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(for elliptic curves) and Diamond and Shurman’s book FCMF (for modular forms.)

1. JANUARY 21, 2010

Let k be a field. The k rational points of projective n-space P (k) which consists
of

{(xo:21:+:xy) | € k not all zero}/ ~
with the equivalence relation (zg : --- : @p) ~ (Yo : -+ : yn) if there exists ¢ € k
such that z; = cy; for all i =0,...,n.

P"(k) is almost in bijection with k™:
T In
P*(k k™ R — e, —
I

is a bijection with inverse (y1,...,yn) — (L1:y1 -1 yn).
By a plane curve of degree d we mean a polynomial f € k[X,Y,Z] which is
homogeneous of degree d, i.e. each monomial is of degree d. eg. f(X,Y,Z) =
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X2 4 Y2 — 72 is a plane curve of degree 2. The vanishing locus of f is often
denoted
V(f)={z € P*() | f(z) =0} C P°
Note that
(1.0.1) fQzo, Azq, ..., Azy) :)\df(xo,...7sn)

so the vanishing set is well defined.

Ezercise 1.0.1. If k is algebraically closed show that (1.0.1) holds if and only if f
is homogeneous of degree d.

How do we draw the plane curve f = X2 + Y2 — Z?2 for which we often write
V(f) = C? The easiest way is to draw the piece of V'(f) that sits in affine space.
For example, look at the set of (1 : y : z) such that f(1,y,2) = 1+y%— 2% = 0.
If £ = R this is a hyperbola (picture drawn in class.) However, it is missing the
points when X = 0, i.e. solutions to f(0,Y, Z):

VHN{X=01={0:Y:2)|¢*=2*}={(0:1:1),(0:1: -1)}.

These are the points at infinity.
Alternatively, we could look at a different chart ({Z # 0}.) Then we get 22 +y% =
1 which is a circle. Is this the whole curve? Yes, as one can see by noting that

C(R) = C(R) N {Z # 0} UC(R) N {Z = 0}.

The latter set is easily seen to be empty.

If k =F,, C(k) is a finite set. It is natural to study #C(k). If k = R, C(k) is
a 1-dimensional space. If k = C, C(k) is a 2-dimensional real space, i.e. a surface.
(For example, for our f = X2 +Y?2 — Z2 (C(C) is a sphere.)
1.1. Why define a curve to be f rather than V(f) C P?(k)? One reason: let

F=X4Y?-2% g=(X*+Y?-2%)?

for which V(f) = V(g). If we let these be the same we would run into problems.
For example, one could consider the family of curves (X2 +Y?2 — Z2)2 —tX?2Y? for
varying t. We would like this to have the same degree for all ¢, but this wouldn’t

be the case if f and g were the same. (The curve g is called non-reduced, and is
thought of as a “double copy” of f.)

1.2. Cubic plane curves. A cubic plane curve over k is
C:F=cX’+0Y + 32+ +c10XYZ

up to multiplication by k*.

The key fact (that we will prove) is that C(k) can often be given the structure
of an abelian group which will satisfy the following. Let £ be a line in P2(k), i.e. a
linear polynomial aX + bY + ¢Z. Consider £ N C which consists of P € C(k) such
that ¢(P) = 0. This is to say (assuming ¢ # 0, which we may do without loss of
generality) that Z = —1(aX + bY). Substitute this into F(X,Y,—1(aX +bY)) =
G(X,Y). Then we ask how many solutions there are. For example, G(X,Y") could
be X (X —Y)(X+Y) which has the three solutions (0: 1: /¢),(1:1: —(a+b)/c), (1 :
—1:(b—a)/c). In general, there will be at most three solutions corresponding to
the roots of G(X,Y) unless G = 0. (An example of G =0: C : X(X?2 +Y? + Z?)
and ¢ : X.)
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The group law on C(k) (when C' is smooth) will satisfy the property
(1.2.1) If £ is a line and CN ¢ ={P,Q, R} then P+ Q+ R=0.

What is smoothness? One characterization is that if C' is smooth then given
P,Q € C(k) there exists a unique R € C(k) such that there exists (P?(k) with
(N C = {P,Q,R}. Given this, the natural first try for £ would be the line in P?(k)
going through P and ). This is well defined so long as P # @, in which case /NC'is
in bijection with the roots of G(X,Y). Since P, and @) correspond to two rational
roots, the third must be rational as well.

If P = @ we would want £ to be the tangent line to C' at P (which is well defined
if C' is smooth.) In this case G will have a double root corresponding to P and R
will correspond to the third root.

2. JANUARY 26, 2010

2.1. A little bit about smoothness. Recall from calculus that if C = V(f),
f € k[X,Y, Z] is homogeneous of degree d then we say f is smooth at P if it’s not

the case that f, 9f , of , 9 all vanish at P. We say C is smooth if it’s smooth
0X’ gy, 2L 07
19X

at every geometric point, i.e. for every P € C(k).
An example: f = X3+ Y3 + Z3. Then
of of 2 2
oxX oy~ g7 =
So to be smooth need X = Y = Z = 0 which is not a point of P2. UNLESS
chark = 3 in which every point is singular, i.e. not smooth. (Note that in this case
f=(X+Y +2)3 soC is a triple line.)

Now let’s assume 3 # 0. To find the tangent line at P = (1:0: —1) € C we
consider the line of o7 o7

X PX+ Yy PY+ B PZ.
So we get Lp : X+ Z. The intersection Lp NC must satisfy X = —Z which implies
that Y2 = 0. We conclude that the third point of intersection is also P. We write
Lp N C =3P. Our group law must satisfy P+ P+ P = 0.

A smooth point P on a curve C (of degree greater than one) where the tangent
line to P intersects P more than twice is called a flex point. If P is flex then we
must have that P+ P+ P = 0. (We will see that the converse is also true.)

Flex points (at least when the characteristic is bigger than three) a characterized
by those points for which the Hessian

8%f &% f
det [ %7 0XpY

3X2 8f

f o°f
oxXoYy  oY?

vanishes. (Given that this is different than f) there should be 9 flex points.

We can also see the tangent line by studying the Taylor expansion of f in affine
coordinates which vanish at P. Examples of affine coordinates are x = % +1=
%,y =X (In general, affine coordinates are ratios of linear homogeneous

7
polynomials.) In this coordinate system we rewrite the curve as

23 —32 43+ = (2 - 1) +¢° + 1.

This has Taylor expansion 3z + h.o.t. (higher order terms) from which we see that
the tangent line is given by 3z =0 — X + Z = 0.
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A singular example: f =Y?2Z+ X3+ X2Z. Check that (0:0 : 1) is non-smooth:

ﬁ_ 2 ﬁ_ Opo_ 2 2
8X_3X +2X7, aY_QYZ, 8_Y + Z-.

Set v = X/Z,y=Y/Z to get
flx,y) =y* + 22 +2° =22 + 4> + hoot. = (x — iy)(x + iy) + h.o.t.
We see that there is no tangent line (i.e. linear term) but near the origin it look like

the union of two lines. (Picture drawn in class of what this curve looks like over R
which has an isolated point at the origin.)

Ezercise 2.1.1. Find all singular points of Y27 + X3 + X2Z. (Note that this may
be dependant upon the characteristic of k.)

Ezercise 2.1.2. Give an example of a set S and two different group laws +1,+2
such that

{(P,Q.R)|P+1Q+1 R=0}={(P,Q,R) | P+2Q +3 R =0}.

Question/Hint: What is the identity in C(k)? Suppose that O is the purported
identity. Then O+ 0 =0 =-0 = O+ O+ 0O =0, and so O is a flex point.

Theorem 2.1.3. Suppose that C/k is a smooth cubic plane curve and O € C(k)
is a flex point. Then there is a unique group law on C(k) such that P+ Q+ R =10
whenever {P,Q, R} = LN C and O is the identity.

An example of a curve with no flex points. Can check that 3X3 4 4Y3 + 523
has no flex points i and only if one of 3/5,4/5,4/3 is a cube in k.

2.2. Weierstrass form. What is P + @7 Answer: if R is the third point of
intersection of the line connecting P and @. Then P + @ is the third point of
intersection on the line connecting R and O.

Given (C, O) as above, let’s put O at the point (0 : 1 : 0) by applying a projective
linear change of coordinates. We may, moreover, make the tangent line to C' at O
be the line Z = 0 because the action of PGLy (k) on P* is double transitive. Setting
Z =0 gives

a1 X3 4+ asX?Y + a3 XY2+ a V3.
Since (0 : 1:0) must be a triple zero, this implies that as = a3 = a4 = 0. After a
further (simple) change of variables we see that C' can be written in the form
Y2Z 4+ a1 XYZ+asYZ? = X2 + au X% Z + an X Z? + ag Z°,
or, in affine coordinates x = X/Z,y =Y/Z:
(2.2.1) Y2 + arxy + asy = 2% + agz? + ayx + ag.
If chark # 2 then eliminate the xy and y terms by completing the square, and
if chark is zero or greater than 3 it can be further simplified to
> =23+ Az + B or y? = a® — 27cqx — Hdcg.
Is C smooth? Let us work with F: y? = 23 + Az + B = f(x). Then
or or
or oy
So a non-smooth point must satisfy y = f(z) = f/(z) = 0 which is equivalent to
the discriminant of f A = —16(4A43 + 27B%) = 0.

—(32% + A) = —f'(z), 2y.
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3. JANUARY 28, 2010

Equation (2.2.1) is a smooth cubic plane curve with flex point over k if a1, as, as, a4, ag €
k and A # 0. The existence of the group law can now be proved by formula. This
is not conceptually satisfying but it works, and it is very messy. In particular,
checking associativity is quite a computation.
As an example suppose E : y? = 423 + byz? + byz + bg. Then if P = (z,y), the
z-coordinate of 2P is
1’4 — b4£€2 - 2b5 - bg
423 + bya? + byx + bg
Note that this doesn’t depend on y. The reason for this is that on this curve the
identity O is the point at infinity in the “straight up” direction. Thus —(x,y) =
(z,—y). So if z(P) = z(Q) then P = +Q, and z(2Q) = x(2P).
Note also that the denominator of z(P) = 0 exactly when y? = 0 which means
y = 0. This happens if and only if 2P = O.

3.1. An algebro-geometric description of the group law in terms of divi-
sors. Let (E,O) be an elliptic curve over k. (Can view this in two different ways.
Either this means that E is a genus curve with a point O or a curve in Weierstrass
form with O = (0:1:0).) We will assume now that k is algebraically closed.

A divisor on E is a formal finite sum Y n;P; where n; € Z and P; € C(k). If
[ € k(C) is a rational function define divf =} pc () ordp(f)P where ordp(f) is

the order of vanishing of f at P (hence negative if f has a pole at P.)

Example: C = P!. Then k(C) = k[z]. We have div (zﬁ) = [-1] = [1], div(2* +

1) = [i] + [—i] — 2[o0], .... By the way, in this second case one can see that the
answer is as claimed by changing variables to z = 1/w. Then div(1/w? + 1) =

div (“’2+1) = [i] + [—7] — 2[0]. Then going back to the original coordinates gives

w2

the result.

The point of talking about divisors is it gives a good “geometric” way to seeing
what’s going on.

If D=5 n;P; then degree of D is deg D = > n,.

Theorem 3.1.1. If f € k(C) then deg(div(f)) = 0.

We say that D is principal if D = div(f) for some f € k(C). Denote Prin(C) for
the group of principal divisors, Div?(C') the group of degree 0 divisors and Div(C')
the group of divisors. The Picard group of C is PicO(C) = Div°(C)/Prin(C).

Easy to prove fact: Pic’(P') = 0.

Note that div(cf) = div(f) for all ¢ € k*. In fact,

1=k = kC) - Prin(C) =0

is exact.
Given a curve C and a point O € C(k) we have an Abel-Jacobi map
(3.1.1) AJ: C(k) — Pic®(C) P~ [P]—]O].

Now we restrict to the case of genus one, and we’ll prove that AJ is a bijection
in this case.

Injectivity: Suppose that AJ(P) = AJ(Q) and P # (). This means that P—O =
Q-0 € Pic’(0), so P—Q = div(f) for some f. We can think of f : C'— P!. Then
f71(0) = P and f~!(c0) = {Q}. This implies that f has degree 1 which happens if



ELLIPTIC CURVES AND MODULAR FORMS 7

and only if f is a bijection. This, however, is a contradiction because P! has genus
0.

We say that a divisor D = " n, P is effective if n, > for all P, and write this as
D > 0. Similarly, we can define when Dy > Ds. Let £(D) be the space of functions
such that divf > —D (which means that ordp(f) > —np. We can think of this
as “the space that has poles at worst —D.”) So, for example, £(0) is the space of
holomorphic functions. The Riemann-Roch theorem in genus 1 implies that if D is
a divisor of degree d > 0 then £(D) has dimension d.

We use R-R to prove surjectivity. Let D =P, +--- P, — Q1 —---— Q,. So R-R
applied to D + O gives a one dimensional space and therefore a unique up to scalar
f- We study div(f) which has k zeroes and k poles. The definition of £(D) implies
that m < k < m+ 1. First, suppose that k = m. Then div(f) + D + O > 0 which
implies that

divf=-D—-O+R Re{p,...,P,,0}.

So —D — O+ R = 0 in Pic’(C) which implies that D = R—O = AJ(R). The proof
is nearly identical when k = m + 1. Again this implies divf = —D — O + R, but in
this case the only difference is that R ¢ {P,,..., P,,O}.

The group law on Pic’(C) then transfers to E via the bijection A.J.

Theorem 3.1.2. Let k be any field. Any elliptic curve (E,O) over k can be em-
bedded in P2 as a smooth cubic in Weierstrass form.

Note: The point O can be any point defined over k. Actually the property of
being a flex point is particular to a given embedding of C in projective space and
not intrinsic to the curve.

3.2. Why are the two group laws the same? If P+ Q+g R = 0 should mean
that

div(f)=(P-0)+(Q—-0)+(R-0)=P+Q+ R-30.

Indeed, can take f = % where £ is the line intersecting the curve at {P, Q, R}.

4. FEBRUARY 2, 2010

4.1. Overview. We have now established that when FE is an elliptic curve (we drop
the notation (E,O) from now on, but implicitly E is a curve and a point) and k is
a field, F(k) is an abelian group. So we can consider E/Q as a functor

E : Fields — Q-alg

called the functor of points. (More generally, it is a functor form rings to abelian
groups, but we don’t have the language to quite understand this now.)

Of course, a functor must also respect morphisms. That is to say that if ¢ : & — [
is a map of fields then there is a map E(¢) : E(k) — E(I) which functorial (meaning
it respects compositions of morphisms...)

For an algebraic geometer an elliptic curve is not a “complex torus” even though
E(C) is a complex torus. Instead, he/she thinks of an elliptic curve in terms of this
functor.

We will see that E(C) is a complex torus, and that there are many such objects
of different ‘shape.” We will also study E(Q) which can be many things. Since
E(F,) is finite we will be interested in computing its order and structure.
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Why do we study degree 3 curves? Well, for one it is the easiest non-trivial case.
If C is a degree 2 plane curve then C(C) ~ CP!, a sphere; C(Q) is either empty or
easily shown to be in bijection to P*(Q) and C(F,) has size ¢ + 1.

4.2. Uniqueness of Weierstrass form. Can the same elliptic curve have dif-
ferent Weierstrass forms? By “same” one can mean “there is a projective linear
transformation taking one Weierstrass form to another” or “isomorphic as abstract
curves.”

The answer is “yes.” In fact, any linear transformation that takes one Weierstrass
form to another is of the form

z,y) — (W2 +rudy —ules’ +t).
Y Y
If the original Weierstrass form is
Y2+ arwy + agy = 2° + aga® + aux + ag,
then after this change of variables, one obtains
() + i’y +aby' = (&) + ()P + e’ + af
where, for example,

ual = a; +2s, ulah=ay —sa; +3r—s2,...
So a; is not an invariant of an elliptic curve (unless the characteristic of & is 2...)
However, certain functions of the a; do behave better. For example,

Cq4 = (a% + 4(12)2 — 24(2&4 + alag)

satisfies u*c) = c;. How might one find such a relation? Well, one way is by
“invariant theory” as studied by 19th century mathematicians who were very good
at manipulating such things (and for whom the relation for ¢4 above would not
have been too challenging.) A more natural way, however, is to find ¢4 by doing
the manipulations that we did to get a Weierstrass equation in the form 73? =
23 — 27cyw — Hdcg. Similarly, cg satisfies ucy = cg.
One can further define A as a polynomial in the a;’s such that
e A =0 if and only if E is non smooth
o 1728A = ¢} — ¢Z, and so u'2A’ = A.
If the characteristic is not 2 or 3 then this is the same A as described above as the
discriminant of 23 — 27c4x — 54cq.
Now we have a true invariant:
3 2
. 04 C6
= — =1728 4+ —>.
T=A A
That is to say that j(F) is independent of the choice of Weierstrass equation.
Two examples. Let

(4.2.1) By y? =2 -, By :y?=a2%—1

In the first case ¢ = 0s0 j(Eq) = 1728, and in the second case ¢4 =0 = j(F2) =
0.

