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2 NOTES TAKEN BY MIKE WOODBURY
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GoAL OF CONFERENCE

These are notes for an instructional conference on “Representation Theory and
Arithmetic” held at Northwestern University May 5-9, 2008. The premise of the
conference was to explain the representation theoretic ideas that often arise in the
number theory. It was expected that participants were familiar with modular forms
but maybe not their generalizations to the language of representation theory. The
conference goal was to explain this aspect to the participants.

1. MATT EMERTON: CLASSICAL MODULAR FORMS TO AUTOMORPHIC FORMS

We begin with the point of view taken in Serre’s Course In Arithmetic. Let

L = {discrete rank 2 lattices in C}.

Definition 1. A modular form of weight k (and level 1) is a function f : L — C
satisfying

e f is holomorphic,

o f(aL)=a *f(L) for alla € C* and L € L,

e f satisfies a certain growth condition.

The reason that higher levels need also be considered is related to the fact that
SL2(Z) has a large commenserate group in SLa(R). Two subgroups of SLy(R) are
commenserable if their intersection has finite index in each other. From this fact,
the notions of adelic groups, Hecke operators and so forth result.

We define the lattices with level N structure to be

LIN):={(L,j)|LeL,j:(Z/NZ— L/NL}.

Then the forgetful functor gives a surjection

L(N) — L.

GLy(Z/N7Z) acts in the natural way on £(N), and the above map can be considered
as a covering space with GLy(Z/NZ) being the group of deck transformations.

If « € C* then o : L — ol is an isomorphism. This induces an isomorphism
ay : L/NL — aL/NaL. With this we can now define modular forms of higher
levels.

Definition 2. A modular form of weight k& and level N s a function f : L — C
satisfying
e f is holomorphic,
o f(aL,anyoj)=a *f(L,j) for alla € C* and (L,j) € L(N),
e f satisfies a certain growth condition.
Let B be the based lattices, in other words B is the space of real bases for C.
B = Isog(R? C)

= {(21,22) € C?| 21, 2 are R linearly independant}



INSTRUCTIONAL CONFERENCE ON REPRESENTATION THEORY AND ARITHMETIC 3

These distinct models are related by the map ¢ — (¢(1,0),:(0,1)). Note that the
second characterization of B implies that B is open subset of C? and hence has a
complex structure.

GL(C) D C* acts on B on the left, and change of basis gives an action of GL2(RR)
on the right. This gives a third characterization of B:

B — C\RxCX
(21,22) — (%,ZQ) =: (1, 2).

In this model, the actions given above (at least of C* and GL3(R)) are easily
checked to be:

(r,2) (28) = (Z:;,(m+d)z) ,

a(r,z) = (1, ).

(b and ¢ are switched in the above formula compared to the standard formula
because we have a right action.)

Fixing ¢ € B, the actions of GL(C) and GL2(R) are simply (?) transitive,
meaning that GL(C)i ~ B ~ iGLy(R). Therefore, GL(C) ~ GL2(R). (The only
difference being that C doesn’t have a canonical choice of R basis.) Then

(B x GLo(Z/NZ))/GLo(Z) — L
(i,9) = (i((Z%),in 0 g™ ")

is an isomorphism. Note that GL3(Z) acts diagonally on B x GLy(Z/NZ) in the
obvious way and iy : (Z/NZ)? — i(Z*)/i(NZ?) is the map induced from i : Z? —
i(Z?) as we have seen before.

In terms of our other description C \ R x C* a modular form f of level N
corresponds to a function

f:C\RxC*—=C

given by
) P (eh) = br+ @t siro)

that satisfies an appropriate growth condition. It is not hard to see that (1) implies
that f is determined by its restriction to H x GLo(Z/NZ).
We give an explanation of how the classical notion of level appears in f. Suppose

o~

that f(7,(*%)g) = f(T, g) for all (* ;) € GL2(Z/NZ). Then we can assume that
g has determinate 1 by multiplying by such an element. Then f |g: H — C is

o~

a function satisfying f($2ts = (bt + d)*f(7) for all (¢%) € To(N). Similarly,

invariance by (! %) would give such a condition for (¢ %) € I'\(N).

1.1. The Growth Condition. Remark: for each g € GL2(Z/NZ) the action of
(1 %) gives a Fourier series for f(7) = f(7,g). Then the growth condition says that
for all g these Fourier series have no nonzero negative terms.
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1.2. Passage to Representation Theory. Fix ig = (¢,1). Then this gives an
isomorphism between GL(C) and GL2(R). The restriction to C* is given by a+bi —
( a b ) So

—bal*
satisfies

S5 0) g1.92) = (a+bi)* f(g1, 92).

Moreover, it can be checked that the growth condition as given above implies a
polynomial bound on |f((°c‘ 2) g1,92) in terms of a, b, ¢, d.

What does “holomorphic” mean in these coordinates?

The basic idea is that the Cauchy-Riemann equations can be expressed in terms
of differential operators, and the Lie algebra of GL2(R) acts by differential operators
as well, so there one just needs to find the right relation between these two ideas.

By the choice of ij there is an isomorphism

Since these are both smooth manifolds, one can consider the corresponding linear
map on the tangent spaces to the identity:

The left side of (2) is glo = M(C). The right side of (2) contains (T}, B)"! =
{0z1,022}. The question is now to determine what the subspace of gls is that
corresponds to (T, B)"°! is. This is equivalent to describing (T}, B)"*! in terms of
certain 1-parameter subgroups.

Write z; = x; + iy;. Then

(i,1) (29) = (c+ai,1).
So, fixing @ = 1 and varying ¢, one finds that dzy |;,= ({ ), and by fixing ¢ = 0
and varying a, 8y; |i,= (§9). In a similar fashion we take

(i:1) (% a) = (ia + bi)

to determine that dz2 |;,= (§9) and dya |;,= (_; '). Putting this together, we
have

1 . 1
021 |ig= 5 (021 |iy —i0y1 |1y) = —5(Z+ H +Y})
2 4

and . )
029 |i0: 5(8%2 |i0 _iayQ |Zo) = §(Z+H)

oo e (2 e (L %)

This tells us that T;, B" corresponds the subspace of gly generated by (Z +
H,Y,), and T;, B4t corresponds to that generated by (Z — H,Y_).

More generally, if h is any element of GLy(R) then, since the right action of
GL2(R) is holomorphic,

T;onB = (h™'(Z + H)h,h~'Y_h).
Therefore, f : GLa(R) x GLy(Z/NZ) — C is holomorphic if and only if
(Z-—H)f=0 and V_f=0.

where
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Actually, the first of these conditions follows from the fact that for C*GL(C) the
subspace of gls corresponding to C* is (Z, H). The condition that f be of weight
k is equivalent to Zf = Hf = kf.

Such a function f is an element of C°°™°4(GLy(R) x GL2(Z/NZ)/GLy(Z),C)
(smooth functions of moderate growth) which is a glo-module. One can then
consider the glo-module generated by v, +— f: D,j = @n/geqo Cugyon where
Ugq2n = Y['vg. One can verify that Hv; = iv;, Zv; = kv; and Y_ takes Cu; to
Cuv;_2. Under this correspondence, the space of modular forms of weight k and
level N is

My(N) = Homg, (D}, C>"™°%(GLy(R) x GL2(Z/NZ),C)

Finally, one can then consider the projective limit of these spaces which equals
GL(R)xGL3(Z/GLy(Z), and by strong approximation this is equal to GLy(A)/GLa(Q).
So the (even larger) space from which the modular forms can be obtained is smooth
functions on this final adelic space of moderate growth.

