05])
and to the so-called Quantum Unique Ergodicity conjecture which is now a theorem of
Holowinsky and Soundarajan (see [HS10] and [Soul0] and [Wat01]).

To describe Ichino’s formula, let us write 7; = ®,7;, as a (restricted) tensor product
over the places v of F', with each 7;, an admissible representation of GLo(F,). Let (-,-),
be a (Hermitian) form on m;. Then, assuming that p; = ®y,, € m;, is factorizableﬂ, for
each v we can consider the form obtained by integrating the matrix coefficient associated to
Py = L1 ® P20 X P3,0-

(1'1) I/(QOU) :/ <7Tv(gv)§01,va901,v>v<7rv(gv>§02,va902,v>v<77'v(gv)803,v7903,v>vdgv7
PGLy(Fy)
and the normalized matrix coefficient
o Ly(1,11,, Ad)
1.2 I,(p,) = N2 (1p,).
(12) (p0) = Cr (22 S 00

We call I! and I, trilinear forms although this is somewhat of an abuse of language since it
actually defines a quadratic form on the triple product.

Ichino proved (in the case that each ; is cuspidal) that there is a constant C' (depending
only on the choice of measures) such that

[ eawe@u
(1.3) [OL2] — = e(2)2

3 23
1/ leitor ds

whenever the denominators are nonzero. Note that the notation [GLg] represents the quotient
A GL2(Q)\ GLy(A). By the choice of normalizations, the product on the right hand side of
is in fact a finite product as it is identically 1 when all of the input data is unramified.

In order to derive number theoretic applications from Ichino’s formula, it is necessary
to compute (or at least control) the local factors at the infinite and ramified finite places.
This is the topic of the author’s PhD thesis [Wooll] wherein Watson’s formulas and explicit
generalizations are derived from by computing local trilinear forms. (In the nonar-
chimedean case, for example, the trilinear forms were computed for triples of representations
with—potentially distinct—squarefree level.) Using this, a certain hypothesis of Venkatesh
from [Venl(O] was proved thereby leading to subconvexity results analogous to [BR05|, but
in the level instead of eigenvalue aspect. This topic is further taken up by Hu in [Hul4a]
and [Hul4b] wherein higher ramification is considered with applications similar to those of
INPS14].

In addition to the results outlined above, the triple product L-function plays an important
role in the work of Darmon, Lauder and Rotger (see [DLR15]) as well as others in relation
to the so-called elliptic Stark conjecture which is a generalization of Stark’s conjecture and
is closely related to the Birch-Swinnerton-Dyer conjecture. In this work it is critical to know
that up to a computable power of 7, the central critical value of the completed triple product

A(1/2,10) 1y (0)
A(L H: Ad) 1:[ <30v7 §0v>v

TAs a restricted tensor product, we have chosen vectors cp?,v € m, for all but finitely many places v. We

require that the local inner forms must satisfy (¢}, @?7v>v =1 for all such v.
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L-function is rational. This work takes as a necessary starting step the evaluation of the right
hand side of in the case that the triple of representations comes from two weight one
modular forms and a weight two modular form—a case which was not covered by Watson.
The relevant calculation at the infinite case is one of the results of the current paper.

To be more explicit, in this paper we treat the question of determining test vectors at
the real infinite places and compute the corresponding trilinear forms. This work builds in
particular on the results of [Wooll] and the appendix to [SZW13]. We also remark that the
particular choice of test vectors is inspired greatly by [Pop08], and that using [LokO1] one
can deduce the values of the trilinear form at other test vectors besides those considered
here.

Since we will be considering only the local case from this point onward, unless otherwise
specified, we drop the subscript v from all local objects. Hence, for example, I(f; ® fo ® f3),
L(s,1I) etc. refer to the local normalized trilinear and L-factors of at a real place. With
this in place, the following is the main result of this paper.

Theorem 1. Suppose that 7j for j = 1,2,3 are irreducible admissible unitary representations
of GLa(R) of weights ki > ko > ks for which the product of central characters is tm’vmﬂ. If
we assum that ky > kg + ks then there exists a choice of test vectors fU) € m; such that

I(f) #0. (See Propositions[3.9, and 3.3 for the choice of vectors and explicit values
of I(f) in each case.) In particular, if ky = ko + ks, there exist a choice of (explicitly given)

test vectors f; € m; such that

I(fi® f2 ® f3) {1 if ky > 2,

(-4 <f1>f1><f2>f2><f3,f3>: 2 otherwise.

If k; = 0 for all j, then we also assume that a certain invariant € = 0. (See Propositions )

Remark. In the applications in [SZW13] and [DLR15] it is essential that one has an exact
formula (in the latter case at least up to rational factor) for the triple product L-function.

Remark. With the hindsight of Ichino’s formula which linked the local trilinear forms to cer-
tain zeta integrals on the group Spg, the evaluation of the archimedean local trilinear forms
in the case that two or more of the representations are (weight zero) principal series was
essentially worked out by Ikeda in [Ike99] and by [Wat01] as evaluations of these zeta inte-
grals. Moreover, [[I10] gives Theorem [I| for k3 > 1. As such, the principal new contribution
of our work here is to give a generalized and uniform treatment. Moreover, the calculation
in the case of ks = 1 and/or k3 = 1 as well as the more general results in Propositions ,
3.3 and are new. Besides giving these new results, we believe that the present proofs
illustrate how the method is widely and easily applicable.