Theorem 4.2.1. Let k be an algebraically closed field. Let Eq, E5 be elliptic curves
over k. Then Ey ~ Es if and only if j(E1) = j(Es).
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Proof. We have seen directly that isomorphic elliptic curves have the same j-
invariant. To show that the converse is true we prove that if j(E;) = j(F2) then
the two curves are isomorphic. For simplicity, we take characteristic not equal to 2
or 3. Write
Ei2y2 :1'3+A1£L'+BZ
for ¢ = 1,2. Then we know, that
443 443

4AT 1 27B2 ~ 4A3 +27B2

from which is follows that

27B?  27B3}

4A3 4437
Thus, we can write (Ag, By) = (u*A1,u®By) for some u € k. We have seen already
that the change of coordinates (z,y) — (u?x,u3y) changes E; — Eo so they are
isomorphic. (I

Note that we are use the fact that k is algebraically closed to get the element wu.
As an example, notice that the curves

vV =24z +1 and v 42 4 da + 8

are isomorphic over @ (in fact, they are isomorphic over Q(v/2).) They are not
isomorphic over Q.
More is true.

Theorem 4.2.2. Let k be any field. For any jo € k there exists an elliptic curve
defined over k(jo) having j-invariant jo. Thus the J-invariant giwes a bijection
between the set of isomorphism classes of elliptic curves over k and elements of k.

Proof. All we need to show is that the j-invariant is surjective. To do this, let
k = Q(t) and write down an elliptic curve B /k with j(E) = t:
3t 1
T —
41728 t— 1728

If jo # 0 or 1728 then this curve specializes to a curve over k by substituting
t = jo. To prove the remaining two cases, we observe that the curves from (4.2.1)
so long as the characteristic is not 2 or 3. The remaining cases can be handled
individually. t

V2 4 oy = 2 —

5. FEBRUARY 4, 2010

5.1. The invariant differential. Given an elliptic curve in Weierstrass form (2.2.1),
we define the invariant differential to be

dx dy
w= = :
2y + a1z +as  3x%+ 20z +ag — a1y
dx dy

Ifa1:a2:a3:0thenw:2—y:m.

What is dx? More generally, what is a differential form? The answer can be
given purely algebraically.

In algebraic geometry a function on E (or rather on the affine part E — 0) is
an element of the coordinate ring R = k[z,y]/(y*> + -+ = 23+ ---). These can be

thought of as the 0-forms.
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Hartshorne I1.8 gives definitions of differentials: If R is a k-algebra, the space of
1-forms on R over k is the free R-module generated by df for all f € R, with the
equivalence relations

e d(fg) =gdf + fdg for all f,g € R,

e da=0forall a €k,

e d(f+g)=df +dgforall f,g €R.
One can check that this is k-linear: d(af) = adf + fda = adf. It behaves (as is
proved in Hartshorne) the way you would expect.

Some remarks. We can define a differential on all of E (not just the affine part)
whose restriction is w. Up to scaling, w is the only differential form on E. Note
that (1 + z + y*)w is also a differential form on E — 0, but it doesn’t extend to all
of E because it blows up at infinity.

It is a fact that if X is a smooth projective curve over k then the 1-forms on X
over k form a finite dimensional k vector space. This dimension is called the genus
of the curve.

Let us examine the example of P! and the differential dz. The question is rather
or not this is defined at oco. To see this make the change of coordinates w = 1/z.
Then dz = —#dw (as expected) and thus a double pole at infinity. We can write
divdz = —2[o0].

If wis a 1-form on X, div(w) is called a canonical divisor on X. It is a fact that if
w’ is another 1-form then ' = fw for some f € k(X). Therefore, div(w’) = div(w)
in Pic(X). As an element of Pic(X) is called the canonical class and is denoted
Kx. It has degree 2g — 2.

One can check that w (as defined at the beginning of this section) is holomorphic
on all of F and that div(w) = 0, implying that Kg = 0. For this reason w is
sometimes called the holomorphic differential or the trivial differential.

We now explain why w is called ‘invariant.” If P € E(k) we have a map

tp: E— FE Q— P+Q.

This induces a map on differential forms. For example, if ¢ : F — k is a 0-form
then (tH¢) = ¢(t,(Q)) = ¢(P + Q). In algebro-geometric language, the map on
1-forms is

tp :T(E, Q) — T(E, Q)

where T'(E, Q};/k) is the space of “global sections of 1-forms.”

Thus fjpw is a holomorphic differential on E which can’t be zero because the
map p is invertible. (It’s inverse is t* p.) In other words, t7 is an element of £, i.e.
amap E(k) — k*. In fact, this is an algebraic map E — G, = A! — 0 of varieties.
From algebraic geometry, we know that a map from a projective variety X to an
affine variety A must be constant. Putting this together with the fact that ¢ acts
by 1 on differentials, it follows that tpw = w for all P.

If is a fact that under the usual change of coordinates (z,y) — (u
get that u~'w’ = w. As we have discussed the map

{Weierstrass forms} — (E, O)

2:6/, u3y’) we

is surjective but not injective. However, we now have that
{Reduced Weierstrass formslongrightarrow(E,O,w)

is one-to-one. (By “reduced” we mean in the form y? = 23 + Az + B.)
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5.2. First glimpse of modular forms and modular functions. A description
(not a definition): a modular function is an algebraic function F' on equivalence
classes of elliptic curves. For example, the j-invariant. A modular form is an
algebraic function F' on equivalence classes of pairs (E,w) such that
e F(E,\w) = \"*F(E,w) for some k € Z (called the weight) and all X € k,
and
e F has “slow growth at infinity.”

Examples of these are ¢4 and cg which are modular forms of weights 4 and 6
respectively.
Why is ¢4 a modular form? The “function”

F(y? = 2 — 2Tcqx — bdcg) = ¢4

is not well defined on E because there are several Weierstrass forms for the same
elliptic curve. However, having fixed w a change in Weierstrass form would also
change w. Concretely, if we scale 2 by u? and y by u? then w will be changed by a
factor of u~! and ¢4 by u.

Comment: If the characteristic of k is 2, then a; is a modular form of weight 1.

6. FEBRUARY 9, 2010

6.1. Isogenies. Let F; and FEs be elliptic curves. An isogeny from E; to Es is
a morphism of curves ¢ : Ey — E5 such that ¢(Og,) = Op,. An example is the
multiplication by m map

_/_/
|m| times
Note that the multiplication by 2 map is the composition of
E—5ExEZ>E

where A is the diagonal embedding and m is the group action m(P,Q) = P + Q.
Another example of a morphism can be given between the curves

(6.1.1) E:y =2+ ax’ +bxr  E':y*=2°—2a2® + (a® — 4b)x.

One can check that ¢(x,y) = (Z—z,yb;;ﬂz) is an isogeny from E to E’.

Let us discuss how one can see that Op — Opg/ in an informal way. As we
move towards co on either of the curve z ~ ¢2 and y ~ 3. So the z-coordinate of

¢(x,y) grows like Eggz = ¢2, and the y-coordinate grows like ¢3 (% — 1) ~ t3. So,

by continuity the origin of £ must go towards that of E’.
Note that if we try to projectivize the equation for ¢, we would get

(6.1.2) NX:Y:2)=(Y?Z:bYZ* - XY : X?Z)

which is not defined at (0:1:0) (or at (0:0:1).) In fact, only linear maps from
P2 to P? are defined everywhere. Higher degree “maps” (it’s not a morphism but
rather a rational map denoted V— — =V") between projective varieties V and V’,
may not be defined on a subvariety of at most codimension 2 in V. Even though
¢ does not extend to a morphism on all of P? its restriction to E can (must if
we believe it’s a morphism!) be defined. Actually, the codimension 2 fact above,
implies that it must be defined on all of F.
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Ezercise 6.1.1 (OPTIONAL). Show that ¢ can be defined on all of E using an
equivalent definition of ¢ near the points at which (6.1.2) is not defined.

Solution. The map ¢ is given by the following in projective coordinates.
(X :Y:2)=(Y*Z:bYZ* - X?Y : X*2)

3
=(XY?:bXYZ — XY : X3)
=(XY?2:bXYZ — (Y?—aX?-bX2Z)Y:X?) ((X:Y:Z)€E)

= (XY?:20XYZ - Y? +aX?Y : X?)

Now, using this manifestation of ¢, it is clear that ¢(0:1:0) = (0:1:0). O

Following the same line of reasoning as above to determine ¢(Og) 4+ O we will
analyze what ¢(0,0) is. If z ~ t then, since y> = bz + ---, y ~ t'/2. Then

br b3/? .
(x,y) ~ (9&2’3:3/2> ~ ().

Taking s = t~2 (which is growing we see that the x-coordinate of ¢(x,y) grows like
52 and the y-coordinate grows like s, hence ¢(0,0) must be Og.

When ¢ is a nonzero isogeny, the degree of ¢ is the degree of the field extension
k(E1)/k(E2). Note that rational functions on Es pull back to functions on E; via
the map ¢. The degree of the zero map is taken to be zero.

It’s a fact that if f : C1y — Cs is a map of curves over an algebraically closed field
k of characteristic zero then deg f = # f~1(P) for all but finitely many P € Cy(k).
In the case of isogenies between elliptic curves we can remove the restriction “all
but finitely many points.”

As an example, consider the map P! — P! given by z — 22. For every w € P*(C)
except w = 0 or oo, there are two points in the preimage of w. Evidently, this map
has degree two. This is verified by noting that the inclusion of function fields under
this map is k(22) C k(z) which clear is degree two.

Question: If Ey, Ea, ¢ are all defined over Q is deg(¢ ) the same for any K/Q.
The answer is yes.

Ezercise 6.1.2. Show that the isogeny ¢ between the curves (6.1.1) has degree 2.

Ezercise 6.1.3. Let k = C. Describe all choices of a,b such that E ~ E’ (i.e.
J(E) = J(E’).) In the case these cases there exists ¢ : B/ — E. Show that
io¢: E — E isnot [m] for any m € Z.

Let k = F, where ¢ = p™ and p is prime. Let E/k be an elliptic curve. (e.g.
E:y? =23+ Ax + B) The map Fr : (z,y) — (29,y?) is an isogeny from E to E.
Fact (to be proven later): The degree of Fr is g. However, if P = (z,y) € E(F,)
its preimage consists of the single point (wl/q,yl/q) because F'r : Fq — Fq is a
bijection.
Additional facts:
o If ¢1, o are isogenies over k then so is ¢1 + ¢2. So Homy(E1, Fs) is an
abelian group.
e Homy(E, FE) = Endg(F) is a ring with multiplication given by composition
of isogenies.
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e deg : End;(F) — Z respects multiplication: deg(¢1¢2) = deg(¢p1) deg(epz).
Since deg(¢) = 0 if and only if ¢ = 0 this implies that Endg(F) has no zero
divisors.

e Every isogeny ¢ : £1 — E5 is also a group homomorphism.

To see why the last item is true consider the diagram

A
B1 —2 Pi® (B> Pic(E)
|
¢ | 6.
AJ2 0 . v
Ey —— Pic’(Ey)—— Pic(Es)

The map ¢, : Pic(Ey) — Pic(Fz) is defined on the level of divisors to be the
group homomorphism sending P to ¢(P). Have to check that this gives a well
defined map Pic(E;) — Pic(Es). In other words, need to see that it sends principal
divisors to principal divisors. Let f € k(E7). Then one can check that ¢.(div(f)) =
div(Nk(El)/k(EQ)f).l Proof of this is left to the student.

Since Pic” is a subgroup of Pic this gives a map (also denoted ¢, ) from Pic’(F;) —
PicO(Eg) that is, by definition, a group homomorphism. To complete the proof, we
must show that the diagram commutes. Suppose P € F;(k). Then AJs o ¢(P) =
6(P) + O, and 6. 0 AJy (P) = 6,(P + Oi,) = 6(P) + 6(O,) = 6(P) + O, 50

indeed it does commute.

7. FEBRUARY 11, 2010

Last time we saw that if ¢ : F; — E, is an isogeny?, then ker ¢ is a finite
subgroup of Ej.

7.1. Galois theory of isogenies. Let ¢ : E; — Es be an isogeny over an alge-
braically closed field k. The following is true.
e For any Q € Ey(k), #¢~1(Q) = deg, ¢ where deg, is the separable degree.
(e.g. deg (Fr)=1.)
o The inseparable degree deg; ¢ = e4(P) for each P € Ey(k).
e When ¢ is separable (i.e. degs¢p = deg¢) then k(E;)/k(E2) is a Galois
extension with Galois group ker ¢.
To prove the final point, have to show that ker ¢ acts on k(E;) preserving k(E>). Let
P € ker ¢. Then the translation by P map 7p fits into the following commutative
diagrams.

*

El%El ~ E1 %kEl

N A N A

Therefore, 7} is an automorphism of k(E;) that preserves k(Ez). Since there are
exactly ker ¢ = deg ¢ many of these (by assumption) this implies ker ¢ is the Galois

group.

IThe fact that we can do this relies on ¢ being a finite map. That is, the degree is finite.
Otherwise, the norm map would not be defined.

2Usually when we say ‘isogeny’ we mean ‘nonzero isogeny.” This will often be implicit the facts
we present.
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Remark. In fact, the diagrams above are in complete correspondence because the
(contravariant) functor

(smooth curves/k) —— (Fields of transc. deg 1 over k)
C ~ k)
is an equivalence of categories.

Corollary 7.1.1. Let vy : By — Es and ¢ : E1 — E3 be isogenies. Then ker ¢ C
ker if and only if ¢ factors through ¢.

To say that ¢ factors through ¢ means that there is a map E3 — F5 making the
following diagram commute.

P

FL——— = Fy
e
] //
Es

Proof. The implication <= is clear. We prove =>. On the level of function fields
we have

k(El) ))]€<E2)

k(Es)

By the above and Galois theory, it follows that

Gal(k(E1)/k(E2)) = {75} Pekerv =: Tlferw’
and ) *
k(EQ) = k‘(El)Tkerw and k(Eg) _ k(El)TkeT¢_
Hence ker ¢ C ker . 0

Corollary 7.1.2. Let E be an elliptic curve with ¥ C E a finite subgroup. Then
there is a unique E' and a separable isogeny ¢ : E — E' such that ker p = .

Remark. Since id : E — E and [-1] : E — E are different automorphisms of F
(i.e. they have the same kernel) it’s not the case that the isogeny ¢ of the corollary
is unique.

Proof. The group 73, acts on k(E). Let K = k(E)™ be the fixed field. (One needs
to check that K # k, but this is simple and left to the student.) Thus K is a field of
transcendence degree 1 over k. By the equivalence of categories mentioned above,
this means there is a curve C/k such that K = k(C), and thus a map £ — C. To
complete the proof, need to see that g(C') = 1 (and define its origin to be the image

A consequence of the Riemann-Hurwitz formula is that ¢(C) < g(E). More
precisely, it implies that that

(7.1.1) X(E) = deg ¢x(C)

if and only if 7§ acts freely, meaning that there is no non-identity element which
has fixed points. Since it is a group of translations this is obvious. The Euler
characteristic x is 2g — 2, so the left hand side of (7.1.1) is zero for any ¢, from
which it follows that ¢g(C) = 1. O
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The upshot is that isogenous curves to E are in one-to-one correspondence with
finite subgroups of E. The sequence

0 F oy 0

is exact. We often write £/ = E/F = E/ ker ¢.

FEzxercise 7.1.3. Prove that there exist elliptic curves E; and Fy over C that are not
isogenous. (Hint: Use that C is uncountable.)