2. DAVID NADLER: REAL LIE GROUPS

2.1. Basic Notions.

Definition 3. A Lie Group G is a group in the category of (smooth) manifolds,
which means that G is a manifold with maps

m:GxG—-G,i:G—G,...
that are morphisms in the category of smooth manifolds, i.e. differentiable maps.

Examples:

e Finite groups. (The ability to really use the differentiable structure is lost
for these groups, but they still show up in the study of Lie groups, for
example, as the group of connected components and as quotient groups.)

e R” with addition.

o T" = R"/Z™.

e Small dimensional spheres: S° ~ Z/27Z, S' ~ SO(R)(~ U(1) ~ T"),
83 = SU(2) = unit quaternions.

Notice that these examples are all compact groups.

A matriz representation of a group is a map p : G — GL(V) where V is a finite
dimensional vector space over C. Morally, all of the Lie groups that we care about
have some such p that is injective. So, choosing a basis of V', we can think of Lie
groups as being subgroups of GL,(C) for some n.

2.2. Examples.

GL,(R) and GL,(C),

(volume preserving) SL,,(R) and SL,,(C),

(quadratic form preserving) SO,,(C), SO(p, q),
(symplectic form preserving) Sps, (R), Sp,,(C), Sp(p, q).

(He originally planned to have a section on “Rational Forms.” It’s likely that he
intended to talk more about these groups in that section, but he ran out of time
before getting to it.)
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2.3. Classification. There are two fundamental methods that are used to study
Lie groups—the first, exploiting the manifold structure, and the second the group
structure.

2.3.1. Linearize. This is the notion of the Lie algebra. It is formed by considering
the conjugation map
GxG—G (9,h)— g hyg,
and differentiating twice. First, differentiating with respect to h gives
Ad: G x TlG — TlG,
and differentiating again with respect to g gives
ad : TlG X TlG — TlG

We denote g = T1G and [-,-] = ad. These are the familiar Lie algebra and
Lie bracket. Concretely, if G — GL(V) then g — gl(V) = End(V) and [, -] is
the usual bracket. For example, SO, (R) has Lie algebra so, (R) which, under the
identification SO, (R) — GL,(R), consists of trace zero skew-symmetric matrices

Just as differentiation provides a map G — g, there is an exponential map
exp : g — G. Each vector X € g determines a one parameter subgroup v: R — G
such that v(0) = 1 and 4/(0) = X. Then exp(X) = ~(1).

“Picture” in two examples:

(1) G = SU(2). He drew a picture of S? with the origin at a pole, and said
appealled to our intuition to believe that one-parameter subgroup corresp-
donding to a tangent vector at the identity would give a great circle through
the opposite pole eventually returning to the identity again. Geometrically,
SU(2) = S3, and this same idea applies there making the exponential map
surjective.

(2) G =SLy(C). Since SU(2) C SLy(C) his picture started with a (two) sphere
to which he added cones at each of the poles which represent nilpotent
elements such as (11) ¢ SU(2). Elements not in the sphere itself nor on

the cones include things such as (2 1 )

Exercise 4. For the second example above, determine the exponential map. (Re-
mark: in a small neighborhood of the identity, the exponential map is a bijection.)

Guess: (2 %> is mot in the image of exp, and, more generally, the image is only

that which is pictured in the cones or on the sphere.

A final reason that linearization is a useful tool is that

Connected and simple .
{ connected Lie groups } < {Lie algebras}

Definition 5. A Lie algebra g is simple if it is not abelian and it has no nontrivial
ideals. g is semisimple if it is a direct sum of simples. g is reductive if g is a direct
sum of semisimple and a center. We use the same adjectives for a Lie group G if
its Lie algebra satisfies the particular property.

The affine symmetries of R” is a Lie group GLj(R) x R¥ which is a matrix group
with elements < Ig 11) ) where K € GL,(R), v € R¥ (and 0 is the 1 x k zero

vector.) We don’t like groups of this type.
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Examples of each: GL,(+) is reductive, SO(4) is semisimple, SLy(-) is simple. (I
don’t know how the affine symmetries group fits into this picture, or why he says
we don’t like it, but my guess is that it is not a reductive group.)

Exercise 6. Prove the following

e SO(4) is semisimple but not simple.
o Any Lie algebra g fits into an exact sequence

0—a—-g—06—0

where a is solvable and b is semisimple.
o If G is compact then it is reductive.

2.3.2. Group Theory. Since abelian groups are easier than nonabelian ones, one
might attempt first to study the abelian subgroups of a Lie group G. Two 1-
dimensional examples of abelian Lie groups are R* (which is cut out by ay = 1,
and S' which is cut out by z? + 32 = 1. Note that over R these equations give
different topological groups, but over C they coincide. This has to do with the
notion of splitting described below.

Remark: R does not embed in GL(V) in any way such that it is closed under
transpose.

Assume that G is a reductive Lie group. A maximal torus T C G is an abelian
subgroup that is diagonalizable and maximal among such. If G = SLy(R) then

T= “ _1 | |aeR*} 2R* andl = co§0 sin 0 |0 e Ry ~ S*
a —sinf cosf

are maximal tori. The second is non split.

Definition 7. A maximal split torus of a Lie group G is a mazimal torus T C G
with the property that (R*)* — T with k mazimal.

Some exampls of reductive groups: S ~ SO (R), SU(2), SL2(R).
Exercise 8. Do the following:

e Classify (finite dimensional) representations of SO2(R).

o Classify (finite dimensional) representations of SU(2). (Hint(?): spherical
harmonics)

e Show that all mazimal tori of SLa(R) are conjugate to one of the two seen
above.

Some pictures:

(1) SLa(R) C SLy(C) which acts on P(C). He drew the Riemann sphere with
0 and oo at poles and an equator separating the upper and lower half planes
H and H_. SLy(R) preserves each half plane.

(2) SLy(R) acts on its Lie algebra slz(R) ~ R3. He then drew some SLo(R)
orbits in R3. There were three types: nilpotent (cone), elliptic (two com-
penents each a parabaloid) and hyperbolic (a hyperboloid.)

2.4. Useful Decompositions. Assume that G is the real points of a some poly-
nomial equations defined over R in GL,(C) for some n. Also, assume that G is
reductive. Then there exist decompositions called Cartan, Iwasawa and Bruhat. In
the case G = SLy(R) these decompositions are:

G H Iwasawa ‘ Bruhat ‘ Cartan
SLo(R) | KA*N | BWB = NNg(A)N | KATK
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where K = SO2(R), AT ={(“ ,-1)|a>0}, N={(*%) |z R}

3. JAcOB LURIE: LIE THEORY AND ALGEBRAIC GROUPS

Definition 9. A Lie algebra over C is a C-vector space V with a map [-,-] : VQV —
V' satisfying
(1) [z,y] = =[y, 2],

(2) [z [y; 2]l + [y, [z, 2]] + [z [, y]] = 0.