The proof of Theorem 1 is obtained on a case by case basis considering all possible com-
binations of representations 7, m, m3. We give an overview of the relevant representation
theoretic background in Section [2] and then compute the trilinear forms Section [3} The nor-
malizing factor in relating I’ and I can be calculated following the prescription for the
local Langlands correspondence given in [Kna94]. We include an overview of this theory and
record the relevant factors for each of the possible cases in an Appendix.

2This implies directly that ki + ko + k3 is even.
3By [Pra90], this assumption is necessary as otherwise I, is identically zero.
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2. BACKGROUND AND NOTATION

In this section we set notation and give definitions for the representation theory of GLy(R)
that will be used in the sequel. This theory is well known. See [Bum97] or [JL.70] for complete
details.

2.1. Admissible representations of GLy(R). Given an automorphic representation ®,m,
of GLy(Ap) as discussed in the introduction, for all real places v of F', the local factor , is
an admissible (gl,, K')-module where gl, is the Lie algebra of GLy(R) and

K = SO<2) — {59 — (0089 7sin9)} ]

sinf cosf

Using a slight abuse of language we refer to such a module as an admissible representation
Let ¥, : K — C be given by 1,(kg) = ¢™. Recall that restricting any irreducible
admissible representation 7 to K there exists a nonnegative integer wt(m) such that

Ty |K = @ Cwn

[n|>wt(m)
n=wt(r) (mod 2)
An element ¢ € w is said to have weight n if ¢ corresponds, via this isomorphism, to an
element in Cv),,. The integers n appearing in the decomposition above are called the weights
of m. Accordingly, we say that 7 has even or odd weight depending on whether wt(m) is even
or odd respectively.
We define the following subgroups of GLa(R):

A={aly) = (1) ly e R},
Z={zu)=(§9) lueR*},
N ={n(z)=(}%) |z € R}.

We can construct all such representations via the induced representations which are defined
in terms of (quasi-)characters y; : R* — C* of the form x,(z) = sgn(z)%|z|*% where
sgn : R* — {£1} is the sign character z — x/|z|, ¢; € {0,1} and and s; € C. Then

F((§%) 9) = xa(a)x2(d) |52 f (9)
B(x1,x2) =1 [ :GLy(R) — C for all g € GLy(R),
f is smooth and K-finite.

It is easy to see that for any f € B(x1, x2),

f(z(w)a(y)g) = sgn(u)’|ul sgn(y)* ly|*f (9)
where § € {0,1} is such that § = €, + €, (mod 2), s = $(1+s; — s) and p = s1 + s5. Given

this, we define ms.(s, 1) := B(x1, x2) where x; = sgn€| - "2 and xo = sgn® | - |
We also use the notation ms.(s) := ms(s,0). The above makes clear that central character
of ms.(s, u) is given by sgn’| - |».

Since by twisting by the determinant we have

|det()’% & 7-(-5,6(8’ O) = 7T5,€(S7M)7

it follows that 7;(s) is the unique twist of 7;.(s, 1) such that the central character is sgn®.
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We denote by f,, s the weight m vector in 75 (s) satisfying f,. s(ke) = €™?. Note that this
is nonzero if and only if m = ¢ (mod 2). The set of all such vectors forms a basis.

There exists an intertwining operator from 7r = B(Xl, X2) = s, 1) to T := B(x2, x1) =
Ts5—e(1 — ). If Re(s) > 3, this is given by M(s) : m — 7 defined via

(2.1) (M( / flwn(z

where w = (9 '). We drop g from the notation as the map is independent of the choice

of p within the class of twists of m5(s). By analytic continuation, M (s) extends to other

values of s, u. It sends the weight m vector f,, € m to a multiple of fm € 7. As long as
Ts,6(S, pt) is irreducible (which is the case unless s = g ors=1-— % with £ > 1 an integer
satisfying k = 0 (mod 2)) the map M(s) is an isomorphism.

Given 7 = B(x1, X2) = Ts.(s, ) the contragradient is 7 = B(x; ", x3 ") = Tsc(1 — s, —pu1)

with pairing

(2.2) (,):mx7T—C, (f,h):= /K f(r)h(k) dk

(We normalize the measure dx on K such that volK' = 1.) In the case of the unitary
principal series, the characters x; = XJ»’I, and so we can identify the contragradient with its
complex conjugate 7. Then the we have a Hermitian form (f, g) := (f,g) on 7. In general,
for unitary representations m one has 7 = 7. Using the intertwining operator M (s) one can
define a Hermitian form (f, g) := (f,cM(s)g) for a su1tab1e constant c.

For global applications (i.e., to be applied towards (1.3])), one only needs the results
of this paper for choices of (s,pu) such that these representations are unitarizable. Note
that ms.(s, ) is unitarizable if and only if 75 .(s) is unitarizable and the central character is
unitary, i.e., u € 1R. Therefore up to twists by unitary characters, the unitary representations
are differentiated as follows.

o If s = + v with v € iR*, ms(s) is called an even or odd weight (unitary) principal
series according as 0 = 0 or 1 respectively. Since 7T576(% +v) ~ 7r575_6(% — v), in the
case of § = 1, it suffices to consider (5 + it) only in the case of € = 0.

elf6 =0and s = 3 +vand s = + v/ with v,/ € (—1,1)\ {0}, we have that
To.e(s) > mo (') if and only if € = ¢ and ' = 1 — s (meaning that v/ = —v). These
are called complementary series.