7.2. Isogenies and the invariant differential. Let ¢ : E; — E5 be an isogeny
and wg, and invariant differential on E5. Then ¢*(wg,) is an invariant differential
on E1~

Suppose that ¢ : F; — FE5 is another isogeny. Then it is a fact that

Y'wp, + ¢'we, = (Y +¢) (we,)-

This is not just abstract nonsense. Nor is it trivial because the addition on the left
hand side addition in the k vector space of holomorphic differentials I'(E;, Q) and
on the right hand side the addition is that given b the group law on the elliptic
curve Fs.

We often use this fact when F; = Fs. Let w be a differential on E, and ¢ €
End(E). Then ¢*w = cyw for some constant cs. This gives a map ¢ : End(E) — k.
The fact above tells us that ¢ is actually a ring homomorphism.

7.3. The dual isogeny. Given ¢ : E; — E; we want to define ¢* : Pic’(Fy) —
Pic’(E;). On the level of divisors it is defined by ¢*(P) = ¢~*(P). Need to check
that this sends principal divisors to principal divisors. Indeed, if f € k(E3), we
have the following diagram.

f

B—sp,- o p

So ¢*(div(f)) = div(f o ¢). (Recall that div looks at the zeros and poles of a
function. So the diagram says that the zeros (or poles) of f o ¢ are exactly the
points whose image in Ey are zeros (or poles) of ¢.)

This gives us a canonically defined isogeny QAS : Ey — Fy.

8. FEBRUARY 16, 2010

Given an isogeny ¢, ¢ is called the dual isogeny. Note that

00" (P)=¢.| > Q= D 6(Q) =degsQ.

Qlé(Q)=P Qle(Q)=P
We conclude that ¢ o ¢ = [deg ).
Two facts:
® potp=1pog
e o+Y=9+7

The first of these is a formal exercise, the second is contentful—it says something
about the algebraic geometry of £ x Es.

Proposition 8.0.1. o [m] = [m],

o deg[m] =m?.
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Proof. We induct on m. Clearly, if m = 1 the statements are obviously true. Then

m] + [1] by fact above
m] + [1] the inductive hypothesis

(One can also readily check the statement is true for —m.)
For the second statement, we have

[degm] = [m][m] = [m][m] = [m?].

An argument can now be made that this implies degm = m?. ]

Note that ¢ o ¢ = [deg ¢].
Taking the dual of both sides: ¢o ¢ = [deg ¢]. So ¢ o ¢ = ¢ o ¢ which implies
since the map is dominant that ¢ = ¢. We conclude, in particular, that dualization

is an involution on End(FE).
Remark on similarities between End(E) and End(k?) = My (k).

End(FE) ‘ End(k?)
dual | adjugate
[m] ml
deg det

Note that dualization and adjugate are linear contravariant and self-transpose.
The fact that deg[m] = m? implies in characteristic prime to m that E[m] =
ker[m] has size m?. More precisely, #E(Q)[m] = m?. When m = p is prime

Elp] = Z/p x Z/p.
Basic group theory then implies that
E[m|=7Z/m xZ/m

in general.

What if char(k) | m? For example, suppose char(k) = p. We have remarked
that # ker[p] = deg,[p] and deg[p] = p? = deg,[p] deg;[p]. It is impossible for deg; [p]
to be 1, so there are two possibilities:

e Supersingular: deg;[p] = p?,
e Ordinary: deg;[p] = 1.
Note that Frob, : B — E®) is purely inseparable of degree p. So Frobo Frob =
[p]. From this the claim above that deg;[p] > 1 follows. We conclude, moreover,

that the inseparability of [p] is determined by whether or not Frob is separable.
Fact: deg; : Hom(E;, E;) — Z is a positive definite quadratic form. That it is
positive definite is easy. That it is a quadratic form means that

deg(¢ + 1) — deg ¢ — deg ¥
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is linear in ¢ and . We check
[deg(¢ + )] — [deg 6] — [deg ] =(¢ + ¥)(@+ ¥) — 66 — i)
=(¢ + ¢ + o + Yi) — b — )
=60 + Y.
So indeed it is bilinear.

Exercise 8.0.2. Let E : y?> = 23 — z. Note that [i] : (z,y) — (—x,iy) is an isogeny
defined over Q(¢). Hence there is a map Z[i] — End(E). Describe the quadratic
form on Z[i] which sends a + bi to deg(a + bi).

8.1. Tate module and Galois representations. If / is a prime and E is an

elliptic curve over Q then we have seen that E[¢] = E(Q)[¢] = E[{)(Q) is a finite
group isomorphic to Z/¢ x Z/¢.

Suppose that P € E[f] and o0 € Gg = Gal(Q/Q). Then [¢(]P = O. Moreover,
since Gg acts on E(Q) by group homomorphisms®, P? € E[{] as well. This gives a
representation

pr.e : Gal(Q/Q) — Aut(E[l]) € GL(E[(]) ~ GLay(Z/1).

Last year, in class field theory, we studied one-dimensional representations of
Gq. Elliptic curves give a method of studying 2-dimensional representations.

9. FEBRUARY 18, 2010

Last time we studied E[p] = E|[p](k), and discovered that when p # the charac-
teristic of k then
Elp] ~Z/p x Z]p
as an abelian group.

9.1. The Weil pairing. Today we will examine a deeper structure on E[m]. For
simplicity of exposition, we will assume that char(k) { m. The Weil pairing is an
alternating pairing

e: E[m] x E[m] — pm.

To define this let P € E[m]. Because mP = 0, the divisor m(P — O) must be
principal say div(f) = m(P — O) where f € k(E)*. Let P’ € E[m?] be any point
such that mP’ = P. (We know such a P’ exists because we know the structure of
E[m?] from last time.) Now let

D= 3 ([P'+pR]-[R)
ReE[m)]
Note that D = m2P’ — m20 as an element of Pic° (E) and so it is principal, say
div(g).
On the other hand,
div(f o [m]) =m Z [P"+R]—m Z [R]
ReE[m)] ReE[m)]
=mD =m - div(g) = div(g™).

3The fact that (P4 Q)° = P° + Q0 is a consequence of the fact that the group law is defined
over Q.
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Hence g™ = cf o [m].
Now let @ be another point in E[m]. Define h € k(E)* by

_9(X+Q)
M=
By the above,
o GXHQ" (X +Q) _ f(m]X)
M) =T T T Xy mx)

Therefore, h is independent of X and h(X) = e(P,Q) = (P, Q) is an mth root of
unity.
Properties of the Weil pairing.
(1) eisbilinear: e(P1+P2, Q) = e(P1,Q)e(Ps, Q) and e(P, Q1+Q2) = e(P,Q1)e(P, Q2).
(2) e is alternating: e(P, P) = 1.
(3) e is non-degenerate: if e(P,Q) =1 for all @ € E[m| then P = O.
(4) e commutes with Galois action: e(P7,Q7) = e(P, Q)7 for all o € Gy.

Proof. (1) In the second variable we compute directly

X+Q+R) gp(X+Q+R)gp(X+R)
gr(X)  gp(X+R)  gp(X)

To compute e(P+Q, R), let ¢ be a function with divisor [P+ Q] — [P] —[Q] +[O]
(which is clearly principal.) Since

div(fp) = mP—mO, div(fo) = mQ —mO, div(fp+g) = m(P+Q)—mO,

e(P,Q + ) = 97 = ¢(P,Q)e(P, R).

it follows that

div (fP+Q> =m - div(¢) = div(¢™)
fr

and thus that fpig = cfpfo¢™. So
friqolm] =c(fp o [m])(fq o [m])(¢o [m])™
9prq =cgp 9o (¢ o [m])™

Now we compute

. _gr+Q(X + R)
(P +e R) B 9P+Q(X)
_9p1Q(X + R) gpio(X + R) o([m](X + R)
gr(X) 90(X) o([m]X)

=e(P,R)-e(Q,R) - 1.

(2) Let 7p denote the translation by P map. Choose P’ such that mP’ = P.
Let
m—1
G= H gp O Tip’.
=0
Recall that div(gp) = > z[P’ + R] — [R], meaning that gp has poles ate E[m] and
zeroes at P’ + E[m]. Therefore, G has zeroes at (P’ + E[m] for i = 1,2,...,m and
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poles at iP’ + E[m] for ¢ = 0,...,m — 1. Since the sets iP’ + E[m] coincide for
i =m and ¢ = 0, it follows that div(G) = 0 and so G is constant. Hence

ngOTip/:G(X) X+P ngOTZp/

from which it follows that gp = gp o 7p or, in other words7 gp(X) = gp(X + P).
So (P, P) = 200 — 1.

(3) Suppose e(P,Q) =1 for all Q. Then gp(X + Q) = gp(X) for all Q € E[m].
So gp is invariant under translation by E[m]. This means that under the map
[m] : E — E, gp is in the fixed field of k(E), i.e. gp = ¢ o [m] for some ¢ : E — PL.
So

cf o[m] =gp = (¢po[m])" =¢" o[m].
and thus ¢ = c¢f. Since div(f) = mP — mO, this implies that div(¢) = P — O.
We can conclude that P = O because otherwise ¢ : E — P! would be a degree 1
map, which is impossible.

(4) This is immediate since everything is defined over Q. O

Note that (2) implies that e(Q, P) = e(P,Q)!. Indeed, combining with (1),
l=e(P+Q,P+Q) =e(P,Q)e(P, P)e(Q, P)e(Q, Q) = e(P,Q)e(Q, P).

In characteristic 2, e(P, P) = 1 is stronger than e(Q, P) = e(P,Q) ™}
One way to write the Weil pairing:

e:AN*E[m] = E[m]® Elm]/{P® P | P € Elm]} —
9.2. The Tate module. The Tate module T;(E) of an elliptic curve E is lim E[("].
Recall that if {4;} is a sequence of abelian groups together with homomorphisms
R T P P
respecting composition then
lim A, = {(...,a2,a1,a0) | #i-1(a;) = ai—1}.

n

It is an abelian group under coordinate-wise addition.
An example of a projective limit is the ¢-adic integers Z,. The maps

oz Szt Sz
lead to Zy = lim Z/¢" which is a characteristic zero ring.
10. FEBRUARY 23, 2010

A profinite group is any group which can be written as the inverse limit of finite
groups. (Recall/note that an inverse limit really depends on the maps ¢; not just
on the groups A;.)

The Tate module Ty F is the inverse limit of F[¢"]. We can compatibly choose
isomorphisms F[¢"] ~ Z/¢"Z such that the diagram

el

- Bl —— Bl ——

F

— (Z/"L)? — (/"L —
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commutes. Therefore, as an abelian group TyE ~ Z7. However, the Tate module
also carries an action of Gy.

Indeed, G}, action commutes with multiplication by [¢] so the following is com-
mutative, and implies that G acts on the Tate module.

(e G

[4] O 4] 4]

/
—>E[€"]—>E[€”_1}—> .
We write this action as
PE - Gk — GL(T@E) ~ GLQ(ZZ).

This is called the £-adic representation attached to E.
Moreover, the action of G}, is compatible with the Weil pairing. Again, we have
a commutative diagram:

- E[?] x E[?] — B[] x E[{]

-
[l

s 2 = G [?] ——= G [l] = e

So the Weil pairing gives a map Ty F x TyE — I'Ln,ugn =T,G,,.

You can’t tell much about E from E[f]. For instance, suppose that char(k) # 2.
Let E:y?=z(z—1)(x —\) and B’ : y?> = x(x — 1)(x — \) where \, \ € K. Then
E[2] and E’[2] are isomorphic as abelian groups with bilinear pairing. Indeed, if
E :y? = f(x) then

E[2] = {0, P, = (®;,0) | o; is a root of f}.

From the properties of the Weil pairing it is not hard to see that e(O, P;) = 1 for
all ¢ and e(P;, P;) = —1if i # j and 1 otherwise. In the case of E and E’ above,
E[2] and E’'[2] are even isomorphic as Gi-modules. However, in general, E and E’
aren’t isomorphic.

In contrast, if k is a finite field (or a number field) Tate (resp. Faltings) proved
that T;F ~ T, E’ if and only if E and E’ are isogenous.

More generally, we can as what we can learn about the quadratic space Hom(E1, E»)
from E[¢] and T,E. Suppose ¢ : F; — FE5 is an isogeny (with everything defined
over some field k.) Then ¢ induces a map F1[f] — E[¢] of Gi-modules, and this
extends to a map TyE, — TyFE>.

Theorem 10.0.1. Suppose that char(k) # €. Then Hom(E1, E2)®zZ¢ — Home, (TyE1, Ty Es)
18 injective.
Remark. When k is a number field or a finite field the map on Hom spaces is an

isomorphism. One can check that this implies the statement of Tate/Faltings above.

Remark. Hom(FE1, Ey) — Homg, (E1[¢], E2[f]) need not be injective. For exam-
ple, take By = E; = E and ¢ = [{]. Question:(optional exercise) What about
HOHI(El, EQ) KRz Z/éZ — HOIl’le (El [6], E2 w])?

Note that if A is an abelian group then A ®z Z/¢Z ~ A/l A.
Corollary 10.0.2. End(E) is a free abelian group of rank < 4.



ELLIPTIC CURVES AND MODULAR FORMS 21

Lemma 10.0.3. Let M be a finitely generated submodule of Hom(F1, Es). Let
M e the submodule of Hom(Ey, Es) containing all ¢ such that [m]¢ € M for
some m € Z. Then M%" is finitely generated.

Note that this is not a general statement about finitely generated submodules
in general. For example, if M = Z C R. Then M%’ = Q which is not finitely
generated.

In a word, the idea of the proof is that %¢ is an isogeny for arbitrarily large m
because the degree map prohibits it.

Proof. We have M9"" ¢ M ®zR = R" for some 7. We claim that M9" is a discrete
subgroup. Indeed

{¢|degp < 1,¢ € M} C {¢|dego < 1} NHom(Ey, E>) = {0}.

Since deg is a positive definite quadratic form the set {¢ | deg¢ < 1} is an open
region. This proves the claim. Since a discrete subgroup of R” is finitely generated
this completes the proof. O

Proof of Theorem. Let ¢ € Hom(E1, F3) ®z Zy vanish at in Hom(T,Eq, Ty E>).
Write ¢ = > Bi0; (i = 1,...,n) a finite sum with 8; € Z, and ¢; € Hom(E, E3).
Let M = Zapy + -+ Zap,. Choose ¢1,...,d, a basis of M4 (which exists by the
Lemma.)

So we can write ¢ = > a;¢; for some «; € Zy. Choose a; € Z such that
a; = oy (mod ¢¢), and let f = > a;¢; € Hom(E1, Es). Then f = ¢ (mod £¢). i.e.
f—& =>"~vid;such that v; € £¢Zy. So f—¢ kills E[¢°] as does ¢. Hence f kills E[£€].
By Galois theory this means there exists g € Hom(E1, Fs) such that f = [(¢] o g.
So g = sz(]ﬁz with b; € Z, hence f = debigi)i. Hence a; = ¢b; — a; =0
(mod £¢) = «a; =0 (mod ¢°). Since this is true for arbitrary e we conclude that
a; =0 for all 4 and thus ¢ = 0. (]

Regarding finite generation of Hom(F1, E3): What we have shown implies that
if M is a finitely generated subgroup of Hom(F;, E2) then M ®yz Z, injects into
Hom(T,E1,T¢F>), and thus M has rank at most 4.

Now let M be a finitely generated subgroup of Hom(FE7, Es) of maximal rank.
(Such an M exists because the rank of M is bounded above by 4!) By the lemma,
M® is also finitely generated, so we can replace M with MY (which clearly has
the same rank as M.)

Now let ¢ € Hom(E}, E») which is not in M%?. Then the module generated by
M and ¢ has rank strictly greater than the rank of M, since any relation

ap+armi~+---+am, =0

would imply that ¢ was in M%?. This contradicts the hypothesis that M had
maximal rank among finitely generated subgroups of Hom(E, Es).

11. FEBRUARY 25, 2010

11.1. The endomorphism ring. Let E/K be an elliptic curve, End(E) = End(E)
is a ring with the following properties.
e It is a free Z-module of rank at most 4.
e It has an anti-involution ¢ : ¢ — ¢ which satisfies ¢(¢¢)) = ¢(¢)1(¢) and
12 =id, and ¢(¢) € Z>o and ¢i(¢) = 0 if and only if ¢ = 0.
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Some examples of rings that satisfy these properties:
(1) Z, v =1id.
(2) Z[v/—d] for d > 0. (Or Z[HT‘/jd] if d > 0and d =3 (mod 4).) ¢ equals
complex conjugation.
(3) H =7Z+ Zi+ Zj + Zk where ijk = i* = j2 = k? = —1. More generally,
orders in a quaternion algebra.