If A is any associative C-algebra then [z, y] = vy — yz makes A a Lie algebra. If
g is a Lie algebra, U(g) = T'(g)/([z, y] — zy + yx), the universal envoloping algebra,
is an associative algebra. These notions are adjoint:

Homassocfalg (u(g)7 A) = HomLiefalg (gu A)

If M is a manifold then V the set of tangent vector fields on M, acts on smooth
functions f : M — C and is a Lie algebra. [v,u](f) = v(u(f)) — u(v(f)). f Gis a
Lie group we consider the set of left invariant vector fields. These are closed under
the bracket operation, and so form a Lie subalgebra whose dimension is dim G. It
is isomorphic to the tangent space at the identity. This is the Lie algebra of G.
Under this mapping from Lie groups to Lie algebras we have the following picture:

} C {Lie Groups} — {

and, moreover, the left and right sides are equivalent. In other words, the Lie
algebra of G is unique up to the connected component of the universal covering
space GO.

Let G be a Lie group with g its Lie algebra. Then, as mentioned before, there
is a map exp : g — G. In the case G = GL,(C) and g = gl,(C) = M,(C),
exp(X) =>.", }f—; The following explains why the category of connected simply
connected Lie groups and the category of Lie algebras are equivalent.

Theorem 10 (Campbell Hausdorff formula). If A, B € g then

{ connected and simply

Finite dimensional
connected Lie groups ’

Lie algebras

t2
exp(tA) exp(tB) = exp(t(A + B) + 5[14, Bl + )
converges and reconstructs the group structure of G in a neighborhood of 1.

Sketch of Proof. Note that exp(tA) exp(tB) € 1+ U(g)[[t]]-

U(g) is a Hopf algebra. U(g) — U(g) @U(g) viaz — 1@z +2®1 (z € g).
Such an element of U(g) ® U(g) is called primitive, and g = Prim(U(g)), the set of
primitive elements.

x € 1+ tU(g)[[t] if and only if exp(z) is group like, meaning z — z ® x. Group
like elements are closed under multiplication. (I

Another “proof” that g determines G. G acts on itself by conjugation, and so it
acts on g. This makes g a representation of G (the adjoint.)

¢ G — AutLie—alg(g) - GL(g)

Assertion: g semisimple implies that ¢ is a local isomorphism. In other words,
we recover GG as something defined purely in terms of the Lie algebra (up to connect
component and simply connectedness.) Actually

0— Z(G) — G — Aut(g)
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is exact. This implies that Aut(g) ~ G°/Z(G"). O

Definition 11. A connected semisimple group G is called adjoint if Z(G) is the
identity.

Corollary 12. If G is adjoint then G has the structure of a linear algebraic group.
(G is the R-points of a linear algebraic group of over R.)

In general, G fits into an exact sequence: G— G — G/Z where G is simply
connected (the universal covering space) and G/Z is adjoint. For example, if G =
S04, (C) then G = Sping,(C) and G/Z = PSO5(C).

3.1. Classification. From now on we assume that all groups and Lie algebras are
over C.

If G is semisimple then Z(G) finite implies that G — G/Z(G) is a finite cover of
an algebraic group, and so G itself must be algebraic.

In the diagram

{linear algebraic groups}  — {Lie groups}
Ul Yl
{semisimple lin. alg. groups} — {semisimpleLiegroups}
the bottom arrow is an isomorphism.

Recall that a representation of G on V is a holomorphic moap G x V. — V
satisfying the usual identities. Then it is a fact that any such map is automatically
algebraic. So we have three ways to describe the same thing (in the case that G is
simply connected):

(1) Complex analytic representations of G.

(2) Algebraic representations of G.

(3) Maps g — gl,(C) such that there is a map from G to GL,(C) making the
following commute:

G — GL,(C)
! !
G — GL,(C)

The goal is to understand representations of GLo(C). The Lie algebra sl(C)
consists of traceless matrices in gla(C). It has basis consisting of

e=(34)n=(t ) o=(10)

The Lie brackets are easily checked to be
[H,E| =2F,[H, F], -2F,[E, F| = H.

Suppose that slo(C) acts irreducibly on a finite dimensional vector space V.
For the action of H, choose a A-eigenvector v € V such that the real part of A is
maximal. Since

2FEv = [H,Elv = H(Ev) — E(Hv),
FEv has H eigenvalue A + 2, but by the assumption that A was maximal, this says
that Ev = 0. Similarly, one sees that F*v has H-eigenvalue A — 2k.

Claim: EF*v = (kA —k(k —1))F*~1v. We prove this by induction. k& = 0 is the
calculation above. Suppose the statement is true for k. Then

E(FFYo = HF*v + FEF*y = (A — 2k)F*v 4 (kXA — k(k — 1))FF* 1y,
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Simplifying this expression proves the claim.
So V is spanned by v, Fv, F?v,.... We conclude that F¥v = 0 for k large.
Choose n such that F™v # 0 but F*"*y = 0. Then

0=E(F"v) = An+1) —n(n+1))F.

Since F™v # 0 this implies that A = n, and so V = (v, Fv,..., F"v. We have
proved

Propostion 13. Irreducible representations of sla(C) (up to isomorphism) are in
one-to-one correspondence with the nonnegative integers.

Examples: n = 0 gives the trivial representation, n = 1 gives the tautological
representation of sl3(C) on C? and n = 2 gives the adjoint representation on g.

Since a representation of (the adjoint group) PGLy(C) is a representation of
SL2(C) on which —1 acts trivially, we see that the representations of PGLo(C) are
classified by nonnegative even integers.

4. JACOB LURIE: REPRESENTATIONS OF ALGEBRAIC GROUPS

Definition 14. An affine (or linear) algebraic group is a group in the category of
affine varieties. i.e. G = Spec(A), and the mapsm : GxG — G, i : G — G satisfy
the appropriate properties.

In terms of the ring A, this means that the A — A ® A is a comultiplication,
and A is a commutative noncocommutative Hopf algebra.

Definition 15. A representation of an algebraic group is

1 a vector space V

2 an automorphism n :V — V for every point n of G.

2’ This is equivalent to saying that for every R point of G, n : Spec(R) — G if
and only if A — R, n:V®R —V ®R. Since the statement is functorial,
it suffices to define this in the universal case A=R. n: VRA—->V®A
is determined by restriction V —V ® A.

3 The diagram

Vv — VA

! !
Ved — (VRA®A

1s commutative.

In summary, a representation of G is a comodule over A.

Examples: GL;(C) = C* = G,, = Spec(C[t,t71]. The comultiplication is
t — t®t. A representation is thus a vector space V with a map V — V[t,t7!]
v — Y \(v)t'. Condition 3 implies that v = > \;(v), so A\; o A\; = \;d;;. This
implies V' = @D, , Vi where V; is the image of \;. We conclude that representations
of G,, are graded vector spaces.

Corollary 16. Any nontrivial representation of G,, contains a 1-dimensional sum-
mand.

Definition 17. An algebraic group G is called torus if G ~ G, X - X Gyy,. In this
case X*(QG) is the set of maps G — Gy,
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In general, if G is a torus then there is a one-to-one correspondence
(3) {representations of G} < {graded vector spaces by X*(G)}.

Example: (C,+) ~ G, = Spec(C[t]). The comultiplication is t — t ® 1 + 1 ®
t. Representations of G, correspond to vector spaces V with V. — VJ[t], v —
350 1i(v)t'. The conditions in this case are pg = id, p; 0 pj = (i +j
)pivj, and this implies that p, = % Let py = d, so v — 3 L9 — exp(td)v.