oIfs—iors—l——forsomek>1then7r56()—Ounlesskzé(mod2). (The

choice of € is irrelevant.) Then, for such s with £ > 1, m5(s) is not irreducible;
however, there is an irreducible representation 7%, . called the (holomorphic ) weight
k discrete sem’es which is isomorphic to a subrepresentation if s = £ and a quotient
if s=1—%. We refer to m},, as a limit of discrete series. Note that T = T10(3)-
To conclude this section we record the action of the Laplace-Beltrami operator
02 02 0?
2 2= (5 + 3) *Vaaom

and the raising and lowering operators

; 0 o0 1 (7 ~ 0 o 10
_ 20 [ 7 - — 20 ;. 7 -
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on f € m=ms(s) in terms of the coordinates n(x)a(y)ks on GLy(R). These act via

Af=s(1—3s)f (for all f € m),

and
m m
(25) Rfm,s = (S + 5) fm+2,87 Lfm,s = (5 - E) fm72,s-
2.2. Whittaker models and functions. Given an irreducible admissible representation

T = mse(s) or 7 = 7k and a character ¢ : R — C*, there is a unique space W(m,v) of

Schwartz functions W : GLy(R) — C such that
2.6) W(n(x)g) = 6()W(g) for all g € GLy(R),

and, under the action p(g)W (h) = W (hg), 7 ~ W (m, ).

We denote by W,,, € W(m, 1) the unique up to constant vector of weight m, i.e., the vector
which satisfies p(kg)W,,, = e™?W,,. There exists an explicit intertwiner = — W(m, 1) given
by

Fro Wyla) = [ flun(a)o)ifa) de

Hence, if f, s € 75(s) as defined in the previous section, the functions Wy, , satisfy the
same relations as given in (2.5) for the raising and lowering operators. Rather than work
with this intertwiner directly, we simply require that W,, € W(x, ) be a weight m vector
such that

m m
RW,, = <s + 5) Wy, LW, = <s - 5) Wi,
and
(2.7) p((3 W = (—1)° Wy

hold for all m. This defines the collection {W,,}, therefore, up to a common constant
multiple. Moreover, if 7 = 7;(s) one sees via (2.6 that

(2.8) Win(a(=y)) = (=1) " Wa(a(y)),

so in this case W,,(y) is determined by its values on y > 0. In the case m = 7k, | we will see
that W,,,(a(y)) is nonzero either for y > 0 or y < 0 (depending on ¢ and m).

Following the strategy of [Pop0§] (which itself is based on [JL70]), in Proposition [2.1| we
describe certain functions W € W(m, 1). We do so in terms of the modified Bessel function,
K, (y), whichf] up to a constant is the unique solution with moderate growth (as y — 00) to
the differential equation

1/2

(29) 0= 1)+ 5 110) - (5 +1) 1)
Fixing the constant, we take for y > 0
K,(y) =3 / et
0
which is easily seen to satisfy and have exponential decay as y — oo.

4Contrary to commonly used notation, in [Pop08| this function is referred to as .J,,.
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In the sequel, we will make use of the identities

00 r stutv T s—u+v r stu—v [(3=p=v
R R R e e S
0 I'(s)
which is valid for Re(s) > |Re(u)| + |Re(v)|, and
< C(s+v)'(s—v)
211 y/QKU NuSd*y = 1/2
2.11) ey = R

which holds whenever Re(s) > |Rev|. These are equations (6.8.48) and (6.8.28) of [EMOT5H4]
respectively. We will also need the additional fact that

d
L R2) =~ (Koa(2) + Ko (2)
(2.13) = ZKy(z) — Ky 1(2).

z

(2.12)

Proposition 2.1. Suppose that ¥(z) = e"/? with v € {£}. Let W], € W(rk_,¥) be
vectors of weight £k respectively. Up to scalar, these are given by
yF2e 2 ify >0

(2.14) W (ay)) = Wil (aly)) = {0 otherwise.

and Wy (a(y)) = Wi (a(y)) = (=1)"W, (a(-y)).
Writing s = 1 4+ v, we may choose Wg, W™y, W3 € W(mo(s),) such that

(2.15) Wy (a(y)) = sgn(y) |y > K, (|yl/2),
(2.16) (W2 — W) (aly)) = sgn(y) Myl 2K, |yl /2),
and

@11 (W, W al) = BT (o vk iy 2)

Iyl (Ko (l9/2) + Ko (191/2)) ).
Finally, we may choose W1, € W(m10(s),) such that

(2.18) (W2 + Wi)(a(y) = yK_1.,(1yl/2),
and
(2.19) (W2 = Wi)(a(y)) = [ylK1,,(1y]/2).

Remark. Note that our choice of character is not the same as that given in [Pop0§] which
results in slightly different formulas. One advantage of our choice (as will be shown) is
the corresponding functions W,, will be solutions of the classical differential equation of

Whittaker.

Proof. Assuming that 7 has central character m(z(u)) = sgn(u)’, we see that W,,, € W(w, )
satisfies

(2.20) Wa(z(u)n(z)a(y)re) = €W (a(y))
where y =+ ifd =0 and y = —if 6 = 1.