Exercise 11.1.1. Check that the Hurwitz quaternion algebra H + Z(#) satisfies
the properties above. (The main thing here is to show that ¢¢(¢) is integral.)

In fact, these are the only examples. That is, End(F) is Z, and order in Op for
some quadratic imaginary field F', or and order in a quaternion algebra.

An ring order of a ring R is finitely generated free Z-submodule Ry — R such
that R = Ry ®z Q.

We showed that rkz(End(FE)) < r by considering the action of End(F) on T,E.
We can also consider the action of End(E) on the (1-dimensional) K vector space of
holomorphic differentials on E H°(E/K,Q'). The action is given by ¢-w = ¢*(w).
So we have a map

End(E) — Endz(H*(E/K,Q")) =K.

What is the kernel of this map? i.e. for which ¢ € End(E) does ¢*w = 07 In
characteristic zero only ¢ = 0 satisfies this property, so the map is injective, and,
in particular, End(FE) is commutative.

Remark. All commutative rings (Z or an order in a quadratic imaginary field) arise
as End(F) for some E.

In characteristic p, Frob* = 0 because F'rob is purely inseparable. To see that
quaternion orders arise, we give an example. Let

E:y’=a2—z over Fr.

We have seen before that Z[i] — End(FE). Since deg(Frob) = 7 # a? + b? for any
a,b € Z and Z[i] is maximal among orders of Q(i), we can conclude that End(E)
must be an order in a quaternion algebra Q.

To determine which quaternion algebra @ is we let £ # 7 be a prime. Then

Q ®Q = End(F) ®z Q — End(TyE) ® Qp ~ Ma(Qy).

Since the rank of @ is 4 this implies that Q ® Q; ~ M5(Qy). When @ satisfies this,
we say that Q splits at £.

We still have to determine what happens at two more primes: {7,00}. At oo,
QR Qs = Q ®R can’t be M>(R) because @ is positive definite. This leaves only
7. One way to see that @) doesn’t split at 7 is by knowing that quaternion algebras
don’t split at an even number of places. A direct way of seeing this is to consider
the map

End(E) — End(H*(E/K, Q")) ~ F;.
The existence of this map implies that (Q ® Q7 has a nontrivial two-sided ideal, and

that, therefore, @ ® Q7 is not isomorphic to M (Q7).
We say “Q is {7,00}.”
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11.2. Elliptic curves over finite fields. Given E/F, the basic invariant is #E(F,).
If (¢,6) = 1 then we can write E : 4> = f(z). A good heuristic is to think that for
the ¢ choices of x, the probability that f(z) is a square is 1/2. Since whenever f(z)
is a square there are two choices of y, one would expect there to be ¢ + 1 points
on E (the 1 is the point at infinity.) Moreover, if one takes this heuristic further,
it can be deduced that #E(F,) = ¢ + 1+ error where the error term should be
bounded by c¢,/q.

Theorem 11.2.1 (Hasse). ¢ +1—2,/g < #E(F,) <q+1+2,/q.
Lemma 11.2.2. F — 1 is separable.

Proof. (F —1)*w = Ffw — [1]*w = —w. O

Let F : E — E be Frobenius. ie. F(z,y) = (z9,y%). Let P = (z,y) € E(F,).
Then P € E(F,) if and only if FP = P. So, using the lemma, we can conclude
that

#E(F,) ={P < E(F,) | (F—-1)P =0}
=#ker(F —1) = deg,(F —1

—(F-1)(F-1)=FF—(F+F)+1=q+1— (F+F).

So, we see that Hasse’s theorem is equivalent to ‘F + ﬁ" <2q.

12. MARCH 2, 2010
Proof of 11.2.1. We compute

degnF +m = (nF+m) (nf—i-\m) = m?FF+mn(F + F)+n? = m*>q+mn(F+F)+n?.

a

Since deg is positive definite we know that this is non negative for any choice of
m,n € Z. This means that (mna)? — 4(m2q)(n?) < 0. Simplifying this gives
la] < 2,/q as desired. O

Since G, is procyclic, the representation pg ¢ : Gr, — GL2(Z¢) is determined
by the image of Frobenius. On the other hand, what can we say about the action
of Fon T)E, ie. pge(F) € GLo(Z)?

We know det F' equals the action of F' on T;G,, = liﬂl/un is raising to the ¢

power (or multiplication by ¢ in the group law on G,,.) Since the action of F must
satisfy FF acts by qI = det FI, we conclude that F is the adjugate to F'. Hence
F + F acts by tr FI.

By definition, we have a = F + F which is a “motivic description.” The above
discussion implies that a = trpg ¢(F), an “f-adic description.” Since tr doesn’t
depend on the choice of basis, a is independent of the choice of isomorphism Ty E ~
GL2(Zy).

Note that a priori trpg ¢(F) is an f-adic integer and dependant on ¢, but the
above implies that it is in fact an integer independent of ¢. This is the first example
of an “independence of £” result.
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12.1. The Weil conjectures. Given an elliptic curve E/F, we have #E(F,n) for

n=1,2,.... More generally, if X/, is a smooth projective variety, then we define
Z(X/F,,T) = exp (z_jl T‘ZT .

Some examples: X = pt.

Z(pt/Fq, T) =exp <Z WTT) = exp <Z 1;:)
n=1

n=1

=exp(—log(l - 7)) = —.

X =PL

Z(Pl/Fq,T) =exp <Z #]P "qu")Tn> = exp <Z (qn + 1)Tn>

=exp(—log(l —¢T) —log(1—-T)) =

3
Il
-

(1—1)(1—ql)
X = P": One can show that

Z(P" R, T) = !

(1-T)(1-qT)---(1—q"T)
Let us now look at the case X = F. We have
#E[F ) =deg(F" —1) = ¢" + 1 — (F" + F™).
If we let o, 8 be the eigenvalues of pg ¢(F') then we know that ¢ = o and a = a+0.
Moreover, F™ + F™ = o™ + 3™, So

Z(E/F,,T) =exp (i Lrd —na" - ﬁnT")

n=1
[eS) n [eS) T\n e8] oT)" [eS) ﬂTn
:m«2n+2m5_2<$_2<g>

(1—aT)1—BT) 1—aT+qT?

1-T)(1-q) (1-T)1-qT)
Again, although we have used the ¢-adic Tate representation to define o and (3,
the final answer is independent of /.
If X is a smooth projective variety of dimension n, the Weil conjectures say that
(1) Z(X,T) is a rational function of T' with rational coefficients.
(2) (Functional equation) There exists an integer ¢ such that
Z(X,q"T™) = £¢"/*T°Z(X,T).
(3) (Riemann Hypothesis) Z(X,T) = W with Py =1—T, Ps,, =
1 —¢"T, and for all ¢ P,(T) € Z[T] with all roots having archimedean
absolute value 1.
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We compute € in the case X = P".

1 Tn-'rl
Z(P™ —nT—l _ .
) S =) (- ) T
_ Tn+1 ' qnqnfl . (71)n+1
(T_q—n)(T_q—n-‘rl)...(T_ 1) qnqn—l...q(_l)n+l
:(_1)n+1qn(n+1)/2Tn+1Z(Pn’T).
Soe=n+1.

13. MARCH 9, 2010

We remark that part 1 of the Weil conjectures was proven by Dwork, while part
3 was proven by Deligne using etale cohomology.

If we set ((s) = Z(X,q*) then the functional equation relates ((s) and {(n —
s), hence the terminology. Part 3 of the Weil conjectures is called the Reimann
hypothesis when n = 1. To explain this, note that Z(X,T) = 0 if and only if
Pi(T) = 0. Since the roots of Py(T) have absolute value ¢~'/2 this means that
which means that ¢(s) = 0 implies that |¢~*| = ¢~'/2 so Re(s) = 1/2.

Hasse’s theorem is equivalent to the Riemann hypothesis for elliptic curves E/F,.
To see this, it suffices to show that for P,(T) =1 —aT + qT? = (1 — aT)(1 — BT)
the numbers « and 3 are complex conjugates. If so, then @ = 8 and |af|8] = ¢
implies that || = |3| = ¢'/2. This will be the case if a®> —4¢ < 0, but this is exactly
Hasse’s theorem.

Remark: We proved stuff about a using the Tate module. More generally, when
X is a smooth projective variety of dimension 1 (i.e. a curve) then P;(T) is the
characteristic polynomial of the Frob, acting on T;Jac(X) ~ Z?g(x). In this case,
deg(Py) = 2g.

Remark: The zeros of ((s) are periodic on Re(s) = 1/2. This is due to the
fact that 7" = ¢~° so multiples of 27i/log(q) added to s don’t change T. This
is in contrast to the Riemann zeta function for which the zeros get less dense as
Im(s) — oco.

In general, deg(P;) = dim(H’, (X, Q). This is equal to dim(H*(X/C, Q) if X is
the reduction of a complex variety.

13.1. Ordinariness and supersingularity. We assume that k is a field of char-
acteristic p. Recall that E/k is supersingular if F' is purely inseparable where
F:E — E® is the map (z,y) — (2P, yP).

Theorem 13.1.1. If E is supersingular then E is isomorphic over k to a curve
defined over IF,z.

Proof. Since Fis purely inseparable the map F: E® — E must factor through
F'. In other words, there is a map ¢ : E®”) — E such that the following diagram
commutes.

E £ E® E

| A

E
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By analyzing the degrees, one finds that deg(¢) = 1, hence ¢ is an isomorphism.
Thus j(E) = j(E®)) = j(E)", so j(E) € Fpe. 0
It is not hard to check that if k = F,(T) then Ty? = f(z) and y? = f(z) have

the same j-invariant but they are not isomorphic over F,,.

Theorem 13.1.2. E is supersingular if and only if Endg(E) has rank 4. If E is
ordinary and k is finite then End(E) has rank 2.

We first prove the following.
Lemma 13.1.3. If E' and E are isogenous then End(E) ®z Q ~ End(E’) ®z Q.

Note that there are isogenous curves such that End(F) = Z[i] and End(F’) =
Z]2i).

Proof. Let x € End(F)® then the following diagram is commutative.

E$~E’

I

I\L | g’
& \
E——F

where ¢/ = ¢ ® @. So the map = — ¢’x¢ is an isomorphism. |

Proof of Theorem 13.1.2. Note that if M is an abelian group then rkz (M) = dimg(M®z
Q).
Suppose that Endz(E) is an order in K = Q(v/—d) and E is supersingular. Let
¢ # p be a prime that is inert in K, and let ®,,, C E be cyclic subgroups isomorphic
to Z/0™Z satisfying

o, Cc---CcPp1CP,, C-
Define E,,, = E/®,,, so we have ¢, : E — E,, with kernel ®,,. We have

[p]Em © ¢m = ¢m, o [p}E

Since F is supersingular, deg; [p] = p?. By the Lemma, this is true of both [p|g
and [p|g,, -

By the previous theorem there are only finitely many (at most p?) isomorphism
class of supersingular curves over k. In particular, there exists m,n such that
E, ~ Ey4pn. Since @, C ®,,1,, and E,, has an endomorphism whose kernel is
cyclic and isomorphic to Z/¢"Z, there exists ¢ = ¢y, p, such that

E ¢7n Em

¢

Em+n

commutes. So E,, >~ E,, 1, by ¢.

As an element of End(E), Nk /g(¢) = deg(¢) = €". Then ¢ = [("/2 and n is
even. However, this is a contradiction because ker [("/2] ~ (Z/¢"/2)2.

Suppose now that End(F) has rank 4 and E is ordinary. Then E[p] ~ Z/p. In
fact, T,E ~ Z,. Consider the map End(F) — T,E ~ Z,. Since, by assumption,
End(F) is an order in a quaternion algebra, this cannot be injective. So there exists
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a € End(E) such that « kills E[p*] for all k. Hence dega > #E[p*] = p* for all k
which is clearly impossible. (I

Note that when E is ordinary, End(E) < Z,. We can conclude that K is a
quadratic imaginary field in which p splits since the kernel is an ideal of norm p.
This leads to the natural question of whether, if K is a quadratic imaginary field in
which p splits, there is an elliptic curve E/F, (ordinary) with End;(E) C K. The
answer is “yes” by work of Tate-Honda, Deuring, and others.

Recall that E is supersingular if and only if F' is purely inseparable. This is
equivalent to each of the following.

o Frw= 0,
o (F+F)yw=l[a*w=0,
e The image of a in K (via the map Z — K, 1 — 1) kills w which is equivalent
toa=0 (mod p) or p| a.
o #E(F;) =1 (mod p)
And if ¢ = p then E/F, is supersingular if and only if #E(F,) =p+ 1.

14. MARcH 11, 2010

14.1. Elliptic curves over C (What is F(C)?) We know that E : y? = f(z)
where f is a polynomial of degree 3. We analyze the set of solutions as Riemann
did. Think of it as the graph of y = /f(x). The first approximation is then a
cover by two copies of C (identified at the roots of f(z).)

[Picture drawn of two copies of C above another C having 3 distinguished points
(the roots of f(x).) A loop around one of the points.]

It can’t be that the preimage of the loop lies on one of the copies of C. To
illustrate this, let us take f(z) = 2(x — 1)(z — 2). Then we consider the preimage
of a small loop around the origin. Parametrize the loop by = 0.01e?™%. Then the
preimages for several values of ¢ are given in the following table.

t ‘ Y

0 0.1,-0.1
1/210.1¢,—0.14

1 —0.1,0.1

At t = 0 and t = 1 we see that we get the same preimages, but their order is
switched. This means that the preimage of the loop can’t be a loop.

[Picture drawn of two copies of C. A slit is cut between two of the points and
a slit is cut between the third point and the point at infinity (moved to a point in
the plane for visual convenience.) Crossing the slit moves from the top plane to the
bottom, or vice versa.]

Since the ‘planes’ should really be copies of CP! (i.e. spheres) the resulting object
is two spheres each with two holes removed and then attached to each other along
those circles. So, topologically, E(C) is a torus, i.e. St x St.

The algebraic structure of E(C) means it is a complex manifold. We’d like to
see its structure as such. To do this we try to make a map F — C by fixing an
invariant differential w. Then we consider

P
P»—»/ w.
o
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This is not well defined because there are lots of choices of paths and the value
depends on the choice of path. To fix this, notice that if v; and 7, are two paths
then v,7, * gives an element of 7, (FE(C), 0). If y17; ' represents the trivial element
in the fundamental group (i.e. it can be deformed to the constant loop) then

/w—/wz/ w=0.
Y1 Y2 Y15 "t

[Picture drawn of torus with points O and P connected by two paths (that aren’t
homotopy equivalent.)]

In other words, we have a map 71 (E(C),O) — C which is in fact a homomor-
phism of groups. Since 7 (E(C), ) is a free abelian group of rank 2 this restricts
what A, its image in C, can be. It turns out that the map is injective and A is a
lattice. This means that A is a rank 2 discrete subgroup, or in other words a rank
two subgroup not contained in any zR.

So while the original map E(C) — C was not well defined, we now have a map
E(C) — C/A which is. Moreover, it is an isomorphism of complex manifolds. So
as a complex manifold, E(C) is C/A for some lattice A.

From this description it is easy to see what E[n](C) is without using any of the
facts that we have previously proven. The first way is to see that in a fundamental
domain for C/A (let wy,ws be generators of A) the n-torsion is the n? points
generated by wy/n and ws/n. [Picture drawn.]

Another purely algebraic way to see this is via the following diagram of exact
sequences.

0—>A—>C—>C/A—>0
lxn \LX/HJ \LX”
0—>A—>C—>C/A—>0

The maps down are multiplication by n in the respective group. The snake lemma
now implies that C/A[n] ~ A/nA which is clearly isomorphic to (Z/nZ)?.

From this we may deduce that if E is defined over a number field K then
E(K)[n] C (Z/nZ)?. Moreover, the Lefschetz principle implies that E(Q) =~
(Z/nZ)?.

A natural question is “which lattices are possible?” The answer is that all of
them are. We now give an idea of how this is shown. First, note that our map
E — A required a choice of invariant differential. Thus, as a map from the set of
elliptic curves to lattices it is only defined up to multiplication by C*, i.e. up to
homothety.