! 2!
Since this map is algebraic if follows that d is nilpotent. In summary,

{representations of G,} < {Vector spaces with a nilpotent endomorphism}.

To summarize, if C — GL,(C) is a representation, then the restriction to R is
of the form t — exp(At) for some A € gl,,(C). In order to be algebraice, A must
be nilpotent.

Corollary 18. Any nonzero algebraic represntation V' of G, contains a nonzero
fized vector.

Definition 19. An algebraic group G is called unipotent if G has a filtration by
normal subgroups

0c-CcGp,1CG,CQG,
such that Gi1/Gi ~ Gy,.

For example, upper trianglar unipotent matrices in GL,, form a unipotent group.

Corollary 20. If U is unipotent, and U acts on a mnonzero vector space V then

VU £0.

Definition 21. An algebraic group G is solvable if B is a semidirect product of a
torus acting on a unipotent group.

This definition is not the “right” definition. The real definition is that G has
filtration
0c-cG,.1CG,CQGG,
such that G;11/G; ~ G, or G,,.
An example of a solvable group is B the group of upper triangular matrices in
GL,.

Definition 22. Let G be an algebraic group. A Borel subgroup B C G is a subgroup
such that B is solvable and G /B is proper (compact.)

If G = GL,(C) = GL(V) (V = (v1,...,v,)) then B, as above, is the stabalizer
of the flag
0=V CViCCVa=V
with V; = (v1,...,v;). A flag of V' is a nested sequence of vectors spaces as above.
Then GL(V) acts transitively on the space of flags, so G/B is the collection of all
flags in V. This is compact. In the case n =2, G/P = CP! ~ S

Theorem 23. FEvery algebraic group admits a Borel subgroup.

Idea of proof. There is an injection G — GL,(C) for some n. One might try
B = (By N G) where By is the standard Borel of GL,(C). One just needs to show
that G/B is compact. In other words, want to show

G/B — GL,(C)/By = X
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is closed. This won’t necessarily be the case. But G acts on X, so choose z € X
such that Gz C X is closed. Choosing By to be the stabalizer of  now works. [

Definition 24. So if G is an algebraic group and B a Borel subgroup B =T x U.
T is called a maximal torus of G. X*(T) = Hom(T, G,,) =~ Z" for some r. The
number r is called the rank of G.

Since G acts on g, g is a representation of T'. This gives a decomposition

9= @ Ja-
aceX*(T)
a € X*(T) is called a root (of G) if & # 0 and g, # 0. (If G is semisimple,
do = LZ@(T))
Example: G =SL,. B=T x U.

r={(* ) = 1)

So X*(T) ~ Z. The Lie algebra of T is generated by H, and
sl3(C) =CFOoCHOCE =g_3 D go D go-

So the roots of SLa can be identified with {—2,2} C Z ~ X*(T).
Example: G = GL,,. The Borel B ~ T'x U with T and U as above. In particular
T ~ (G,)", so X*(T) ~ Z" with basis, say, {e1,...,€e,}. Then

gl, = Lie(T) ® @ Oos
o
and
Lie(B) = Lie(T)® P ga-
ST
Picture of the weight lattice of PGL3 with the roots of Lie(B) and Lie(T) circled.
Apparently, this is the picture in Harris—Fulton.
Note the following features of GL,;:
(1) § = @ go with go = Lie(T).
(2) f o #0 and g, # 0, dimg, = 1.
(3) If go # 0 then g_, # 0.
(4) If & # 0 and g, # 0 then

sly ~g-a @ [ga; 8-a] D ga-
(5) If go # 0 then exactly one of o and —« is a root of B.

Theorem 25. The above features hold if G is semisimple or, more generally, re-
ductive.

(G is reductive if G is an extension of a semisimple group by a torus. This a
property of G that can not be deduced from its Lie algebra.)

Definition 26. A weight of G is a character of the mazimal torus. If pu, A are

weights, we write p < X if X = p+ >, >0 Ty, A root a is positive if
a; positive

9o C Lie(B) for a fized Borel B.
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Definition 27. The Weyl group W (G) of a reductive algebraic group G is N(T)/T.
(N referring to normalizer.) This is always a finite group. A weight \ is dominant
if for all w € W(G) wA < A.

Exercise 28. Let G = GL,,. Show that N(T) = {permutation matrices} x T, and
that therefore W(GL,,) = N(T)/T ~ S,, (the symmetric group on n letters.)

Example: G = SLy, W ~ Z/27Z ~ S5 has generator (1 -1 ) The weight lattice
of G is Z, and the Weyl group acts on it by —1. So A is dominant if and only if
A > 0. Recall from above that these dominant weights classified the representations
of sl5(C).

Definition 29. Let G be a reductive algebraic group, V a representation of G. B
a Borel and U C B a unipotent subgroup. A highest weight vector of weight A is a
nonzero v € VY such that T acts on v by \.

Lemma 30. Let G and V be as in the definition. If V # 0, there exists a highest
weight vector.

Proof. Previously we saw that V'V is nonzero, and it is clear that B/U ~ T acts on
VU. So VYV = @, VY. Any nonzero v € VU for a maximal weight X is a highest
weight vector. 0

Lemma 31. IfV is irreducible, the highest weight vector is unique up to scaling.

Proof. Suppose v is a highest weight vector of weight A. Consider Vj; C V generated
by v under the action of U(g) = U(v~ &U(b). We claim that Vo = P, (Vo). and
(Vo) = Cu. Since V is irreducible, Vi = V. Thus any other highest weight vector
not a multiple of v must be in V,, for u < A. But, arguing as above, we would also
have A < p. (]

Lemma 32. If V and V' are irreducible and both generated by a highest vector of
weight X then V ~ V',

Proof. Consider V & V'’ with the projections ,v’, and let v & v’ be the highest
weight vector of weight A. Let Vj C V @ V' be the space generated by v @ v’'. By
irreducibility of V, V', Vy must surject onto each via the projection maps. Then

kery CVoCc VoV =V,

If kerv # 0, ker ¢) must surject onto V’. This would imply there exists w € ker
such that w — v’, but this is not possible. ([

In summary, if G is a reductive group then we have an injection
{Irreducible reps. of G}/ ~— X*(T).

The image is precisely the set of dominant weights.

5. MATT EMERTON
In Emerton’s previous talk he finished with
¢ € Homg (D}, ™% (GLy(R) x GL2(Z/NZ)/GLz2(Z), C)).

Djf was generated by vg, and ¢(vi) € Mg(N). (C°°(X,Y) is the space of continuous
functions from X to Y of moderate growth.) In this talk the goal was to discuss
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the general theory into which D,ff fits. (Note that D,j is not finite dimensional, and
s0 it is not explained by the theory of Lurie’s talk.)

We will have

Homg (V, C>*"™*!(I'\G(R), C))

where V' is some (to be seen) type of vector space, G a Lie group with Lie algebra g
and I' an arithmetic subgroup. This theory is the theory of “infinite place.” There
are many results that one needs to be familiar with even though one (presumably
a number theorist) will spend most of his life concentrating on the p-adic part,
the archimedean theory can’t be ignored altogether. For one, the infinite places
controls “weight.”