Suppose that A = s(1 — s) is the eigenvalue of the action of the Laplace operator A on .
Then combining this with the definition of A from ({2.3]) applied to (2.20)), it is easy to see
that w,,(y) = Wy, (a(y)) satisfies the differential equation

1 ym A
2.21 (T R A )
(2.21) w+[4+2y+y2}w 0
which, writing s = 1 + v, has solutions W,,,,(y) and W_,,,(—y), the so-called Whittaker
functions. Since only W, , has moderate growth as y — oo, together with (2.8)), we find—
provided thatf] W, € W(m;(s),4) and s ¢ ;Z—that for m > 0,

Wi (y) if y > 0,
wy = ’
(et {(—Df“vvm,V(—y) ify <0,
Combined with (2.7)), this defines W,,(a(y)) for all m = ¢ (mod 2) and for all y # 0.
Applying the operators R and L given in (2.4)) to W,, we find that

1+ —

If 7 = 7k, one has that W} must be annihilated by L. (This fact is true for k = 1 as
well.) Using this leads to the differential equation

k

2ywy(y) + (y - §)wk =0,

which can be solved using elementary methods. The restriction on the growth leads imme-
diately to (2.14). The formula for W_;, follows from (2.7).

For the remainder of the proof we note that the choice of « effects only the sign of m
appearing in (2.21). This means that W, is the weight m vector such that W, (a(y)) =
W (a(y)). For the purpose of the rest of the proof, therefore, it suffices to take v = + and
we drop it from the notation.

Now we consider the case of 7 = 7o (s). If we let wo(y) = y/2f(y/2) and plug this into
, after simplifying, we arrive at equation . Since f = K, has moderate growth as

y — 00, clearly y'/2K,(y/2) does as well. Applying (2.§)), one arrives at ([2.15).
Next, we apply (2.22)) in the case of m = 0 which yields

25wy = —ywo + 2yw, and  2sw_g = ywy + 2ywy,.
Hence
_ 2ywy(y)

)= L))+ ) = 2B

w_o(y) — wa(y

Note that since 7 is a principal series, s # 0. In the first case, using the formula for wq(y)

from above gives ([2.16]), and (2.17)) is obtained similarly using ([2.12]).

Tt is necessary, of course, that m = wt(mw) 4+ 2n for some n € Z>o.
8



Finally, we now assume m = 7 (s). Applying (2.22)) in the case of m = %1 leads to the
system of equations

11—
o= ()

-1
vw_q = (yT> wy + ywi (y).

We now set f = w; +w_; and g = w; — w_q, so that adding and subtracting these two
formulas we find that

(2.23) 2v+1)f= yg+2yf
2v—1)g=—yf—2yg.
This simplifies further to
1 Qv—12—-4 1
" - I = - = - —
- ( 4y? +4>f >
Plugging f(y) = yK(y/2) into the above, we find that K satisfies the differential equation
1 v— 12
0= K+ 1) - (Vo2 1) K

Comparing this with (2.9), the formula (2.18) for f = W; + W_; follows readily, using the
fact that f(y) is odd. (That f is odd is a direct consequence of (2.7).) On the other hand,

using and , we see that g = W, — W_; satisfies
yg(y) = (2v + 1) f(y) — 2y f'(y)
= Qv+ DK, 1(y/2) = 2y(=(y/2) K, 1 1 (y/2) + (v + 1/2) K1 2(y/2))
=y’ K, 1(y/2).
This is valid for y > 0 and leads directly to since ¢ is an even function. 0

l\.’:\»—‘

Proposition 2.2. The norms of the test vectors from Proposition are as follows. The
vector Wy € W(nh,0) satisfies (Wi, Wy,) = (k —1)I. The vectors Wy € W (5 + v) with
(=0,1,2 and £ = § (mod 2) satisfy (Wy, W) = 70 (L + )0 (1 —v).

Proof. If 7 is a discrete series or a unitary principal series then the inner product on W(m, )
is given by

(W, W) = /K [ Wl Waly)m)dy i

Thus, using the integral representation I'(s) = fooo y’e Yd*y for the Gamma function, we see
in the case of the discrete series 7% that

(Wi, Wy) = /000 e Yyt dy =T(k) = (k— 1)L

We write the norms of each of the functions (2.15), (2.16) and (2.19) in terms of (2.10)).

For W = W), this is completely straightforward.
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The case of W = Wy is somewhat more complicated, and so we go through the proof
in detail. First, writing w,,(y) = Wy,(a(y)), note that if we set f- = w_o — wy and f =
w_g + wo, then f_ is an odd function of y and f, is even. Thus

(Wig, Wao) = /Rx W (Y)wa2(y)d™y

-/ <f+(y)ﬂ2:f(y)) (W) oy

=1 [ G EG + 1)) @

5 [ GEG + L 0TE) @

0
One calculates easily using ([2.10]) that

Amﬁ@ﬁﬂﬁdwzﬁﬂ +it)[(3 —it).

The calculation of [ f-(y)f-(y) d*y is similar (but messier) and gives the same result.
Putting this together leads to the claimed result for W,.
The case of W, is similar. We leave the details to the reader. O

Note that
/W (())d/—i:()

unless m = n. In particular this implies that (W, £ W_,, W,£W_,) = 27D (L +0)T (L —v)
it 040,

3. COMPUTING TRILINEAR FORMS

For j = 1,2,3, let m; be irreducible admissible unitary representations of GL2(R). We
assume that the product of their central characters is trivial. Thus, without loss of generality,
if w; is the central character of m; we may assume that w;(z(u)) = sgn(u)% for §; € {0,1}
satisfying

As a matter of notation, we will denote an element of 7; by f () and similarly elements
of W(r;, 1) will be denoted by W), The calculation of the trilinear form is simplified by
using the Whittaker models of 7; for j = 1,2 due to the following result of [MV10].