The Weierstrass gpa-function is a map

C/A — CU {0}
which satisfies
(ph)? = 4% + 91,001 + go,A0A-
This gives a map
C/A = CP? 2z (pa(2), pi(2))

whose image is the algebraic curve Ep : y* = 42% + g4 a2 + go,a. In other words,
we have a map C/A — E5(C).
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The upshot of this is that there is a bijection

homothety classes o isomorphism classes
of lattices A C C of elliptic curves FE/C

One can view the left hand side as something related to “Hodge theory” and the
right hand side as something to do with “Moduli spaces.” A third bijection is C
via the j-invariant, i.e. E — j(FE).

14.2. The space of lattices. We now discuss a fourth equivalent characterization
of elliptic curves by describing the set of homothety classes of lattices. If A is
a lattice then it is generated by two complex numbers z1, z;. However, this not
unique.

{(A, z1,22) | A =Zz1 + Zzo} ={(21, 22) | 21, 22 are R-linearly independent}
=GL2(R)

Since we are interested in the space up to homothety we will restrict ourselves
to covolume 1 lattices:

{(#1,22) | 21, 22 generate a covolume 1 lattice} = SLy(R)

A nice way to make this identification is (a + bi,c + di) — (2 4).

Going to covolume 1 identifies lattices that differ by R*, but we would like to
identify those differing by = + iy € C*. One readily checks that this action on
lattices is equivalent to multiplying (‘; 3) € SLo(R) by (fz g) on the right. In
order for this to act on SLy(R), 2 +iy € CV), i.e. 22 +4? = 1. This group is SO(2).

The final identification that we need to do is identify (21, z2) with (21, 25) if they
generated the same lattice. This corresponds to left multiplication on SLo(R) by
elements of SLy(Z).

We conclude that

| e A @} = S1al)\S1a(R)/S0(2).

Remark: Traditionally, one makes this identification via the upper half plane H.
However, SLs(R)/SO(2) ~ H, so this is indeed equivalent. We use this formulation
because it is often the case in number theory that one is interested in I'\G/K
where G is a topological group I' is a discrete subgroup and K is compact. This is

evidently such a case.

15. MARCH 16, 2010

In the derivation last time we used the group SLy(R), but we could have used

GL3 (R) = {g € GL2(R) | det g > 0}. It is easy to see that
SL2(Z)\SL2(R)/SO(2) =~ SL»(Z)\GL3 (R)/GO(2)

where GO(2) = {( %, ¥) € GL2(R)}.

As remarked last time

SLy(R)/SO(2) ~H = {z € C | Im(z) > 0}.

This isomorphism is realized by the map (¢ %) — Z;—ig

This gives three realizations of the same space which we denote by Y (1). (Some-
times one of these formulations is more useful than the other for specific applica-
tions.)
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What does Y (1) look like? We can draw a fundamental domain for the action
of SLo(Z) = ((*1)1,) on H, [typical picture drawn with i and w (a third root of
unity) identified] but in this picture the sides are identified as well as points along
the bottom arc. This makes the quotient space look like a large teardrop. [Picture
drawn with comment that the open portion corresponds to Im(7) — oo and points
corresponding to 7 = ¢ and 7 = w.] This certainly looks like C (as the j-invariant
tells us it should.) Remark: j(Ez4z;) = 0 and j(Eziz.) = 1728.

Locally, near ¢ what does this quotient space look like? In a small neighborhood
of i only the action of (_1 1) IT —% is visible. So z is identified with

1
Y
Looking just at the tangent space, the higher order terms in the expansion above
are zero, so the identification is z < —z. In other words, near ¢ the quotient is

C/{£1}. This is isomorphic to C as a topological space, but not as a manifold. It
is an example of what is called an orbifold.

=il 24 )~
2

15.1. Level structures. Let’s consider the space
{(E,T)| E/Cis an ell. curve ,T € E[N] has exact order N}/ ~ .

where (E1,Ty) ~ (E2,Ts) if there is an isogeny ¢ : E1 — Es such that ¢(T1) = To.
We can think of this space as

{(A,T) | A is a lattice,T € A/nA has exact order N}/homothety.
When N =1 (as we have seen), this space, denoted Y;(N), is
ST (Z2)\SLa(R)/SO(2).
In general it is
Iy (N)\SLa(R)/SO(2)
where
DU = {(25) €SLa(2) | (25) = (11)  (mod N)).
Similarly if we replace T by C C E[N] where C is cyclic of order N then one
finds that the corresponding space is
To(N)\SLa(R)/SO(2)
where
Lo(N) ={(2%) € SLo(Z) | N | c}.
This space is denoted Y5 ().
In the case of pairs (E,¢ : A/NA — (Z/NZ)?), where ¢ is a given isomorphism,
the resulting space is
I(N)\SL2(R)/SO(2)
where
P(N)={(¢4) €SLa(Z) | (2§) =("1) (mod N)}.
This space is denoted Y (V).
Notice that there are maps
Y(N) = Yi(N) = Y(N) = Y(1)
given by (A, ¢) — (A, ¢~1(1,0)) and (A, T) — (A, (T)) and (E,C) — E.
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It is a fact that these are algebraic curves, but this is far from obvious. We have
that Y (1) ~ C (ignoring orbifold issues.) However, Yy(N) is not isomorphic to C
in general.

We now hint at how one establishes that these are algebraic curves. Besides the
map Yp(N) — Y (1) above (as Yoda says) “there is another.” Thisis (E,C) — E/C.
This gives a map

Yo(N) =€ (B,C)~ ((B).5(E/C)).
There is an algebraic relation between j(F) and j(E/C) so actually the image
lies on a curve in C2. (This isn’t the end of the story because the map may not
necessarily be injective, but this is certainly the idea of the first step.)

More generally, given M, N (coprime) we have a two maps Yo(MN) — Yy(N)

f1:(E,Cun) — (E,Cn)
f2 (E,Cun) = (E/Cr,Cun/Chr)
where Cn (resp. C)y) is the unique subgroup of Cysn of order N (resp. order M.)
This gives a (Hecke) correspondence. A correspondence on a curve X is a curve

Z C X x X which projects dominantly (over an algebraically closed field this means
surjectivity) to each copy of X. Ours is given by

Yo(MN)—93 (V) x v (v

One can think of a correspondence as a generahzatlon of the graph of a function.
Consider D € Pic’(Yo(N)) =: Jo(N). Our correspondence gives a homomor-

phism Ty : Jo(N) — Jo(IN) as follows. Write D=P, + -+ P. — Q1 — -+ — Q..
Then
Tn(D) = folfTH(P) + -+ o(fT 1) = fo(fT (@) =+ = (ST (@)

More compactly, Ty, : Jo(N) — Jo(N) is T, D = fou fiD. (Recall that the upper
and lower star maps are well defined on Pic’.)

15.2. Modular forms. A (weak) modular form F of weight k is a function on
pairs (E,w) of elliptic curves together with invariant differential such that

F(E, ) = \'F(E,w).
For elliptic curves over C, we define f(7) = F(C/A;,dz). Then
F((28) - 7) =F(C/Auzss, dz)

atr+b
F 7+ 7
C/Z + CT—i-d’dZ)

(
F(C/Z(cT +d) + Z(aT + b), (cT + d)dz)
F(C/Z + Zr, (cT + d)dz)

(et +d)*F(C/A,, d2)

(em +d)* f(7).

Therefore, f(7 + 1) = f(7). With the proper definition of F, f must be holo-
morphic on C, hence Fourier analysis then gives that

(15.2.1) f(r) = Z cng" where g := e2™'7.
neL
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An example is the j function:

G(T) = ¢~ + 744 + 196884q + 21493760¢% + - - -

16. MARCH 18, 2010

We define the following power series.

3 5

n
n>1 q n>1

One can check that the coefficient of ¢™ in Sy is > dlm d*. Moreover, the following
belong to Z[[q]].
hy = —bs3, he = —(583 + 785)/12

Using these, one defines the Tate curve

(16.0.2) ETate 2 4 oy = 23 + hyx + he.
We also take wT? to be the invariant differential 2;-9;35'

What is interesting about this curve? If 79 € H then, on the one hand, we have
E = C/A,. On the other hand, gy = e2™"™ has absolute value, so one can see that
the power series s3, s5 converge, and (16.0.2) defines an elliptic curve E’ over C. It
turns out that

1
i(E) = j(E') = g T 196884g -

and so these are the same curves.

Let F be a (weak) modular form. Using the Tate curve we can define the
g-expansion of F to be F(ETate yTate) ¢ Q((q)). Last time we saw that if f is
holomorphic then f has a g-expansion as in (15.2.1). Hence the point of view we are
adapting for modular forms (i.e. functions on pairs (E,w)) can define a g-expansion
without having to give the holomorphicity condition.

Let h4, hg denote the coeflicients of hy4, hg reduced modulo p, and define

E;F“te:y?—}—my:ﬁ—}—ﬁz;x—ﬁ—ﬁg,

which is defined over F,,((¢)). This is an elliptic curve. To see this, we remark that
the discriminant of this Weierstrass equation is A = ¢[[,~,(1 —¢")?** =q+---.
So regardless of what p is, A is nonzero in F,((g)). We define the g-ezpansion of F
modulo p to be F(Egate7wT“te).

For instance, there is a modular form H,, called the Hasse invariant such that

H,(E) = 0 if and only if E is supersingular.? Can check that the g-expansion of

P
H),, is identically 1. This implies, in particular, that EZ; ate i never supersingular.®
A modular form of weight k over a field F' is a weak modular form of weight k
whose g-expansion in F((q)) actually lies in F([[g]]. If furthermore the ¢-expansion
lies in ¢F'[[q]], we call it a cusp form. (Remark that for higher level structures there
are multiple cusps, and defining a modular (or cusp) form is more complicated.)

4Note that the vanishing of a modular is independent of the choice of invariant differential.
5Although over C every elliptic curve is isomorphic to a Tate curve, this phenomenon is not
general.



ELLIPTIC CURVES AND MODULAR FORMS 33

16.1. Elliptic curves over local fields. Let R be a complete discrete valuation
ring (dvr) with K its field of fractions, m its maximal ideal, and v : K* — Z the
valuation. Examples include k[[t]] where k is any field and K, a finite extension of
Q-

What is an elliptic curve over R? You could say

where the coefficients a; € R and A # 0. However, you would like that when
R — R’ is any ring homomorphism then there should be a map E(R) — E(R').
For R" = k = R/m the resulting reduced curve E(k) will not be an elliptic curve
unless A does not belong to m, that is, A € R*.

This turns out to be much better, but one still has to be careful because the
discriminant depends on the choice of Weierstrass equation. To rectify this, let F
be an elliptic curve over K. A given Weiestrass equation is called minimal of if
v(A) is minimal among all Weierstrass equations with a; € R. The discriminant of
such an equation is also called minimal and may be denoted A,,;,.

Two (isomorphic) examples:

V=ad4+z+1 y? =22 + 5%z + 55,

The first equation has A = —2% . 31. The second has A = —2%.5!2.31. Over Zs,
the first is minimal, the second isn’t.

An elliptic curve over R is one over K such that v(A,;,) = 0.

Note that if v(A) < 12 then A = A,,;,. Similarly, if v(cs) < 4 or v(cg) < 6 then
A = A,,;n. In fact, if the residue characteristic is not 2 or 3 then A = A,,,;,, if and
only if either v(A) < 12 or v(cq) < 4. (This is exercise 7.1 of AEC.)

If the residue characteristic is 2 or 3 the story is more complicated, but it is
completely understood via Tate’s algorithm. For example, over Qs

(16.1.1) y? = 2% — 11z — 890

is not minimal. It’s discriminant is —2'2 - 174. However, it is visibly clear that
v(eq) = v(11) = 0. A minimal Weierstrass form for this curve is

(16.1.2) V+ay+y=a>—22—2—14.

Given a minimal Weiestrass form for an elliptic curve E/K, the curve E/ k
defined by reducing the coefficients modulo m may be singular. Let E,s denote the

nonsingular locus. We can classify F, as follows.

o If v(A) = we say that E has good reduction or that E extends to an elliptic
curve E/R. In this case, E= Ens is an elliptic curve over k.
e If u(A) > 0 and v(cs) = 0 we say E has multiplicative reduction. Then E
is a nodal singular curve and E, (k) ~ & .
e If v(A) > 0 and v(cy) > 0 we say E has additive reduction. Then E is a
cuspidal cubic and E‘ns(k) ~ k.
Multiplicative and additive reduction are both called bad reduction.
Returning to our example above in equations (16.1.1) and 16.1.2, gives an ex-
ample of a curve which has multiplicative reduction over Q17 and good reduction
over Qs.
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17. MARCH 23, 2010

17.1. Motives. There is not a definition of motive in that we can say a motive
is , but we can say that is a motive. Today we’ll talk about a
motive as a “system of realizations” as in Deligne’s paper on P! — {0,1,00}. Two
other senses in which motives are studied are as “objects cut out by correspondences
on algebraic varieties over C” and “ring of motives Ko(Varg).” In the latter of
these, scissors construction, motivic integration and connection with logic (model
theory) are discussed.

17.1.1. The motive of an elliptic curve. What about an elliptic curve makes it a
motive? A motive is a “linearization” of an algebraic variety. There are three (plus
a fourth “crystalline” notion that we won’t discuss today) ways one can obtain a
vector space from E/Q.

(1) (etale story) Ty £ = lim E[¢"] which is isomorphic as a group to Z?. Define
Vo E = Hom(T,E,Qg). This is a 2-dimensional vector space over Q; with
an action of Gg.

(2) (Betti story) Consider E¢/C. Recall that for each holomorphic differential
w on E, we have a map m (E) — C given by v — fvw € C. Since m1(E) is
abelian

m(E) = H1(E,Z) = {loops v on E up to isotopy}.

Our second space is Hom(H;(FE,Z), Q) which is a 2-dimensional Q vector
space.
(3) (deRham story) We already have the space of invariant differentials on E:
Ho(E,Q}). Over C, deRham cohomology gives an exact sequence
0 — Ho(E/C,Qp) — Hjpr(E/C) — H'(E,Op) — 0

and, moreover, H'(FE,Of) is canonically isomorphic to Ho(E/C,Qk) &
Hy(E/C,QL). The theory of deRham cohomology can be described alge-
braically, and one gets an exact sequence

0 — Ho(E,Q)) — Hip(E/Q) — HY(E,Og) — 0

of Q vector spaces. Hj,(E/Q) is our final vector space. Note that this
looks just like the exact sequence above, but there is no canonical splitting.

17.1.2. Comparison maps. Betti < etale. Recall that we showed that E[m](Q) ~
LA/A~ LH(E,Z)/H\(E,Z). Let m = (" and taking the inverse limit, we find
T4E4>H1 (E((C), Z) ®z Ly

Taking Hom(+, Q) yields
Ve E<—— Hom(H1(E(C), Z), Qr) ~ Hpeyy, (B(C), Qo)

Betti <~ deRham. We have seen a map

Ho(E,Q%) x Hi(E(C),Z) - C  (w,7) »—>/w.

Equivalently, we have a map

H°(E, QL) — Hom(H,(E(C),Z),C)
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which can be extended to a map
Hjr(E) — Hom(H,(E(C),Z),C)
Tensoring with C gives a natural isomorphism
H},(E) ®9 C——Hom(H,(E(C),Z),C) ® C.
Per Deligne, a motive M is (at least) a set of vector spaces Mp/Q, Myr/C and
M, /Qy (for all primes ¢) together with isomorphism

Mp ® Qu—M,; Mp®C—">M;r ®C.

CB,¢
What’s more, Myr ® C should have a filtration
Mgr = FyMar O Fr_1Mgr D -+ D FyMgr O F_1Mar = 0.

The constant k is called the weight of the motive. This is called the Hodge filtration.

It should also be the case that for all but finitely many p the representation
Gq — GL(M;) is unramified at p, and so the map G, — GL(M,) factors through
Gq,/I, ~ Gr, = (Frob,). In this case the representation is determined by the
image of F'rob,. We require that the eigenvalues of this action are algebraic integers
all with complex absolute value p~/2. (In the elliptic curve case this matches what
we've proved with k& = 1-the Riemann hypothesis.)

Theorem 17.1.1. If X/Q is a smooth projective variety and i € Z>q then there is
a motive (in the sense above) H'(X) with

H'(X)p = H'(X(C),Q), H'(X)ar=Hap(X/Q), H'(X)e=H;(X, Q).