I"\G(R) is a Frechet space: there are a bunch of seminorms. All of these give
rise to a topology.

Let G be a reductive linear algebraic group over R. (This means that G C
of Rest (GL,) and G is invariant under taking inverse conjugate transpose 6(g) =
(*g*)71.) Let K = G’. Then

GR) c G
KR) = G
G

L
(
(

n(C)
) N GL,(C)?
R)nU(n),

and so K(R) is compact. Actually, K(R) is maximal compact and unique up to
conjugacy. (However, K(C) is not compact.) The reason that a compact group is so
useful is that an irreducible action of a compact group is an algebraic representation
as classified in Lurie’s talk.
To describe why recall the following algebraic tautologies. When A — B is a
unital map of rings, and M is an A-module and N is a B-module,
(1) Homp(B ® M, N) ~ Hom¢ (M, N), and
(2) Homp(N,Hom (B, M)) —~ Hom (N, M).
The second tautology implies that
Homesy(V; “C*"(G(R), €)) — Home(V,C) = V"

(The inverse map is v — (g — @(gv)).)
So, to understand representations of K we need only look in C*°(K(R),C). If

—

K (R) is the set of equivalence classes of irreducible representations of K(R) then

P uou— C*(KR),C)
peK (R)

Fourier theory implies that the image is dense. In fact the image is O(K) =
algebraic functions on K, and a version of Weierstrass approximation implies that
O(K) is dense.

Let V be a continuous representation of G(R) on a complete locally convex

topological vector space. If u € K(R), define m, = Hompgg)(p, V). Let V(i) be
the image of the evaluation map m, ® u — V. Again, a version of Weierstrass
approximation implies that

V =38V(u) DeV(k) = Vi_fin-

@ means the Hilbert space closure. For v € Vi_ fin, the span of Kwv is finite
dimensional.

Definition 33. V is admissible if all V(i) are finite dimensional.
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Theorem 34. IfV is admissible,
(1) all v € Vik_fin are smooth, i.e. the map G(R) — V given by g — gv is
smooth,
(2) g preserves the space Vic_fin, (Vik—fin is a (g, K)-module,
(3) W +— Wk_tin and U — U are mutually inverse bijections between the
lattice of closed subrepresentations and the lattice of (g, K)-submodules.

Proof of 2. Suppose v € Vk_fin. Let W C V be finite dimensional K (R)-invariant
subspace containing v. Let X € g and k € K.

kX - W = ady(X)kW C adp (X)W C gW.

gW need not be finite dimensional, but the action of K on YW for any particular
Y € g is finite dimensional. O

Example: Let’s suppose that G is quasi-split, meaning that G' contains a Borel
B = TU over R. (G is split if it contains a maximal torus T over R.) Then
G(R) = K(R)B(R). (K(R) N B(R) need not be trivial.) Let x : T(R) — C* be a
continuous character. Define
I(x) = nd§%) x == {f : G[R) = C | f(bg) = x(b) f(g) for all b € B(R),g € G(R)}.
2 I(x) is an admissible (g, K )-module.
Why admissible? Since O(K) = @ue?@ p" @ p and the restriction of I(y) to
K(R) is
{f: KR) = C| f(bk) = x(b)f(g) for all b e B(R)N K(R),k € K(R)},
it follows that
I(X) K- fin = @(MV)BOK @ p.
o
Since 1V is finite dimensional, this implies that I(x)x— fin is admissible.
Example: SLy(R) = B(R)K (R) where
BR)={(*)|acR* beR}
and K(R) = SO3(R). In this case, B(R) N K(R) = {£}. Also, a character of B is
of the form x : a — |a|’ sgn(e) with s € C and € € {0,1}. So
I(X)K—fin = @ ()"

nez
n=e (mod 2)

In order to determine the action of g = sly = (Y_,Y,, H), it suffices to know how
Y, Y_ acts since U(sly) D Z(sla) = C[Y,LY_ + H? — 2H].

Exercise 35. Compute \ the C = Y, Y_ + H? — 2H-eigenvalue on ()" € I(x),
and conclude that Y Y_ acts by A — n(n — 2).

To finish of his lecture, he drew a picture of the Dg root system for Sp(4) and
said that it can be found in the book of Fulton and Harris.

lfinite dimensional representations are automatically smooth, but this need not be true for
infinite dimensional representations.

2Emerton said something here about how regularity conditions, such as smooth, L? etc., on the
type of functions in I(x) are not necessary because (g, K)-modules force the functions to satisfy
these properties already.
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6. FLORIAN HERZIG: REPRESENTATION THEORY OF p-ADIC GROUPS

Florian provided written notes of his talk (and much more) so I don’t include
any notes here.

7. DAVID NADLER: HECKE ALGEBRAS

7.1. Distributions: from groups to algebras. References: Gross “On the Sa-
take Isomorphism” and Bernstein notes. (Should be able to find them on University
of Chicago webpage on geometric Langlands.)

Let G be a finite group. Then C[G] can be thought of as a way of assigning a
distribution ¢4 to each element g € G with the property 0404 = 0.

What is a distribution? The dual space. (Hecke algebras are distribution alge-
bras.)

{G — representations} < {C[G] — modules}

What are the C[G]-modules? For one, C[G] is itself a C[G]-module. This is
sometimes too big to handle, but C[G/N] is a (left) C[G]-module that can be easier
to work with. C[G/N] = N-invariant functions on G is called (?) a residual right
symmetry and it is governed by a Hecke algebra.

If f is right N-invariant, d, = f(g) = f((¢')"'g) is still right N-invariant, but
f(g) * 64 is not necessarily right N-invariant. However G[N\G/N] is right N-
invariant. This is a Hecke algebra via convolution:

m:GxG—G mC[G] ®C|G] — C[G]
If N\G xx G/N = {nign,n"tg'ny} then the group law on G gives

N\G xn G/N
N\G/N N\G/N N\G/N

This gives the multiplication (1, d2) — m.(pid1, pio2).

Exercise 36. Describe the following Hecke algebra: G = SLo(Fy), N = B(F,)
and H = CIN\G/N]. dim¢(H) = 2 (because the Weyl group is Sz.) How do you
multiply the two functions?

Another example to return to:

F 0 |wl|k
Fq((t)) Fyp[[2]] t|Fp
Qp Lp p | Fp

prod. of 2 formal disks | formal disk

Cartan decomposition: G = G(F), K = G(0), K\G/K ~ A'. In the case that
G = GL,,
wh 0

AT = i< <knki€Z
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The goal is to understand Hgp, = C.[K\G/K| ~ C.A*]. (The ¢ denotes
compactly supported distributions.) Note that, a priori, the isomorphism here is
only as vector spaces—not as algebras.

Examples:

(1) GL1(Qp). A" = {(pkk) |keZ}~7
(2) GLy(Q,). A* = {(P ' pkz) | ki € Z, k1 < ko).

Exercise 37. In the case that G = GLy, H = C.[K\G/K], show that H is iso-
morphic to C.[AT] as algebras.

At this point he tried to draw a picture of G/K the set of rank 2 Z,-modules
in Q2. (G =PGLy(Qy), K = PGLy(Zy).) Zy ® Zy is the center element and it
is surrounded by a Pq(F,) of “closest” neighbors. Probably he was drawing the
neighbors in the case that p = 2. In this case the lattices are 2Zo ® Zso, Zo & 274,
Zo(1,1) 4+ 2Zo @ 2Z5. FEach of these has Zs @ Zy as a neighbor and two other
(different for each.)