Proposition 3.1 (Michel-Venkatesh). Let my,m, w5 be tempered representations of GLa(R)
with T3 a principal series. Fix isometries m, — W(m1,%) and my — W(me, ) for (z) =
e™/2. Via these isometries, associating to fU) € mj for j = 1,2 vectors W) in the Whittaker
models, the form lrs : T ® T ® T3 — C given by

(32) lrs(fV® fP ® f¥) = Vir / W (a(y)e) WP (aly)r) [P (aly)r)ly| " d*y dx
RX
satisfies |[(rs|? = I'(fM @ f@ @ fO) where I' is the integrated matriz coefficient given in

D).
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Remark. The constant v4m is an artifact of the fact that the formula given in [MVI0]
(in which this constant does not appear) is valid in the particular case that ¢(x) = e*™®.
Adjusting to our case of () = €*/? has the effect of multiplying by this constant.

To ease notation we will assume from henceforth that (f(), fU)) = 1. This implies that
the map m; — W(m;,) given by fU) s WO /(WO W2 is an isometry to which we
may apply Proposition |3.1]

As remarked in [MV10], the non—tempered case (including the complementary series) can
also be treated with Proposition via a polarization which we describe now. In this
generahty, we associate to f € m a vector f € 7 such that up to constant f M(s)f
and (f, f) . In the case of the weight m vector f = f,.s € ms5e(s), this implies that
f fomi—s- We denote by W the image of ]?(j) in W(w;, 1) as above.

So, under the assumption that f) and f(j) satisfy (f0), f(j)) = 1, we see that the polarized
form of Proposition gives

Crs (WD @ W @ (@) fpg (WD @ W g 7))

1 ¢ £(1) (2)
33)  L(fMYefPefr®) = (WO, W)W, @)

Followmg our convention for choosing f from f, the calculation of norms given in Proposi-

tion [2.2] gives the correct values for (W, W) even in the case that 7 is not unitarizable. In
the sequel we will use this polarized form throughout.

Remark. For f = fM @ f@ @ O the trilinear from f}(—;g is clearly invariant under scaling

{9 by a nonzero constant, hence in defining the particular choice of test vectors in the sequel
(or equivalently in Proposition [2.1)) the exact choice of scalar is not so important. We refer

to a choice such that (f, f) = (f, f) = 1 as normalized.

For the remainder of this section we adopt the notation wt(7;) = k;, and we assume that
k1 > ko + k3. The condition on the central characters implies that ki + ko + k3 is even.

3.1. The case of three principal series. We consider first the situation in which 7; =
],GJ( + v;) for all j = 1,2,3 with 01 + 02 + 3 even. Attached to such a triple we define
e € {0,1} be such that € = €; + €3 + €3 (mod 2).

Proposition 3.2. Let m; be principal series representations with € as above. Then we may
arrange that (01,€1) = (0,€) and (6;,¢;) = (6,€') for j =2,3. If § = 0 there exists a choice
of normalized test vectors fU) e 7; such that

4\ °
3.4 (£ (2) Gy — (2
(3-4) (S e e fY) N
where /\] is the eigenvalue of the Laplace-Beltrami operator on m; for either j =2 or j = 3,
ie. \j =1 — 3.
4 3

When & = 1 there is a choice of normalized test vectors such that I(fM ® f@ @ f®)) = 1.

Remark. Strictly speaking our proof is only valid for parameters v; such that certain integrals
of the type (2.9) and (2.10)) are convergent. To get the more general result one must employ
analytic continuation. When the parameters correspond to unitary representations, the proof

below is complete.
11



Proof. Suppose first that § = 0. Let WM = W,

W, ife=0 ife=0
we W L ond O = »J’fﬁﬁ , e=
T 1I € = 1, —2 lf € = 1

L
Note that with these choices the restriction of WMOW® fG) to A is an even function. This
is because for any f € m the restriction to A satisfies f(a(y)) = csgn(y)<y|2™* for some
constant c.

By Proposition [2.2] and the remark following it (WU, WW) = z['(1 + v;)['(3 — v;) for
j = 1,2 and any choice of ¢, €. Also, note that (f®, f3)) =1 in any case.

We claim that

25—4-21/3\/7_1_ H’Yje:t F( 1‘226 + V1V1+’)é2l/2+l/3)

3.5 lrs(WD @ WP @ O =
( ) RS( f ) (%+V3>€ F(%‘i‘yg)

We verify this in the case of € = 1 by computing
lrs(WH @ W @ fO) = /1 [ (WoW_gfa — WoWaf_s)(a(y))|y|~'d*y
RX

= VT [ Wo(Wos = Wa)(aly) sgn(y)|y| "2 d*y

BN / T, (42 Ko (y)2) dy

H’YjE:I: F(% + _71V1+'y22u2+u3>

— 21+21/3 \/E

T3+ vs)
B 21+2u3ﬁ ijei F(% + 71V1+’}§l/2+l/3>
3+ T(5 + vs)

The other case is similar. B
Computing lrs(WM @ W® @ f3)) as above has the net effect of giving exactly the same
result except with vz replaced by —vs. Thus, combining (3.5) with Proposition , we see

that (3.3]) now gives

i)e 1—[%:i F(HfE + ’71V1+’722V2+’Y3V3)
A3 T TG+ )5 =)