Recall that Faltings proved that Hom(VyEy, VpE2) ~ Hom(FE1, E3) ® Zy. It is
not true that
Hom(Ey, Fy) ~ Hom(Hjr(E1), Hjp(E2))
However, given ¢ € Hom(H},(E1), H}5(E>)) that is compatible with the isomor-
phisms to HfB(E]—) one does have a correspondence just as in the Faltings theorem.
(This may become an exercise if Jordan can work it out himself.)

17.1.3. The Tate motive: Q(1). We finish with an example other than an elliptic
curve, namely X = G,,. From homework we know w = % is an invariant differen-
tial. Also, G,,(C) = C* = C\ {0} which clearly has H!(G,,) = Z generated by a
loop around the origin 7. Then

dz
Mp=Q-v and MdR:Q7~

We have seen in the homework that M, = Hom(7;G,,, Q) has Gg acting by the
inverse of the cyclotomic character. This is denoted Q(1).

Since f,y % = 274, we could write Mp = 2miQ and Myr = Q, and this gives the
compatibility isomorphism.

We proved that A2V, E = Qy(1) in the homework. This suggests that one should
have a motivic isomorphism A2H!(E) — Q(1). In particular, should have maps

2miQ

N2V,

AzCB,de

N Hip(E,Q®C—Q
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So the map /\2c137dR should have determinant 27i. This is the content of exercise
6.7 from AEC about quasiperiods in which one proves that

Mwz — Nawi = 271,

18. APrIL 6, 2010

Recall that a modular form of level N and weight k over a ring R (such that N €
R*) is a function F which to any triple (E/S,w, C') assigns a value in S. Here, E is
an elliptic curve over an R-algebra S, w is an invariant differential and C is a cyclic
group of order N. Moreover, we require that FI(E/S,  \w,C) = \*F(E/S,w,C) for
all A € 8% and that F(Erate; wrate, OTate) = Y _nez @nq", the g-expansion of F,
satisfies a,, = 0 for all n < 0 (at all of the cusps.) If, moreover, the constant term(s)
are all zero, we call F' a cuspform.

Holomorphically, if F' is a form over C, we define f : H — C by

f(r) = F(C/Z + Zr,dz,1/NZ/Z).

Recall that f(y7) = (e + d)* f(7) for all y = (2 %) € To(N).
We introduce the standard notation

gl 7) = (er+d)Fg(y7),

and denote the set of actions by a group I' under this operation by [[']x. (Note that
Flel 1k[Y] = fle[¥?'], so this is indeed a group action.) Hence if g is a classical
modular form of level N and weight k (i.e. an f as above coming from a form F)
then it is fixed by [To(N)]k.

We showed earlier that f is holomorphic, and, since (1) € To(N), if we write
q=€>™ then f(7) = >, -, ang™. However, a function of this form that is invariant
by [['o(N)]x need not be a modular form. A third condition is necessary which we
now describe.

We say a function f :H — C is a modular form of level N and weight k if

e f is holomorphic,
o Fl=ly] f for all v € To(N),
e f|k[y] has a g-expansion with no nonzero coefficients for negative powers
of ¢ for all v € SLo(Z).
If furthermore, the g-expansions all have nonzero constant terms then f is called a
cuspform.

The condition on the g-expansion of f says that as ¢ — 0 (Im(7) — o0) f(7)
is bounded. The third condition means that f has similar behavior “at all of the
cusps.”

[Picture drawn of the fundamental domain F of the SLy(Z) action on H along
with translates ( % §) F and aF ]

Let G =FU (_01 (1)) F UaF. The following statements are equivalent.

e G is a fundamental domain for the action of I'g(2).
e S={1,a,(° §)} forms a complete set of coset representatives for I'g(2)\SL2(Z).

To see why this is the case, suppose that vz, z € G. Without loss of generality, we
may assume that z € F. If vz € 8F then 3~ 'vz € F. So f~'y = 1. Therefore, 3 €
S if and only if the elements represent distinct cosets in I'g(2)\SLa(Z). Furthermore,
the set is a complete set of coset representatives is equivalent to the requirement
that translates of G by I'g(2) cover H. Indeed, if z € H then vz € F for some
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v € SLo(Z). So v = 7' for some ( in S if and only if S forms a complete set of
cosets.
Remark: [Io(p) : SL2(Z)] = p+ 1. Why? We have the inclusions

I'(p) C To(p) C SL2(Z)
where T'(p) is normal in each of the other two subgroups. Thus, modding out gives
1c{(" 1)} C SLy(Fp)

and the index of I'g(p) in SLy(Z) is equivalent to that of B = {(* 1)} in SLao(F)).
Since SLy(F,) acts transitively on lines in IFZ% and B is the stabilizer of []%’ |, this,
in turn, is equal to the number of the lines inf ]F]%. This is readily seen to be p + 1.

What happens to f(7) as 7 — 0?7 It turns out that f ’k[(,ol )] has a ¢
expansion of the right type is equivalent to f behaves itself as 7 — 0.

To verify the third condition in the definition of modular forms, we need to
check verify that f |x[y] has the proper g-expansion. It suffices to check this for
v € To(N)\SL2(Z), but a smaller set may be sufficient. How many v need to be
verified is the same as asking “how many cusps are there?”

If Yoo € Too = {(* %)} then g|x[vo] (1) = g(7 + n) is bounded as Im7 — oo if
and only if g(7) is. Thus it sufices to check v € I'o(IN)\SL2(Z)/T's. These are the
“cusps.”

For example, take I'y(2). Let f be a modular form for I'y(2), and set g =
Fle[(%8)]- If v € To(N) then

gk = Fle[(X )] 1kl = F

D )

Ifyel = 1"0(2)(*01 é) then this is equal to g, but T'g(2) is not normal so this need
not be the case.

In other words, g is a modular form not for I'g(2) but rather the smaller group
I'={(%,) mod 2}. So g(7+ 1) # g(7), but since ({?) € T, g(7 +2) = g(7) and
if ¢ = e>™* then g(7) = Y, a,q™/?. The integer 2 is the width of the cusp.

In general, if T' C SLy(Z) is a congruence subgroup (meaning I'(N) C T for some
N) then I'\SL3(Z)/T's consists of double cosets Dy, ..., Dy where D; consists of
w; cosets of I'\SLa(Z). There are k cusps with cusp ¢ having width w,;. Another
way of defining the width of a cusp v € T'\SLy(Z)/T'» is as the smallest positive
integer n such that (§7) € I'". For I'y(p) there is one cusp (co) of width 1 and one
cups (0) of width p.

The g-expansion of f “at a cusp” is dependant on the choice of v € I'\SLy(Z)
modulo I's,. To see this note that f [y (4 1)] (1) = flx[7] (T+1). Soif 3 a,g™/™
is the g-expansion of the first one then 3 a,e?mi(teutn/w — S~ e2min/wn/w jq
the g-expansion of the second. So the two g-expansions differ by twisting by a
character.

19. ApriL 8, 2010

19.1. Modular curves. Let Yy(N) = T'o(N)\H where I'o(N) C SLo(Z)/ £ I.
Yo(N) is a non-compact Riemann surface (missing cusps.) We must compactify.
The analytic approach to compactifying: Look at the region —1/2 < Re(z) <
1/2, Im(2) > 1. In the ¢ variable this corresponds to 0 < |g| < e™2". The map
z +— @ is an analytic isomorphism, so to compactify we just add ¢ = 0. By symmetry,
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do the same at each cusp. This process gives Xo(V). This surface might not have
genus 0, and in the case N = 2 is has some elliptic/orbifold points.
Algebraic approach: We have two natural holomorphic functions on

Yo(N)={(E/C,C) | C C E is a cyclic subgroup of order N}/ ~ .
Namely,
J:Yo(N)=C (BE,C)—j(E), j :Y(N)—=C (EC)jE/C).

This gives a map ®x = (j,5') : Yo(IN) — A2. One can show that j and j’ satisfy an
algebraic relation f(j,j’) = 0. (This is not obvious by pure thought.) In fact, ®y
is generically one-to-one. Thus @ (Yy(N)) is an affine algebraic curve in A%, Call
it C: f(x,y) = 0. It could be singular, but there is a smooth compact algebraic
curve Cp/C with C(C) = C(Cp) (meaning their function fields coincide, hence C
and Cy are birationally equivalent.) Cy = Xo(N). Since this is a compact smooth
curve birational to Y5 (V), it must contain Y5 (V).

The two approaches give the same Xo(N). The relation f € Q[z,y]. In fact, f is
defined over Z[1/N]. Thus C descends to a curve defined over Q, and we can take
Xo(N)/Q to be the unique smooth proper curve over Q with function field Q(C).
We remark that Shimura was the one to recognize that this stuff is defined over
number fields.

So we have curves Xo(N)/Q with the property that for any K/Q

(P e Xo(N)(K)) o {(E/fa C/K)

E is a generalized e.c.,
C C E a cyclic subgrp of order NV

By “generalized” we mean that at cusps we get a nodal/degenerate curve.

An example. Look for E/Q with P € E(Q), 0 # P € E[523]. (Note that 523 is
prime.) Given such a pair, we have that (P) is defined over Q, so (E/Q, (P)/Q) €
X0(523)(Q). This curve has genus bigger than one. (It is approximately 523/12.)
So it has only finitely many such Q points by Faltings. In fact, there aren’t any.
This is the idea behind Mazur’s theorem that if F/Q has C/Q cyclic of prime order
then #C < 163.

19.2. Returning to modular forms.

Proposition 19.2.1. Let M (To(N)) be the space of weight k modular forms for
Lo(N). then dim My (To(N)) is finite.

Proof. Let fo € My(To(N)), fo #0. Make a map

Mi(To(N) = CWNNE) o
This is well defined because f(y7)/fo(yT) = f(7)/fo(7) for all v € T'o(N). More-
over, this extends to the cusps because we know that they are defined there.

Let V C C(Xo(N)) be the image. (V = %Mk(FO(N)).) So if g = f/fo write
+f= D" — D~ where DT (resp. D) consists of the zeros (respectively, the poles)
of g. Note that D~ is a subset of the zeros of fy. Let d = deg fo (the zeros of fj.)
It is finite.

Suppose that dim V' > d+1. Choose P € Yy(NN) where fy does not vanish. Look
at the Tayler expansion of g € V' at P is some variable w:

g:co+clw+02w2+~~
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Now consider the map V — C%*!, g+ (co,...,cq). Since dimV > d + 1, this has
a nontrivial kernel. Take g = ¢4 1w ! + --- in the kernel, so that

+9=(d+1)P+---— {zeros of fo}.

But this is a contradiction because Xo(N) is compact and so deg g = 0. (]

Remark. So(Tg(V)) is especially nice. Note that

ar +b
ct+d

d(yr) =d( )= (et +d)"%dr.

Therefore, if f € S2(I'g(N)) then f(7)dr is a holomorphic 1-form on H invariant
by T'o(N), so it is a holomorphic 1-form on Yy(N). What about at on Xo(N)? If
f(7) = ang™, since dr = d(5 logq) = ﬁ%7 then f(7)dr is holomorphic at the
cusp if and only if f is a cuspform. Indeed, this gives a map from cuspforms to

holomoprhic differentials
S2(To(N)) — H(Xo(N), Q") fr f(r)dr

that is actually an isomorphism. As a consequence dim S (T'o(N) = g(Xo(N)).

For example take N = 11. One can check that g(Xo(11)) = 1, so it is an
elliptic curve. Therefore, S3(I'g(11)) is generated by a single f and f(7)dr is the
holomorphic differential on X (11).

19.3. Hecke operators. Given a modular form f € My (To(N)) and an integer m
prime to N, define a new modular form T,, f € M (T'o(N)) by

Tof(E,Cn) = Y f(E/Cp,Cn/Ch).

CmCE
cyclic

Notice that since m, N are relatively prime, if ¢ : E — E/C,, then ¢(Cy) =
Cn/C,y, is still a subgroup of order N.

What are these? Fact: if f is a cusp form then so is T}, f. For example, if N = 11
then T, f = A\ f because the space of cusp forms is 1-dimensional. Next time we
will discuss what these )\, are.

20. APrIL 13, 2010

Last time we saw that if F' is a modular form of level N and p is a prime such
that pf N,

T,F(E,w,Cn) = Y (8(E),6(w),6(Cn)).
et

This gives a map
Ty : My(To(N)) — My(To(N))

which happens to satisfy T, Ty = 1,1}, for all primes p, £.
Question (same as at the end of last time): What are these?
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20.1. Hecke correspondences. The Hecke correspondence T, C Xo(N) x Xo(N)
is the subvariety parametrizing pairs

[(E7 CN)ﬂ (¢(E)7 (b(CN)]

with deg ¢ = p as above. Looking at the fiber of over a point [E] € Xo(IN) we see
that there are p + 1 points in T, N ([E] x Xo(NN)) because there are exactly p + 1
isogenies of degree p (corresponding to the p + 1 subgroups of E-i.e. of E[p]-of
order p.) Similarly, there are p + 1 elements in T), N (Xo(N) x [E]). Hence T, is a
correspondence of degree p+ 1 in the first variable and p+ 1 in the second variable.
We say degree of T), is therefore (p +1,p + 1).

Remark. If f : Xo(N) — Xo(N) is a morphism, the graph of f T'y is the
subvariety of points (P, f(P)). Given P there is exactly one point lying over it in
I't, and given f(P) there are exactly deg f points. So the degree of I'y is (1,p).

Suppose we have a correspondence C' on an elliptic curve E. Denote the projec-
tion maps by 1, m. Because F is a group, can construct a map

(20.1.1) fe:E—E P Y m(r'(P)).

(We remark that we can arrange for this to be a morphism, i.e. such that f=(0) = 0.)
In particular, get an element of End(FE).

Let us consider those N for which X((N) is an elliptic curve. For simplicity with
will take N = 11, but any N for which Xy(N) has genus N would be the same, and
for general N their is a similar theory. Using (20.1.1) we think of T), € End(X(11)).
This is some (algebraic) integer. Which?

Theorem 20.1.1 (Eichler-Shimura). T}, = a,.

We now describe why this is the case. Recall that a, is related to the curve
Xo(11)/F,. It is a fact (observed by Shimura) that that X,(IN) can be defined over
Q. Indeed Xo(11) can be given by the Weierstrass equation y? +y = 2® — 2% —
10z — 20.

Over F,,, T, should be consist of pairs (E, E') where ¢ : E — E’ is an isogeny of
degree p. i.e. E' = E/C,. However, it seems there’s only 1 cyclic subgroup to use

because
Z/pZ if E is ordinary,

Elpl = { 1 if E is supersingular.

Question: What happens to the p + 1 isogenies from E (over Q or C) when we
reduce modulo p?

To get an idea of what is happening lets us look at the group ue of square roots
of unity. Over Q this consists of two points £1. But we should really think of
w2 as, not the points, but rather the equation. That is us is the vanishing locus
of 2 — 1. (In algebraic geometry we write Spec Z[z]/(x? — 1).) We can consider
w2 /F, for any prime. For most primes its points are £1, but if p = 2, the polynomial
22 — 1 = (2 — 1)? which is a “double point,” or a “thickened point.”

The same type of phenomenon is occurring for 7,. Let us take p = 2 and
E/F, ordinary. Then E[2] consists of four points and the reduction consists of two
(thickened) points. [Picture drawn of four points in a square mapping to 2 thick
points. Three more copies of this map with the subgroups of order 2 and their
images circled.]

What does “modding out by the first subgroup” (i.e. the one which maps to
a single thickened point) mean? Well, it should be an isogeny of degree 2 whose
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kernel consists of a single point. The map Frobs : E — E®) is such a map. For
general p, Tprop, is a subvariety in T}, C (Xo(11)/F,)? of degree (1,p).

On the other hand, the set of pairs (E?,E) lie on T, as well since Wp :
E®) — E. This subvariety has degree (p,1). The union of this and I'Frob, has
degree (p+1,p+ 1) and so it must be all of T),.

(At this point Ekin suggested that the intersection points are supersingular el-
liptic curves, but Jordan wasn’t so sure...)

So as a correspondence, 1), = F'r + Fr which is exactly a, by definition!