A K-orbit of G/K consists of all of the points of the above picture of a given
distance from the origin. This is K\G/K = A" and corresponds to the natural
numbers.

Aside: this could be done for F' = C((t)), G as above. In this case G/K is a free
group on P}(C)/(zzt =1).

Theorem 38 (Satake Isomorphism). If G (over a local field) is split then Hgpp =
RepRing(GY) @z C. GV is the Langlands dual group.)

Example: G = GL;. We have seen H = C.[Z]. The irreducible representations
of GLY = GL; are parametrized by the integers.

Comment on why this is important: If V' is a representation of G then H acts
on the K invariants V.

How to prove Satake isomorphism: Both C.[K\G/K] and C.[A] act on C.[K\G/K] ~

C.[4] by Iwasawa decomposition. This gives a map

C.[K\G/K] — C_.[A]* = 7{functions on a lattice}.

8. FRANK CALEGARI: REPRESENTATIONS OF GLy(F)

Let G = GLy(F,). Note that #G = (¢*> — 1)(¢* — ¢), and that it is partitioned

by the conjugacy classes C:
gecl H (’\ /\) ‘ ( ) ‘ ( ) ‘ semisimple non-split
—2) -
#e a1 q-1] @0 o

The 1-dimensional representations correspond to the conjugacy classes of center
elements. (The first column of the above table.)

The next “class” of representations come from the principal series representa-

tions. Let M = {(*,)}, N={('7)} and B = MN. Let x; and x2 be characters
of F,. Then we can define a character on B:

((5 7)) =@

Let B(x) = B(x1,x2) = Ind%(x). Notice that #G/B = #G/#B = #P'(F,) =
g+ 1.
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The Jacquet module of a representation V' is
IJNV =V/{nv—v|ne N,veV).
This is the biggest quotient of V' on which N acts trivially. It has an action by B.
Lemma 39. Homy (JnV, x) = Homg(V, B(x)).
Proof. We have
Hom s (Jy M, x) = Homp(JNV, x) = Hompg(V, x) = Homg(V, B(x)).
The final equality is Frobenius reciprocity. The others are easy. (I
Corollary 40. IfV is irreducible and JNV # 0 then V C of B(x) for some x.

Lemma 41. Let A, B be subgroups of a finite group H with x, 8 characters on A, B
respectively. Then

Homp (Ind¥ o, Ind% 3) = @ Hom,, -1 awnp(a®, 3).
wEeA\H/B

“Proof”. Homp(Ind{ o, B) consists of functions of coests Ah. When you restrict
to B this gives functions on the cosets AhB which is

@ HomuflAumB(“a”waB)

weA\H/B

We now apply this lemma to A = B = B and H = G. The Weyl group is
B\G/B = {1,w},

and

. 1 if x=x"orx¥ =1y,
dlmHom(B(X)’B(X/)){ 0 otlfervv)icse. * *

8.1. Whittaker models and the Weil representation: Cuspidal represen-
tations. There is a Whittaker model.

There are (¢ — 1)(¢ — 2)/2 irreducible representations corresponding to split
semisimple elements.

Theorem 42. Let F be a field. Consider the group H presented as follows. The
generators are:
e m(y), y € F*,
e n(z), z€ F,
[ ] w,
and the relations are:
m(y)m(y') = m(yy'),
n(z)n(z') = n(z +2),
m(y)n(z)m(y") = n(y*z),
wm(y)w =m(-y~"),
wn(y)w = m(—y~n(—y)wm(-y~1).
The map that sends m(y) to (y y

group homomorphism from H to SLy(F) that is in fact an isomorphism.

4), n(z) to (1%) andw to (_, ') is a surjective
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“Proof”. Tt is easy to check that the map is surjective and a homomorphism. (Check
that elements of the given type generate SLy(F') and that the relations hold.) To
get that it is an isomorphism, consider the inverse map

(2 )- (it e e

To check that this is a group homomorphism is messy but possible. (I

Let E/k be a rank 2 algebra over k = Fy, either E = k@ k or E is an unramified
field ¢ with [¢ : k] = 2. Choose ¢ : k — C* a nontrivial character. There is a
conjugation map = — T on F given by the usual Galois conjugation if £ = £ and
(z,y) = (y,x) in the case E = k @ k. This gives trace and norm maps

trex—x+2x, N:z— zX.

The Weyl representation will be an action of G. Let W be the space of C valued
2
functions on E. So W ~ C% . There exists a Fourier transform on W:

—efo P(tr(Ty))

yEE

satisfying f( )= f(—xz). (eis 1 if E is split and —1 if not.) Define the action via

o (" ;1) f(x) = flax),
e (1D ) = ¢(zN(2)) f (=),
o wf(z) = f(2).

To verify that this is a valid action one needs only check the five relations of Weil’s
theorem.
This gives a representation of SLy(k). To extend it to all of G, let

()0 =tfion)

where « € F satisfies N(«) = a and X is chosen in a consistent way.

W (which has dimension ¢?) is not irreducible, but it can be broken up in the
following way. Choose x : E*C* that does not factor through the the norm N. Let
WY be the set of functions f € W such that f(1) = 0. Clearly, dim W° = ¢ — 1,
and G acts on W°. Let

W(x) ={f € W°| f(yx) = x()f(x) whenever y € ker N}.

If E =/, we get ¢ + 1 nonsemisimple representations W () of dimension (¢? —

Dig-1)=q+1.
(Does next part correspond to E =k ® k? I don’t know.)

. 1 ifa#0
dim{V c W(x) | (* ) v =¢(az)v} = L
0 ifa=0
IfveV,v = (‘fl 1) v lives in the same type of space with a’ = ad. This implies
W (x) is irreducible of dimension ¢ — 1, JyW(x) = 0 and the number of such W ()
@~1-(¢=1) _ ¢°—q
2 =7

up to isomorphism is
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8.2. Final thoughts. What happens for IF; replaced by a p-adic field K? In this
case there are three choices for F, namely K @ K, a field extension of degree 2, L or
a nonsplit quaternion algebra D/K. In these cases one takes W to be the space of
locally constant compactly supported functions on E. Again, there exists a Fourier
transform on W, and one wants to break up W into indecomposable parts.

For a representation V' of E* there is a lift JL(#). These will give all represen-
tations (all supercuspidals?) as long as p > 2.

9. FRANK CALEGARI: CLASS FIELD THEORY

Let K/Q be a number field, I = Ix the group of fractional ideals, S a set of
rational primes. I° C I will be the subgroup of generated by primes not in S. Set
K% ={a€ K*|v,(a) =0if p¢ S}. Note that a € K* if and only if (a) € I°.

There is a natural map ¢ : K* — I, and if C = I/K* is the class group and
U = Uk = O} is group of units then

0 U 1 K> C 0
0 U 15 K® c 0

Definition 43. A modulus m = memy consists of an ideal my C Ok and a
collection of infinite real places mo,. Let S(m) equal the places dividing m. Let

Kni={a€K*|a,>0ifv|me,v(@a—1)>v(my) ifv|ms} C K5,
The Ray class group of conductor m is Ciy = I° /(K 1).
The first observations are that Cy, are finite and that
1% /p(Kma) = 1% [p(K5™) = C

is surjective.