Finally, we divide by the normalizing factor in Table for IT' and thus obtain the desired
result.
Now suppose that § = 1. We choose f(!) = f07%+l/1’

f<2>:f17%+”2_<_1)6f—1v%+”2, and f©® = fléws—f—l,;w:a.
V2 NG

Thus W = Wy and W = % Note again that having made these choices the

product WMW @ £4) has the property that its restriction to A is an even function.
12

LY e 12s 1) =




By a computation very similar to that above, we find

lrs(WH @ W g f¥) = \/x . (WoWfor + (=) Wi /i) (a(y) |yl d*y
= VT [ (WoWa+ (~) W) ay) sen(y)lyl >~ dy

=27 [ R WK, /) 47y
0

_ \/7_1-22113 nyei F( 1-‘;26 + 7V1+12/2+V3 )F(3—22e + “/V1—2Vz+u3>
F(]_ —|— Vg)

Multiplying by the appropriate polarizing factor, and dividing by the appropriate norms as
before, we find that

2
T ex L(5 +yv)T(1 4 y0)T(1 + yv3)

Since this agrees with the corresponding factor in Table it follows that the normalized
trilinear form satisfies I(fM ® f@ ® f®) =1 as claimed. O

142¢ Yiv1+y2(ve+v3) 3—2¢ yiv1+y2(ve—r3)
1) & £2) o £ _ [1,es D=+ (5" + 5 )
I'(fY e e )

Remark. As discussed in the introduction, the case of three weight zero principal series
representations was treated by Watson in [Wat01] but only in the case 6 = 0. We remark
that the way in which he uses € agrees with our notation. He did not give a test vector in
the case that € = 1, but showed that if one takes fU) to be the weight zero vector for each
of 7 =1,2,3, the resulting trilinear from will be zero. This is immediately evident from our
method above, as the resulting function (WMW® f3))(a(y)) will be an odd function of y.

3.2. The case of two principal series and a discrete series. Note that this case was
worked out in [SZW13] when & is even and both principal series are weight zero. We extend
the result here to arbitrary k£ and allow that the principal series be odd.

Proposition 3.3. Suppose that m = 7l and 7; = 75,.,(3 + v;) such that k + 5 + &5 is

even. Then if 6 = 0y + 0y < 1 there exists a choice of normalized test vectors fU9) mj such
that

(2m)F T (M 4y, )D(Hm — )

o1 F(% + ym)F(k—;l — V)

(3.6) I(fY e fPe f®) =

where {€,m} = {2,3} satisfies , = 0.
Otherwise, (if 05 = 03 =1),
I'(l+v)I'(1 —vy)

3.7 I(fW @ f2 @ &) = 27 (2m)F :
(37) e e 17 = 2w n) e T+ 1 =1y

forj=2orj=23 and \; :(g)Q—VJZ-

Proof. We arrange the representations and take test vectors such that
W(l) = Wk S W(ﬂ-gis? ¢)7
w®@ — W=, € W(7T52,62(% +15),7),

3
f( ) - f—k+52,%+l/3 E 7T637€3(% + V3>‘

13



Since Wy (a(y)) is supported on y > 0, we see that
oo
s (W0 @ W @ ) <2V [y e W (aly) 'y
0

In the case that d; = 0, one follows the same procedure as in the proof of Proposition to
arrive at

4 Hyjei F(% + Yarn + Y3173)
(k=DITE+)(E -G +10)(5 — 1)’

from which (3.7) follows as before.
We now consider the case d, = 1, for which

Woa() = 2 (K, (1/2) + sen) K, (01/2)).

[/<f(1) ®fP® f(3)) —

2
Therefore,
0 k+1
lrs(WH @ W@ @ fO) :\/E/O y T /2 (KW_%(’M/Z) + KV2+%(|y|/2)> d*y
k o T (& + yarn + 31,
=27(= Jrl/s)H%ei (;,32 7 3),
2 F(§ + 1 + 1/3)

where in the final step we have used ([2.11)) and the functional equation sI'(s) = I'(s + 1) in
order to simplify. Again polarizing this and dividing by the appropriate norms, this implies
that

AT\ Hwei F(% + Yoo + Y313)
(k—1)! [1es D&+ 14930 + )’

where \ = (%)2 — v2. Dividing this by the appropriate normalizing factor from Table
and simplifying gives (3.7]) in the case of j = 3. Switching the roles of my and 73 gives the
other case. U

]'(f(l) ® f(2) ® f(3)) —

3.3. The case of one principal series and two discrete series. We now assume that
m; = for j = 1,2 and m = w53 + v).

Proposition 3.4. Let m; = ngs for 3 = 1,2 with ky > ko. Let w3 be a principal series
representation of weight zero if ki + ko is even and of weight one otherwise. Then there
exists a choice of normalized test vectors f9) e m; such that

(27)k1—hz F(12i5 + V)F(I—JQ”S — V)

0 F(kl_§2+1 + V)F(k1—/2€2+1 _ I/).

(3.8) I(fY® P e f¥) =

L_
2

Proof. Let § = wt(ms). We take f(!) to be the weight k; vector, f the weight —k, vector
and f® the weight ky — ky vector. Then W) = W,:; and W® = W2, . Since

where A = 12 is the eigenvalue of A on 3.

lrs(WD @ W@ @ £®) = /47r/ yklgsz%%/efy Iy = VarT (sl ),
0

14



using (3.3) we find that
k1+ko—1 ki1+ko—1 -
(0@ (@ g (@) = Arl(P2= + )L (2= —v)
(k1 — 1)k — 1)!