20.2. More on elliptic curves over local fields. Let K, be a nonarchimedean
local field with residue field k,. Let E/K, be an elliptic curve and E‘/kv the
reduction of a minimal Weierstrass equation. If we write E‘m for the nonsingular
locus of 1777

good reduction if Ens = E,
E has { multiplicative reduction  if Ep(k) ~ G,(k) = 5,
additive reduction if E,s(k) ~Gy(k) =k

We have a Galois representation
Py Gr, — GL(E[p)).
Let I,, denote the inertia subgroup® of G, . Since the sequence
1—-1,—- Gk, — Gg, — 1

is exact, if pp, | I, is trivial, in which case we say it is unramified, then pp , is
determined by the action of Gy, which in many cases (all of those of interest to us)
is generated by a single element. In these cases, therefore, pg , is determined by a
single matrix.

Proposition 20.2.1. If E has good reduction and the characteristic of k, is prime
tom then pg , : G, — GL(E[m]) is unramified.

The converse is not true.

Theorem 20.2.2 (Neron-Ogg-Shafarevich). Let K, be a nonarchimedean local field
and p a prime different form the residue characteristic of K,. Denote by the pg p
the Galois representation of

Since p , is the composition of pg , and the reduction map GL(T, E) — GL(E|[p]),
it is immediate that Proposition 20.2.1 follows from Theorem 20.2.2.
We will prove the proposition next time.

21. ApriL 15, 2010

The main engine in proving Proposition 20.2.1 is the following sequence of groups.
Let L.,/ K, be any finite extension and ¢, /k, the corresponding extension of residue
fields. Recall that (m,p) = 1 where p is the characteristic of k,,. Let E™*(¢,,) denote

6 et Qp" denote the maximal unramified extension of Qp in @p. Then I, is defined to be

Gal(@p/(@;”). The exact sequence is a consequence of basic Galois theory and the fact that

Gal(QP" /Qp) = G, .
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the set of smooth points of the reduced curve, and let p denote the reduction map.
Define

E°(Ly) = {P € B(Ly) | p(P) € E"*()},and

E'(Ly) = {P € B(Ly) | p(P) = 0}.
By definition,
El(Lw) - EO(Lw) — E"(Ly)

is exact.

Moreover, the map E°(L,,) — E™({,) is surjective. This requires the following
fact from formal groups. Any torsion point in E'(L,) has order a power of p.
Taking L, = K,(E[m]), this says that E°(L,)[m] — E"*(£,)[m] is injective.
Now, one can apply Hensel’s Lemma to get surjectivity.

We remark that the content to Hensel’s Lemma doesn’t apply blindly. For ex-
ample, 2% — p € Qp[x] reduces to z? € F,[z] which has a solution. However, this
solution does not lift to a solution in Q, (because o were such a lift then v(a) would
have to be 1/2.) The necessary condition is smoothness.

Proof of Proposition 20.2.1. In the case that E has good reduction, E"*({,,) =
E(¢y,) and E°(L,) = E(L,). So we get E(L,)[m] — E({,)[m]. Suppose that
v € I, acts nontrivially on E[m], i.e. there exist P such that i(P) # P. By
the definition of inertia, P and i(P) reduce to the same thing modulo w.” This
contradicts injectivity, hence we can conclude that I, acts trivially. ([

The absence of torsion in E*(L,,) arises from an identification of E'(L,,) with the
L., points of a certain formal group. We compare with the case of the multiplicative
group G,,/Q) to give an idea of how this works. Let us assume p > 2. Again, we
have a surjective reduction map

Gm(Zy) — Fp
which gives an exact sequence
1—>1+pr—>2;< —>F;< — 1.

The key fact is that 1 4 pZ, has no nontrivial torsion. One way to prove this is an
“analytic” (or, more accurately, a formal power series) method. The map

(r-1u"

T log(T) =Y (-1)"

n

defines an isomorphism of groups 1 + pZ, — Z,. The map converges precisely
because if u € 1+ pZ, then v(u — 1) > 1, and so one sees that the power series
above converges in Q. That it is group homomorphism follows formally. (As power
series log(ST) = log(T') + log(S).)

A similar “analytic” argument shows that E'(K,) has a finite index subgroup
isomorphic as a group to Ok, with group law addition.

"The terminology inertia (meaning lazy or weak) describes I, because these are the elements
of Gk, that don’t move K, around enough to change the valuation.



ELLIPTIC CURVES AND MODULAR FORMS 43

21.1. Galois representations coming from elliptic curves over global fields
and from points on such curves. Let K be a global field. So K is a number field
(a finite extension of Q) or the function field of a curve over F, (a finite extension
of Fy(T).) We have defined

Prp: Gx — GL(E[p]) = GLy(F,).

Let v be a prime of K. We say E has good reduction at v if E/K, has good
reduction. E has good reduction at all but finitely many places. To see why, let
y? + - = 23 + --- be a Weierstrass equation for E. For all but finitely many
primes, the discriminant A € (’)IX(U.

If S = {v | E has good reduction at v}, pp , is unramified for all v not in SU{p}.
Recall that we have an inclusion [, C Gk, — G that is unique up to conjugacy.
Since being in the kernel of pg , is conjugacy invariant, this gives a well defined
notion of being unramified.

We are aiming to prove

Theorem 21.1.1 (Mordell-Weil). E(K) is a finitely generated abelian group. So
E(K)~7Z"® finite grp.

Remark. For a given S and a given finite group G there are only finitely many
isomorphism classes of homomorphisms G — G which are unramified outside S.
For example, G = Z/2Z and K = Q. A map Gg — Z/2Z is unramified outside
S ={p1,...,pr} is a quadratic extension L/Q unramified (in the usual notion of
algebraic number theory) outside of S. Say L = Q(v/d). Then this says that d has
no prime factors other than pq,...,p,. Since we can take d to be squarefree, we see
there are on the order of 2" such fields.

In general, Gk — G unramified outside S has kernel G, where L/Q is Galois
with group G and L is unramified outside S. In particular, L/K has degree #G.
What is ’DL/Q’? We have

Drjo=[]»"
pES
where v, is bounded in terms of p and #G. So there is a bound D(S, #G) such
that | Dy q| < D(S, #G).

Theorem 21.1.2 (Hermite). For any n, X there are only finitely many number
fields L/Q with [L : Q] = n and | Dy q| < X.

We have seen that given E can construct pg , : Gg — GLa(IF,). Can ask what
about the converse: given p : Go — GLa(IF)), is there E/Q such that p = pp )7
Suppose (since it is an obvious necessary condition) that det p is the cyclotomic
character x,. Then the answer is ‘yes’ for p = 2,3, 5 but ‘no’ for larger p. (Proven
by Rubin-Silverberg in the 90s.)

We can describe why in the case p = 2. GLy(F2) ~ S5. Let G, be the preimage
of the group generated by a transposition. By Galois theory, this corresponds to
a cubic extension L. Let f(z) be the minimal polynomial of some oo € L. Then
E:y? = f(x) has p, = p.

The answer is ‘yes’ for the analogous question about existence of modular forms
with given mod p Galois representation. This is Serre’s conjecture (recently proved.)

A few words aout Galois representations associated to points. Let E/K and

P € E(K), p a prime. Choose @ € E(K) such that pQQ = P. (Note that the
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set of such points is @ + E[p] so this choice is not unique.) We can consider the
permutation action of G on @ + E[p]. This is not a linear action, but it isn’t
arbitrary either.

22. APRIL 20, 2010

22.1. Riad’s talk: Ranks of elliptic curves. Let E/Q be an elliptic curve. So
E:y’=a34+ar+0b,a,b€Q, and A = 4a® + 27b* # 0. Let E(Q) be the group of
rational points. The Mordell-Weil theorem says that E(Q) ~ Z" @& E(Q)tor. The
integer r = rank(FE) is called the rank of E.

The subgroup E(Q)+or, the subgroup of finite order elements, is well understood.
There is a description of which groups can occur as E(Q)¢,, due to Mazur. Namely,
it’s one of the following fifteen groups:

Z/nZ(1 <n <10,n =12) Z/mZ x Z/2Z(1 <m < 4)

On the other hand, r is not well understood comparitively. For example, it is not
known which integers can occur as ranks of elliptic curves. So how can we study 7

The idea of Birch and Swinnerton-Dyer is to pick a prime p { A and reduce F
modulo p: E : y? =2 +az+b,a,b € F,. We know that [#E(F,) — (p+1)| < 2\/p
by Hasse. So, the idea is, the larger E(Q) is, the larger the N, = #E(F,) should
be on average as p varies. With this in mind, consider

N,
me(X) =[] ==
p<X p
ptA

Conjecture 22.1.1 (BSD). 7 ~ cglog(X) k().

This can be recast in terms of L-functions as follows. Define
L(s,B) = [[(0 + app™ +p' 7)) [[ ln(s, )
ptA plA

where a, = N, — (p+1) and {,(s, F) is a polynomial in p~® such that [,(E,1) # 0.
The Hasse bound implies that L(s, E') converges for Re(s) > 3/2, but let’s formally

plug in s = 1:
13 ” p
L(L,E) =" [] o 1.1, E).
pta P pta
So, if L(1, E') # 0 then the values of N, shouldn’t get too large, so the rank should
be zero.

Conjecture 22.1.2 (BSD 2). The function L(s, E) extends analytically to all of
C, and ords— L(s, F) = rank(E).

Theorem 22.1.3 (Wiles, and others). L(E,s) extends analytically to C.

The case of CM elliptic curves was known beforehand due to Deuring.
Can complete L(s, E) to A(s, E') which satisfies

A(s,E) =0(E)A(E,2 —s)
for some 6(E) € {£1} which is called the root number.

Theorem 22.1.4 (Gross-Zagier, Kolyvagin). If L(1, E) # 0 then rank(E) = 0. If
L(1,E) =0 and L'(1, E) # 0 then rank(E) = 1.
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This is why people care about vanishing of central values.

So how can we study the rank by studying the nonvanishing of L(s, F) and
L'(s,E)? We want to convert to the study of L(s, fg) where fg is the modular
form corresponding to E.

Theorem 22.1.5 (Taylor-Wiles, Breuil-Conrad-Darmon-T). If E is an elliptic
curve over Q of conductor N, there is a new form fg € Sa(To(N)) such that
L(s,E) = L(f, s).

The previous theorem (of Wiles, et al) is really a corollary of this result. For
a reference on this material see “Rational points on modular elliptic curves” by
H. Darmon on his website.

22.2. Quadratic twists of elliptic curves. Let D be a fundament discriminant.
The D-th quadratic twist of E is the elliptic curve Ep : Dy? = 23 + ax +b. We
would like to study the variation of rank(Ep) as D — oo.

Let F = fg =Y o7, anq" € So(T'o(N)) be the modular form attached to E via

n=1

the theorem above. If (D,N) = 1 then the twist of F' by xp, where xp be the
Kronecker symbol, is

Fox(z)=>_ xp(n)anq",
n=1

and L(s, F © x) = Y20, xp(n)ann~* = L(s, Ep).

Conjecture 22.2.1 (Goldfeld).  (G1) > pj<x ords=1 L(1, F®xp) ~ i >i<pj<x -
(G1’) The average rank
rank(E
A(E) = lim 2agiplex rank(Ep) 1
(G2) (#D|1<|D| < X,L(1,F®xp) # 0} >F X.
(G2) {#D |1 < |D| < X,rank(Ep) #0} > X.

Kevin James and N. Vatsal have proved (G2’) for some choices of E.

Theorem 22.2.2 (Ono-Skinner). #{1 < D < X,D € P(e,n) | L(F®xp # 0} >
ﬁ where P(e, ) is an auziliary set requiring minor constraints.

Theorem 22.2.3 (Ono). Under mild conditions on F,
X
#{1§D<X|L(F®XD7£O}>>FW
where a(F) € (0,1).

How is the proved?

Theorem 22.2.4 (Waldspurger). Let Dy be |D| if D is odd and |D| /4 if D is
even. Let F € So(To(N)). There exists an integer M > 0 with N | M, a Dirichlet
character x modulo 4M, a nonzero number Q)F € C and a nonzero eigenform
gr Y om br(n)q" € S55(Lo(4M), x) such that if 5(F(D) > 0 then

epL(1L,F@xp,1)DY> . _
peipy? = | PRI (D 410) =1
0 otherwise.

where €)D is algebraic.
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Aside for rank 1: Without using Waldspurger for L’ we have the following.
Theorem 22.2.5 (Perelli-Pomykala). #{1 < D < X |rank(Ep) =1} >p X17¢.

22.3. Congruent number curves. Consider the congruent number curve EY, :
Dy? = 23 — 2. The congruent number problem is to determine which integers are
areas of right triangles with rational sides. It is a fact that D is a congruent number
if and only if rank(E$) > 1.

Heath-Brown has shown that a positive proportion of such twists have rank 0.
In 2002 Silverberg and Rubin gave the following table.

D rank(E%)
1 0 (Fermat 1640)
5 1 (1937)
34 2 (1945)
1254 3
29274 4
205015206 5 (2000)
61471349610 (2000)

Theorem 22.3.1 (Tunnel, 1983). L(1, E},) = % where a =1 if D is even
and a =2 if D is odd and

n=#{(x,y,2) € Z® | 2* + 2ay® + 82*> = |D| /a},

m = #{(z,y,2) € Z* | 2* + 2ay* + 322* = |D| /a}
and Q ~ 2.62. In particular, L(1, E%) = 1 if and only if n = 2m.

23. APRIL 27, 2010

Let K be a global field, and E/K an elliptic curve. Let S be the set of primes of
residue characteristic ¢ together with those for which F has good reduction. Last
time (the time before Riad) we discussed the fact that pp, : Gk — GL(E[/]) is
unramified at all primes outside of S. Equivalently, the field K (E[(]) is unramified
over K outside of S.

In order to study E(K), we also began to discuss the homomorphism pp, :
G — Sym(T) where P € E(K) and T = [{]7'P = Q + E[{] for some Q € E(K).
If 0 € Gk then

[(Q7) = ([Q)” = P7 =P.
Therefore, Gg acts on T.

Claim: pp, is unramified outside of S. To prove this let Q € T and o € I,.
Then Q° and Q reduce modulo v to the same point of E/k,. Hence Q7 —Q reduces
to the identity. But, Q7 — @ € E[{] on which for v ¢ S the reduction is injective.
Therefore, Q7 — @ is the identity. Since o and ) were arbitrary, it follows that I,
acts trivially on 7.

In particular, K(7')/K is unramified outside S. Since Gk (7 is the kernel of pp
and #T = (2, the degree of K(T)/K less than or equal to (¢?)!. (Actually, it’s
much smaller, but for our purposes the best bound isn’t necessary.) By Hermite,

there are only finitely many

(23.0.1) extesnions of K of degree < £2)!.
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Enumerate the points of F(K) in some way Py, P3,---. Then we say P ~ P’
it K(T(P)) = K(T(P')). So (23.0.1) implies that there are only finitely many
equivalence classes. What can we say about P, P’ if P ~ P’? It turns out that this
answer is “not much.” A slightly refined equivalence relation is better.

We say that P and P’ are torsor equivalent (P ~; P’) if there exists a bijection
a:T(P) — T(P') such that

o for all 0 € Gk and all Q € T(P), a(Q7) = a(Q)7;

e forall x € E[f] and all Q € T(P), a(Q + z) = a(Q) + z.
Note that by the first condition if P ~; P’ then P ~ P’. This is because K (T'(P))
is the fixed field of o such that Q7 = Q for all Q € T. Since a commutes with the
action of Galois K(T'(P’)) must be this same field.

So we have, as maps of sets, the following coverings.

E(K)— E(K)/ ~4+— E(K)/ ~

Our claim is that the second map is finite to one (which would imply that there
are finitely many torsor classes.)

To prove the claim, suppose that L = K(T(P)) is fixed. If T = T(P’) is in
this equivalence class, T' carries an action of Gal(L/K) and of E[¢]. There are only
finitely many possibilities for an action of Gal(L/K) and E[f] on a finite set ¥ of size
£2. That is to say, even if you have infinitely many X1, 3s, - - -, they fall into finitely
many equivalence classes where ¥; ~ ¥, if there exists a bijection o : ¥; — %
commuting with both actions.

What does it say about P, P’ if P ~; P’? Take as given such a bijection « :
T(P) — T(P') and consider a(Q) — Q.