Let Ky = K5(™. Then
0—->U/Un1 — Kn/Kni1— Cn—C—0
is exact.
Lemma 44. Kun/Kn1 ~ [[,jn {£1} x (O/m;O0)*. In particular, Cy is finite.
More precisely, #Cwn/#C is equal to the index of the image of U/Un.1 in Kn/Kn 1.
Example 45. K =Q, m=o00-N, N > 2.
0—{+1} - {1} x (Z/NZ)* -1 —0.
So Cy ~ (Z/NZ)*.

9.1. Frobenius elements. Let L/K be Galois, p a primes of K and 8 a prime in
L above p. Consider the following diagram.

L Ly POy, 14
K K, Ok, k

This gives an injective map i : Gal(Ly/K,) — Gal(¢/k), and a surjective map
j: Gal(Ly/K,) — Gal(L/K). If p is unramified, ¢ is an isomorphism. This gives
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a canonical element in Gal(Ly/K,) called Frobenius, and, via j, an element (also
called Frobenius) in Gal(L/K) denoted (,L/K). An elementary computation
shows that

(7B, L/K) = (P, L/K)r .
So if L/K is abelian, the Frobenius element doesn’t depend on the choice of prime
lying over p. In this case we write (p, L/K).

9.2. Artin map. Let L/K be an abelian extension that is ramified only at v € S.
The Artin map r,/x : Iy — Gal(L/K) is given by ¢,k (p) = (p, L/K). We say
that ¢ : Iy — Gal(L/K) admits a modulus m if 1)(¢(Km,1)) = 0 for S = S(m).

Theorem 46. The Artin map admits a modulus.

What does this mean? (p,L/K) is trivial if Ly /K, is trivial. Since n = efr,
in this case e = f = 1, so this implies that p splits completely. In fact, p splits
completely implies that (p, L/K) is trivial.

Theorem 46 implies that if L/K is abelian, any principal prime ideal in ¢(Ky 1)
must split completely. Returning to Example 45, this says every prime ideal con-
gruent to 1 modulo NNV splits completely.

Remark: Theorem 46 is not fully satisfactory because it doesn’t imply the ex-
istence of any abelian extensions. It says that if ¢ has modulus m then it factors
through I IS{ /Km1 = Cn. The following theorem gives existence of abelian exten-
sions.

Theorem 47. [Ezistence Theorem| There is a field Ly /K such that ¥ : 13 —
Gal(Lw/K) has kernel exactly (K 1). i.e. Cy ~ Gal(Ly/K).

We call Ly, the Ray class field of conductor m. (Prime ideals of K that split
completely are...)

If m =1, Ly, is called the Hilbert class field.

Example: Q, U = {#1}, m = 0o - p*. The exact sequence is

0— {*1} — {1} x (Z/p*2)* - Cpy — 1 — 0.

So, the existence theorem says that there is a field L over Q such that Gal(L/Q) ~
Cwm = (Z/NZ)*. L = Q((,+) indeed has this Galois group.

Example: Q, U = {#+1}, m = p*. The subgroup of order #C\o.pk /2 corresponds
to the maximal real subfield of Q((,»). Note that there exist field extensions that
are unramified at all finite primes, but don’t correspond to Hilbert class fields.

Example: K an imaginary quadratic field. #U = 2,4 or 6. m = p¥. The exact
sequence is

0—-U— (Og/m)* - Cpn —1—0.
As k — oo,
O — {ZI;X< X Ly %f D .spl.its,
Zp2 if p is inert.
In either case, the K~ /K is a Zf, plus something finite. Over QQ the existence
theorem gives a Z,, extension called the cyclotomic extension, and so there exists a
so-called cyclotomic tower of fields. Over K we get two Z, extensions. Gal(K/Q)

acts on Gal(Kp~ /K ). The second extension is called the anticyclotomic Z,, exten-
si0n.
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Example: K a totally real field over Q. The following sequence is exact.
(4) 0= U/Uny — [J{#1} x (Ok/m)* = Cpy =1 -0
v|oo
Dirichlet’s unit theorem says that U ~ T ® Z"+"2~1 with T finite and [K : Q)
n =11 + 2ry, so in this case U ~ T @ Z*~ !, and U®Z, ~ Zz_l. We take m = p
and consider what happens to (4) as k& — oco. In the limit, the sequence is only
known to be right exact. That is, modulo torsion,

ZZ*I HZZ — Cpee — 0

El

is “exact.” If the first map here were injective, this would imply that Cpe ~ Zj,
(plus torsion,) so totally real fields have no new abelian extensions.

Conjecture 48 (Leopoldt). The map is injective, and so over totally real fields
there are no new Z, extensions.

Remark: This discussion dispels the ‘belief’” that class field theory explains ev-
erything about abelian extensions.

9.3. Adelic language.
Definition 49. The adeles of a global field are defined to be
A ={x=(a,) € HK” | z, € O, for almost all v,
v

and the ideles are

Ak ={z=(z,) € l_IvaX | z, € O for almost all v.

(v runs through all valuations of K and K, are the corresponding complete local
fields, with valuation rings O,.)

There is a topology on Ag. The following (open) sets form a cover.

{H K, x H O, | S is a finite set of primes}

veS vgS

It follows that Ag is locally compact.
Example: Assume that S,, C S. Then

viso={| =), HvEs

lay, —¢| <1 ifvesS
is an open set of Ag.
There is a natural map

K* —Ag aw—(a,a,...).
The image is discrete. To see this, it suffices to show that if a € K> then there
exists U(S, €) such that a ¢ U(S,€). If a € U(S,€), then []|a, — 1| < €. But € can
be chosen to be less than 1, and this would contradict the product formula unless
a=1.
Another natural map is

Af — Ik (ay) = [T por@.
ptoo
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Note that (a,a,...) goes to (a) under this map. So, this induces a map K*\A% to
the ideal class group.

Definition 50. The quotient K*\AJ; is the idele class group.

Recall that 1 : I8 — G, G an abelian group (think G' = Gal(L/K)), admits a
modulus if ¥(p(Ky, 1)) is trivial (7) Therefore, G must be a quotient of Cl,.

Theorem 51. There exists a unique homomorphism ¢ : K*\A% — G such that

e ¢ is continuous,
e $((a,)) = p(image of (ay) in I3). (A maps to Iy ifa, =1 forallv € S.)

Moreover, any such map of K*\A} of finite order is of this type.

This theorem “packages all ray class fields together in some nice way.”
If L/K is an abelian extension, we have the following diagram of maps.

KX\AX —= Gal(K®/K)

. |

Gal(L/K)

The kernel of K*\A} — Gal(L/K) has kernel exactly N(L*\A7).

9.3.1. Local class field theory. There is an injection
K, — Ay ay,—(1,...,1,a,1,...)

where a, is inserted in the v-component. This then gives the following commutative
diagram.