We again divide by the normalizing factor for II® from Table to obtain the desired
result. U

3.4. The case of three discrete series. Let us assume that 7r] = 7rdls for 7 = 1,2 and
T3 = ms0(%2) where § € {0, 1} has the same parity as ks, so that 7% C 3. Note then that
73 = m50(1 — %) which has 72 as a quotient.

In this situation, the form (rg descends in fact to a trilinear form on 75i @ 722 @ 7% and
we will take as a hypothesis that the polarization of the form |[frg|? in fact gives the correct
trilinear form on 7Td1ls ® 7les ® 7rdls Note that this is unconditionally true if k3 = 1, and in
the special case that ki = ko + k3 the answer that we obtain by this method is correct.

Proposition 3.5. Let m; = Wsijs for j =1,2,3 and ky — (ko + k3) = 2m > 0. There exists a
choice of normalized test vectors fU) m; such that

2m
(3.9 (9@ £ @ f) = 22T
iy
Proof. As test vectors, we choose f) to be the weight k; vector, @ to be the weight —Fk,
vector, and f® = f,, 1. Then the computation of /g proceeds exactly as in the previous
section but with v = k3 L This immediately implies that

4T ( krdkatks 1\ ( krtka=ks
e e 1) = s

in the case at hand. Note, however, that the normalizing factor of the previous section does
not agree With that here unless k3 = 1. Indeed, the triple product local L- factor L(%,H)

for IT = 74l ® 752 ® 75,0(%) does not specialize to that for IT = 7les R @7 as s — ks.
Moreover, the adjoint L-factor L(s, m50(%), Ad) = L(s, m50(1 — %), Ad) has a pole at s = 1
if ]{?3 2 2.

Dividing by the correct normalizing factor gives the result. 0

Remark. One may ask why the above proof doesn’t also apply in the case that k; < ko + ks.
By [Pra90], the form must be zero in this case, although at first glance it may not appear
to be so. However, it is easy to see from Proposition that for weight m; vectors f0) if
the form lrs(fV @ f@ @ fB3)) #£ 0 then the weights m; and m, must have opposite parity.
Thus, in the special case that m; = k1 and my = —k», the vector f(3) has weight —k3 +m
where m = k3 + ko — k1 which corresponds to a vector in 7r§i3s if and only if ky > ko + k3.

3.5. Proof of Theorem 1. The calculations of the previous sections cover all possible cases
my, T, T3 satisfying the hypotheses of Theorem 1, and in each case the corresponding test
vectors fU) are shown to satisfy I(fM @ f& @ f®) £ 0.

In particular, if all three representations are principal series, then ky = ky = 0 and k3 = 0.
In the case that 0 = 0 if we assume moreover that ¢ = 0, from Proposition one sees by
that I(fV ® f@ @ f®) = 1. In the case § = 1 Proposition [3.2] says immediately that

(Mo e ) =1

15



If exactly one of the representations is a discrete series then either k; = 1 and the other
representations are a weight 1 and a weight 0 principal series, or k; = 2 and both of the
other representations are weight 1 principal series. In the first case, the result follows either
from specializing to the case k = § = 1 or from Proposition in the case that k =1,
d2 = 0 and 03 = 1. In the latter case one applies (3.7) with k = 2, from which we obtain

1) o £2) o 3y _ oy LA+ )1 —v;)
e e ™) = 2>\2’]F(2 + )2 —v;)

since ['(2 + ;)12 — v;) = (1 =) T (14 vj))T(1 — v5) = Ao, T(1 4 15)T(1 — ).

If two of the representations are discrete series, then we may assume that 73 is a principal
series of weight k3 = § € {0, 1} and k; = ko+0 > 1. This case corresponds to Proposition .
Specializing gives [(fM @ f@P @ fO)=1if6 =0, and I(fV @ fP® fO) =2if § = 1,
as claimed.

Finally, the case that all three representations are discrete series is treated in Proposi-
tion |3.5. The assumption that k; = ks + k3 means that m = 0 in which case the right hand
side of equation [3.9|is obviously 2. O

=2,

APPENDIX A. NORMALIZING L-FACTORS

The goal of this appendix is to record the normalizing L-factors for the triple product
L-function appearing in . These factors are determined by applying the local Langlands
correspondence relating finite dimensional semisimple representations of the Weil group Wg
to admissible representations of GLa(R) as detailed in [Kna94]. The local factors will be
described in terms of

Tr(s) =7 %2I(s/2), and  Tg¢(s) = Tr(s)r(s+ 1) = 2(27)°I'(s).
We recall the following elementary facts:

TE =T(), Ta)=1 Te@)=1, Tefm)=m"t

T om—1,m '

A.l. Local Langlands parameters for GLy(R). We recall briefly the local Langlands
correspondence for GLy(R). (See [Kna94] for complete details.) Let Wg = C* U jC* with
j2=—1and jzj~! = z for = € C* be the Weil group. For § € {0,1} and ¢ € C, we have the
1-dimensional representation of Wg given by

t
0,t) : 2 2]

Moreover, if m € Z and t € C we have the 2-dimensional representation

0 T2t im@ 0
rev — 2t p—im0

pa(m,t) o ( (_é)m ) )

which is easily checked to be irreducible except when m = 0. The following is a simple
exercise.