Proposition 23.0.2. o(Q) — Q € F(K).
Proof. Since the Galois action commutes with «, we have
(@(@) - Q)7 =a(@)” - Q7 =a(Q7) - Q°.
On the other hand, Q7 — Q =z € E[{]. So
a(@7) - Q7 =a(Q? —z) - (Q7 —2) = (@) - Q.
O

Now we multiply by ¢ [{](a(Q) — Q) = P — P € (E(K). In other words, P

and P’ are equivalent in E(K)/¢E(K). Since there are only finitely many torsor

equivalence classes in E(K) there are only finitely many in E(K)/(E(K) which
implies the following.

Theorem 23.0.3 (Weak Mordell-Weil). E(K)/{E(K) is finite for all primes £.

Note that an abelian can fail to be finitely generated in three essential ways:

(1) It has lots of free generators. (eg. Z%)
(2) Tt has high divisibility. (eg. Q)
(3) It has large torsion. (eg. €, ZpZ)

The weak Mordell-Weil theorem rules out the first possiblity, but not the second
because Q//Q = 0 (and hence is finite) for all primes ¢, but Q is not finitely
generated. We will rule out the second possibility next time using the theory of
heights.
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We can prove that E(K), is finite (ruling out the third possibility) in the
following manner. Let v be the smallest place (i.e. #k, = #K,/Ok, = q is
minimal) such that E has good reduction at v. Thus E(K)[{] — E(k,)[{]. On the
other hand, suppose that Z/¢Z C E(K) for arbitrarily large ¢. Then combining
these gives an injection Z/¢Z — E(k,)[{] for arbitrarily large ¢. But this is a
contradiction to the Weil bound for large enough 4.

Note that the third case is that for which E(K) fails to be finitely generated for
more general K. For example, let K = F,(T). Then a curve like

1-t
E:y? =23+t o
Y x” 4+t + 51
is an elliptic curve over K which satisfied the Mordell-Weil theorem. However,
E:y=s3+2+1
does not. (It is a fact that non “isotrivial curves” do satisfy MW where “isotrivial”
means that the curve is actually defined over F,.)

23.1. Upper bounds for ranks. Given E/Q how can we get a decent upper
bound for rank(FE(Q))? Take ¢ = 2, so we'll study E(Q)/2E(Q). Let K = Q(F[2]).
Choose P € E(Q) and Q € T(P) = [2] ! P. Now define

Cp:Gk — E[2]  (plo)=Q7 - Q.
This is well defined because if € E[2] then (Q+z)° — (Q+z) = Q7 —Q+z° —x.

But 27 = x. In fact, (p is a homomorphism. We have seen that Q7 — @ is fixed by
G . Therefore,

(Q"-Q)+ Q" -Q)=(Q"-Q) +(Q"-Q)=Q7" - Q.

Notice that Hom (G, Z/2Z) is in bijection with both K /(K*)? and quadratic
extension of K. Given d € K*/(K*)2, the corresponding homomorphism is ex-
actly that whose kernel is K(v/d). Thus (p can be thought of as an element of
(K*/(K*)?)2. One can check that

E(Q)/2B(Q) — K™ /(K*)* x K* /(K*)?

is actually a homomorphism of abelian groups.

For the moment, assume that K = Q. Let S be the set of bad primes plus 2.
then (p : Gg — E[2] is unramified outside of S. Equivalently if (p = (d1,d2) €
(Q*/(Q*)?)? then (d;,p) = 1 for all p ¢ S. (We can take of dy,d> to be squarefree
integers.) We find there are at most 2#*! choices for each d;. Hence

dimz/s7 E(Q)/2E(Q) < 2485 + 2.

So, for example, if E has prime conductor (#S = 1) then rank(E(Q)/2E(Q)) <
4. This is an example of what is called 2-descent.
We have seen injectivity of the map

E(Q)/2E(Q) — {¢p}-

The object on the right is called the mod 2 Selmer group. One may ask whether
the map is surjective, and the answer is “no” in general. The difference is the
Tate-Shafarevich group.

If K # Q then the same idea works only elements of (K /(K*)?)? are slightly
more difficult to describe. But, again, one can show that there are only finitely
many possibilities for (p.
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Remark: In this lecture we have been doing Galois cohomology without saying
SO.

24. ApriIL 29, 2010

Last time we proved the weak Mordell-Weil theorem which says that if K is a
global field, and E/K is an elliptic curve then F(K)/mE(K) is finite for all integers
m. We want to leverage this to show that F(K) is finitely generated.

As mentioned last time, the main problem is that we don’t want F(K) to be
infinitely divisible. i.e. we want that there does not exist P € E(K) of infinite
order such that %P, %P, %P, .-+ allin E(K). We'd like a notion of “complexity” of
a point of F(K) for which [2]P is more complicated that P and such that there
exist only finitely many point of E(K) with bounded complexity. We do this via
the theory of heights.

24.1. Heights. Let K be a global field and P = (X : Xy : --- : X,,) € P*(K).
Define

H(P) = [ [ max{|Xol, .., |Xnl,}-

This notion is well defined because if A € K* then
[[max{{AXol,,....IAXwl,} = [] 1Al [ max{|Xol,,....|Xul,} = H(P)

by the product formula. Let h(P) = log H(P).

From now on we simplify the discussion by assuming K = Q. In this case we
may write P = (Xp : - -+ : X,,) such that the X; are relatively prime integers. (Note
that we are relying on the fact that Z is a PID.) If v is finite then, because the
elements are relatively prime, max{|X;|,} = 1. Therefore H(P) = max{|X;|},
and so it is obvious that there are only finitely many points of height less than B
for any finite B.

Fact: Suppose F' : P" — P"™ is a morphism of degree d. So F = (fo, f1,---, [n)
with each f; a homogeneous degree d polynomial such that they have no nontrivial
common vanishing.8 Then there exist constant Cr and c¢g such that

cpH(P)! < H(F(P)) < CpH(P)? o~ h(F(P)) = dh(P) + o(1)
for all P € P*(K).
Why is this true? We may assume that H(P) is a large as we want (since
there are only finitely many exceptions which would influence the constants but
not their existence.) Let mp be the largest coefficient of all of the polynomials f;.

Write P = (X : -+ : X,,) with the X; relatively prime integers as above. Then
X; belongs to the interval [—H(P), H(P)] and f;(Xo,...,X,) has height at most
("tYmpH(P)4.

To show the lower bound is more challenging. It passes through the Nullstellen-
satz which is famously non effective. So the problem is to rule out P very compli-
cated but somehow f; take very small values. By Nullstallensatz, since fy,..., fn
have no common vanishing, we can actually write that the ideal (fo,..., f,) is the
unit ideal. (Here, for sake of argument, we’re subbing X; = 1 and looking affinely.)

8Note that we need n < m in order to satisfy the vanishing condition, unless d = 0 in which
case constant maps work.
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Thus there are polynomials g; such that gofo + -+ + gnfn = 1. (Nullstellensatz
doesn’t say anything about the size of the coeflicients of the g;.)

In fact, the same result is true if we take any finite morphism of projective
varieties f : X — Y of degree d. Here the height on X C P™ (or Y) is given by
restricting the height on P™. This is dependant on the choice of embedding, but
that is just the nature of height.

In particular, consider [2] : E — E with the embedding in projective space given
by a Weiestrass equation. Then 7g : E — E is the morphism P — P + @, and so
by the above

h(P+ Q) > h(P)+cq
for some constant cg. However, because we are avoiding using the teminology “line
bundles,” this is slightly cheating. Everything would be okay except the morphism
[2] does not extend to a morphism on all of P2. The problem is that [2] : O — O
but 7 does not. What is true is that

h(P + Q) — h(P) = o(h(P)).
So
(24.1.1) (1+e)h(P)—co <h(P+Q) < (1+e)h(P)+ cq.

Given all this, how to prove the Mordell-Weil conjecture? Let S = {Q1,...,Q:}
be a set of representatives for E(K)/mE(K). Let P € E(K), and define a sequence
of points P; such that

P=Qi +mP,Pr=Qi, + mP,..., P 1 =Qi, + mP,.
So P; = Q + mPj4, for some Q € S. Then (we take e = 1 in formula (24.1.1))
2
h(ij_H) < 2h(Pj)+CQ, m2h(Pj+1) < 2h(Pj)+CQ+O - h(Pj+1) < m72h(Pj)+d
Iterating this process, we may say that h(Pj41) < mlzh(P) +d. Let R be the set of
all such points in F(K). Then SU R is a finite generating set for E(K).

24.2. Height over F,(t). A point P € P!(F,(¢)) may be written as (f : g), and
the absolute value |f|, = ¢~ "4 (f) where ord,(f) is the order of vanishing (or pole)
at v € PY(F,). Thus

h(P) =log, H(P) =Y max{—ord,(f), —ord,(g)}.

We can think of P as a morphism P! — P! sending (¢ : 1) to (f(¢) : g(t)). As
an exercise, check that h(P) is the degree of this map. In particular, for this case,
there are no difficult constants to consider when computing heights.

24.3. The canonical height. Recall that h([2]P) ~ 4h(P). So h([2"|P) ~ 4™h(P),
but the bound is even better. With this in mind, define the canonical height
. h([2"]P
n—o00 4n
It is hard to show, but true, that the set of points {P € E(K) | h(P) < B} is
finite, but it is easy to see that h([2]P) = 4h(P). In fact, h : E(K) — Rx¢ is a
positive definite quadratic form.

When E(Q) ~ Z and P is a generator then A(P) is related to L'(1, E) by the
Gross-Zagier formula.
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EXERCISES

In addition to the exercises interspersed in the text, Jordan assigned the follow-
ing. (The numbered problems come from AEC.)

e 1.1, 1.10 (see examples 2.3 and 2.5 for inspiration), 3.2, 3.3, 3.5. OP-
TIONAL algebraic geometry: 2.2, 2.3, 2.4, 2.7, 2.8, 2.11, 3.10, ...

e Differentials: Let k be a field, let P!/k be the projective line over k, and
let z be a coordinate on P'. G,, is what we call the variety obtained by
removing the points z = 0 and z = oco. from P!. Alternatively, we can
think of G,, as the affine line with the point z = 0 removed, or, for the
scheme fans, Spec(k[z,u]/[uz — 1]).

Note that G,, is a GROUP SCHEME - that is, there is a morphism

M :G,, xG,, — G,

which obeys the axioms of a group. This is just what you think: M (z1,22) =
zZ1%22.

(a) Describe the space of holomorphic differentials on G,,. (That is: the
space of differentials on P! whose poles are all at either 0 or cc.)
Note that, by contrast with the case of elliptic curves, this is not a 1-
dimensional or even finite-dimensional space! (Hint: every function f
on G, can be written as a polynomial in z and u = 1/z; it follows that
every differential can be written as P(z,1/z)dz for some polynomial
P.)

(b) A translation in G, is a map t, : G,, — G,, sending z to az. You
have a translation morphism ¢, for each a € k*. Describe the space
of TRANSLATION-INVARIANT holomorphic differentials. In par-
ticular, show that (just as for elliptic curves) the space of invariant
differentials is 1-dimensional, and that every nonzero invariant differ-
ential is not only holomorphic but everywhere nonzero.

e Write down an holomorphic, everywhere nonzero differential on the curve
X3 4+ Y3+ Z% = 0. By the arguments made in class, such a differential
must be translation-invariant, but you need not prove this.

e Modular forms: Recall the preliminary definition of modular form given
in class: a (weak) modular form of weight k over a field K is an algebraic
function f which — for each K-algebra L and each (F,w)/L, returns a value
f(E,w) in L satisfying

f(E ) = \"Ff(E,w).

Equivalently (I didn’t prove this in class), f is an algebraic function of
the coefficients of a Weierstrass form (a1, as,as, a4, ag) which is HOMO-
GENEOQOUS in the sense that

k / / / / /
F(a1,a2,a3,a4,a¢) = u"F(a}, a5, as, ay, ag)

where a} are related to a; by a standard coordinate transformation, as in
Table II1.1.3 of Silverman. Show that a; is a modular form over the field
Fs5, and by is a modular form over the field Fo and also over Fs.

e Isogenies: Write down an elliptic curve F/Q with a point P € E(Q) such
that [4]P = 0. (Feel free to construct such a curve in any way you like
except for looking it up.)

e 3.8, 3.12.
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e 3.16, 3.17, 3.18, 3.20, 3.24.

e 2-torsion problems: Let K be a field of characteristic not equal to 2, and let
E be an elliptic curve with equation y? = f(x) with f a cubic polynomial.

(a) Show that f(x) is irreducible if and only if the mod 2 Galois represen-
tation pp o is irreducible.

(b) Suppose K is a number field and let v be a prime of O. Let A
be the discriminant of E. Let I, be the inertia group of Gx at wv.
Prove that the subgroup pp 5(l,) of GL(E[2]) is a Borel subgroup if
and only if ord,(A) is odd. (Note that, while A may depend on the
choice of Weierstrass model, the parity of ord,(A) does not.) Possible
counterexample due to Guillermo: Let E : y? = 2% —3 and p = 3. Here
the image of inertia is the whole group GL(E[2]) since Q(v/—3, ¥/3) is
a degree 6 extension of QQ totally ramified at 6. On the other hand the
valuation at 3 of the discriminant is 5, however the image is not Borel.
The idea behind the example is that the valuation of the discriminant
at a prime v is odd iff the image of inertia at v is not contained in
the Galois group of the extension Q(E[2])/Q(1/Disc(E)). Now this
last group has generically order 3, hence the condition is equivalent
to say that p(l,) is not inside a group of order 3. So it is either a
group of order 2 or 6, but the last could happen. (Jordan’s comment
in response: “Really sorry. The question I asked should be OK so long
as the prime in question is not 2 or 3. A solution assuming the prime
is 2 or 3 is a-OK.”)

— (OPTIONAL CHALLENGE EXERCISE) Suppose A is a perfect cube
in K. What can we say about the image of the mod-3 Galois repre-
sentation pg 37 Feel free to investigate this numerically using pari or
MAGMA.

(c) Suppose that K = Q, and that #E(F},) is even for all but finitely
many primes p. Prove that E[2] contains a nonzero point defined over
Q.

e Wedge product problems: If V is a vector space over a field k, we define
the “wedge product” A2V to be the quotient of V ® V by the subspace
generated by all elements of the form v ® v, as v ranges over V. We denote
the image of v ® w in A2V by v Aw. (So, for instance, v A v = 0.).

(a) Suppose dimV = 2. Show that dim A%V = 1.

(b) Suppose that g is an automorphism of V, i.e. an element of GL(V).
Then g induces an automorphism of A2V by the rule

g(v Aw) = gv A gw.
This gives a homomorphism

GL(V) — GL(A%V).
Suppose V = k2. Then A2V is 1-dimensional, so GL(A?V) is canoni-
cally identified with £*. Prove that the resulting map Ms (k) — k* is
the determinant.

(c) Using the Weil pairing, prove that there exists a homomorphism A2 E[p] —

p Which is equivariant for the action of the Galois group on either side.

Using this and (b), prove that the determinant of p, , is the cyclotomic
character mod p.
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e 5.3, 5.4, 5.6, 5.12, 6.7, 6.8, 6.9, 6.10 (note — for 6.8-10, you will definitely
want to have read section VI.4 of Silverman, which is more explicit than I
was about the lattice-theoretic description of isogenies of complex elliptic
curves), 7.1, 7.5.

e (ISOGENIES OVER EXTENSION FIELDS) Let E : y? = f(z) be the
equation for an elliptic curve over a finite field F,, where char(g) > 3.
Let d in IF; be a non quadratic residue, and write F4 for the elliptic curve
dy® = f(z). This is called a ”"quadratic twist” of E.

(a) Show that E; and E are isomorphic (whence isogenous) over Fg. In
particular, they have the same j-invariant.
(b) Show that a(E4) = —a(FE). In particular, by problem 5.4, E4 and E
are isogenous over F, if and only if a(E) = 0.
optional Now suppose a(E) = 0. Are E and E4 isomorphic over F,?

e (ZETA FUNCTIONS OF PRODUCTS) Let A = E; x E3 be the direct
product of two elliptic curves. A is an example of an ”abelian surface.” By
definition, A(F,) = E;(F,) x E2(F,). Prove that the Weil conjectures hold
for A (given that you already know they hold for F; and Es.)

e 7.8,7.9, 8.3, 8.8, 8.15, 8.19 (8.19 is about L-functions and would be a good
one to do in advance of Riad’s talk.) OPTIONAL (but required for people
who know or want to learn the notation of group cohomology) 8.5

e Diamond Shurman Problems: 1.1.3, 1.2.3, 1.2.5, 1.2.11, 1.5.2