Q)

P—‘OO

16



Lemma A.1. Every semisimple finite-dimensional representation of Wg is a direct sum of
irreducibles of the type p1 and py as defined above. Under the operations of direct sum and
tensor product, the following is a complete set of relations.

p2(—m,1)

p1(0,1) & p1(1,1)
p1(01,t1) @ p1(d2,ta) ~p1(6,t1 + t2) (0 =614+ 062 (mod 2))
p1(0,11) ® pa(m, ty) ~pa(m,ty + to)

pa(my, t1) @ pa(ma, ta) =pa(my + mao, ty +ta) © pa(my — ma, ty + ).

2

pa(m,t

)
p2(0,1)
)
)

2

2

Moreover, if p denotes the contragradient of p then

—_— —_—

P1 (57 t) = 01(57 _t)v and p?(ma t) = p?(m7 _t)

Given an irreducible admissible representation m of GLy(R) we associate to it a represen-
tation p(m) of Wg. For example, if B(x1, x2) = B(sgn|-|°*, sgn|-|*?) is irreducible the cor-
responding representation of Wy is py (€1, $1) @ p1 (€2, s2). We record how this correspondence
works in Table for representations with central character sgn’. (We let 0 + ¢ € {0,1} be
the reduction of € +¢ modulo 2.) Note that the third column of the table is calculated using
Lemma and the identity

Ad(p) = p®@p© p1(0,0).

I p(7) | Ad(p(m)) |
Toe(3 +v) | pr(e,v) ® p1(6+¢,—v) | p1(0,0) D p1(6,2v) & p1 (0, —2v)
ﬂgis pQ(k -1, 0) pl(lv O) & p2(2k — 2, 0)

TABLE A.1. Representations of Wy attached to admissible unitary represen-
tations of GLy(R)

A.2. Triple product and adjoint L-factors. We associate to each of p;(d,t) and ps(m,t)
the L-functions

(A1) L(s,p1(6,t)) =Tr(s+ 9+ 1), L(s, pa(m,t)) =Tc(s + 3 +1).

More generally, given p =~ p; @ po @ - -+ & p, a (semisimple) representation of Wg with p;
irreducible we define .
= [ L(s.p))-
j=1

Using this definition it follows, setting L(s, 7, Ad) = L(s, Ad(p(7))) and combining (A.1)
with Table [A.T], that

]R( ) ( ) if m= ngs
(A.2) L(1,m,Ad)) = D0 )P )

o ’

if 7="s.(3+ ).

Recall that we are considering admissible representations 7y, my, 13 of GLo(R) such that

II = m ® my ® w3 has trivial central character. This means that we may assume without
17



loss of generality the central character of each 7; is of the form sgn% with &; + da 4+ 83 = 0
(mod 2).

Proposition A.2. Consider Il = m ® mo ® w3 a triple product of admissible GLy(R) repre-
sentations. Defining

L(s, 1) = L(s, p(m1) @ p(m2) @ p(m3)),
and
L(s,1I,Ad ) = L(s, Ad(p(m)) ® Ad(p(m2) ® Ad(p(ms)),

the normalizing factors relating I to I’ in (1.2)) for each possible choice of my,ma, T3 are given
by Table [A.9 where

It = 71'0’6(% +1)® 71'5,6/(% +19) ® 71'5,6/(% + v3),

1? = 7k, ® ms,, (5 +12) ® sy e (5 + 1),

I =l @ T2 @ mse(3 +v) (with ki > ko +0),
M* =i @2 @ (with ky > kg + ks).

1 T4
L(1,11,Ad)
- H%Ei F(H—Qe + ’Y1V1+722(V2+V3))F(1+25+25(1—2e) + 'yly1+722(y2+1,3))
& 5.
qrl+de(1-9) H§:1 (1+ i 4y )F(HTJ — Vj)
H2 <27T>3_kﬂ-52+63_2 H’Yj =41 F(_ + Yal2 + "}/37/3)
(k — 1)' H§:1 F(1+5] +u )F(% _ y])
I3 27 Il es D(BEE=L 4 ) DBt 4 )
(2m)ki=ka=t (e — 1) (ky — 1)IT (122 + U)F(pﬂs V)
I F(M;Jrk‘? _ 1>F<k1+/€22*k3)F(k1*]€22+k3)r(k17k227]g3 + 1)
(2m)kr—ka—ks=1 (k) — 1)(ky — 1)!(k3 — 1)!

TABLE A.2. Normalizing factors for triple product L-function at a real place

18



Proof. A simple exercise in applying Lemma gives the following.

l18) = (@) e +alvs 1) ) & (@) m(EF 870 + (0~ 1))

vj€E vj€L

p(I1%) = @ p2(k — 1, %212 + Y31/3)

vi€E
p(I1%) = po(ky + ko — 2, ) & pa(kr + ko — 2,0) @ pa(ky — ko, —1) & pa(ky — ko, —1)
p(ITY) = py(ky + ko + k3 — 3,0) ® palky + ko — Ky — 1,0)
@ po(ky — ko + ks — 1,0) @ pa(ky — ko — k3 +1,0)

Combining each of these with the appropriate factors for L(1,7,Ad) from (A.2)) together
with I'g(2)? gives the result. O
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