Gal(K®/K,)
\Mm
KX\A% Gal(K /K)

The “smallest” quotient of K*\Ajk:

There is an absolute value |-| — RZ° on the adeles given by |(a,)| = [T lavl,-
(Normally, the absolute value on the adeles is given by the product over all places.
In this case, one has the product formula: |[(a)] =1 for a € K*. I don’t know if
I copied down the wrong formula, if Calegari wrote the wrong thing on the board,

or if he meant what I wrote above.)
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9.3.2. Hecke characters. Suppose 1 : K*\Aj — C* has conductor m = my. If ¢
is trivial on [ [ujee O X [ [ (1 +m), it is called a Hecke character. All characters

vim
at the infinite places are of the form:
KXl X
R* | z— a2 |z|”, ee {+1},s€C
C* | 2+ 2428(22)%, A, B€Z,s€C

v|m(

Y is an algebraic Hecke character if ypx(z) = x¢|z|" for some n € Z, and
Yex (2) = 2428 for some A, B € Z.

Why do we care about algebraic Hecke characters? If ¢ : K*\A%X — C is an
algebraic hecke character, there exists a compatible family of Galois representations
pyw : Gal(K*/K) — E* unramified if ¢ | mN(v), [E : K,] < co. Moreover, if we
fix iso : Q — C and 1, :@ﬁ@p,

pyw(Froby ') =ipoiy ' (1,...,1,mg,1,..).

Example: ¥ : QX\A(S — C, m = 1. We take the ordering of the adeles: Q X
QQ XQ3 X ---. Define

b(1L][Zp) =1 and (z,1,...) =|al.
Then

WL, = ,1,%,...)

This construction gives the cyclotomic character.
What do these look like?

e Finite characters.
e ) and v’ characters, then 11’ is too.
e 1 a Hecke character for K. ¢ :=1 o N /.

Theorem 52. Suppose that ¢ is an algebraic Hecke character of L. Then
Y, = finite X Y o Nk
K C L is a CM extension of a totally real field KT /Q.
Comments: He finished the lecture with a Venn diagram: the left circle being 1-

dimensional Galois representations unramified outside a finite set of primes S. The
right circle being Hecke characters. Algebraic Hecke characters are the intersection.

10. MATT EMERTON: AUTOMORPHIC FORMS AND REPRESENTATIONS

There are two contexts for the definition:

(1) ¢>med(T\G(R),C). (T need not be a congruence subgroup, but Hecke
algebras don’t come up if I" is not congruence.)

(2) Adelic framework. This requires a lot more set up to understand, but is
better for number theory.
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10.1. Groups over Q. Let G be a reductive group defined over Q. (One can take
reductive to mean that, after base change to C, G is reductive over C as defined
before.) There is some closed embedding G — GLy.

Examples? There are many. You have to give them names which are usually the
same as for those defined over R and C. e.g. U(p,q)/Q =? In analogy to the R,C
case there is an imaginary quadratic extension F of Q:

C~~=F

R ~~Q

With these groups there is a theory similar to the section in Serre’s Course in
Arithmetic on quadratic forms: you have to choose local data hoping that they can
be glued together to form a unique global object. (Hasse principle)

(References: Boulder volumes, Casselman’s notes on p-adic groups.)

When you have a group over QQ, denominators can be cleared so that the group
is reduced, and the morphism and can be made to be defined over Z[+] for some
N.

Example: 22 + 32 = 1. Multiplication is defined by

(z,y) - (@', y) = (w2’ —yy', 2y’ + 2'y).
(This is complex multiplication on S'.) Since over Fy get (z +y + 1)? = 0, this
group is not reduced over Z, but it is (?) over Z[].

Why are theorems proved for reductive groups and not just semisimple ones?
Possible explanations are:

e GL, is reductive but not semisimple.
e The process of inductions does not preserve semisimplicity, but it does
preserve reductivity.

Consider
SU(2)——=U(2)

HX
The center of U(2) is in U(1), and the center of H* (units in the Hamiltonians,
which is reductive but not semisimple) is contained in R*. Over Q, is there a
connection with this fact?

Let D*/Q be a quaternion algebra. (D can be thought of as a function: R —
(D ®g R)*.) The center is G,, which is split. On the other hand, U(2) has center
(EX)N=1 which is not split. Some groups that are split over Q will not be split
over Z[%] for any N. This is a reason that people work with nonsplit groups.

(Reference: Gross’s Algebraic Modular Forms does Satake isomorphism for non-
split groups.)

Definition 53. G/Q,, is unramified if G is quasi-split and there exists a mazimal
torus that splits over an extension of Q.

It is a fact that G/Q is unramified at all but finitely many primes. Assume all
ramified primes are in N. So G/Z[+] is reduced and unramified at all closed points.
For pt N, G(Z,) C G(Qy) is a hyperspecial mazimal compact subgroup.
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G affine means that there is a closed embedding G < affine r-space. The
G(A) — A" is topologically closed. Note: in the ideles, two adeles are close if
they’re close and their inverses are close—the topology of the ideles is finer than
that induced by the adeles. This has to do with the fact that

[To.n[or #]] o
A=RxAf Ay =Q®z 7. What are the open compact subgroups of Ag? If
K, C G(Q,) is a compact subgroup such that p | M and N | M then

11 5 x [ G(Z) € G(Ay)

p|M ptM
are the compact subgroups. They induce a topology. G/Q will agree with an
integral model over Z[+].

The adeles say something about arithmetic, so taking the adelic points of a
variety over Q actually says something about the integers. This means that we
don’t need to explicitly work over Z[%], but it is good, philosophically, to realize
that this can be done.

10.2. Authomorphic forms. These are functions of G(Q)\G(A). What does this
quotient look like? It is a fact that given Ky C G(Ay) a compact open subgroup,
there exists a finite subset C such that

(5) GA)=GQ)-C-GR)Ky
Why? In GLq:
Q\AY/R* Ky = Z/{£1} K,
which is finite. This has something to do with the fact that Ray class groups are
finite.

Remark: It suffices to discuss all of this theory over QQ instead of an arbitrary
number field F. Suppose G is an algebraic group over F. Then G' = Res% G,
which satisfies Resp(R) = G(F ®g R), has G'(A) = G(F ®g A) = G(Ar). In other
words, you don’t have to say anything about F' unless you want to.

The group SLs is generated by two copies of G,:

o))

Since Q is dense in Ay, it follows that ((1J (11)) is dense in ((1) Alf ) Thus SLy(Q) is
dense in SLa(Ay), and
SL2(A) = SL2(Q)SL2(R) K
for any open subgroup Ky C SLa(Af). In other words, we can take C'=1 in (5).
This basic argument works for any split group.
Rewriting (5), we have

G(A) = | | G@cGR)Ky,
ceC
and so
(6)  GQ\G(A)/K) = Uc € CGQ\G(Q)IG(R)E /Ky = Le € CTA\G(R).

gc € cG(R) - Ky if and only if g € G(R)cKse™!, and so g € G(Q) NcKye~! which
is a congruence subgroup.
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G(R) <—>K§OZQO

|

G(R)/K% 20 “ =" AN
(A, N as in the decomposition K AN.)

G(R)/KY ZY, is a topologically contractible (with components) symmetric space

for G(R). In the case G = SLs this is the upper half plane H. Another example is
Spay ~———U(g)

|

Siegel g-space

Final comment: the real points are a big deal. The finite adeles control C' and
I'c, but the geometry comes from G(R). As an example, think about how the
grossencharakteres do involve the infinite place.

11. FRANK CALEGARI: PROBLEM SESSION

SL2(R) is topologically isomorphic to R* x S1. SLy(R) acts on 7 € H via

. 1/2 . . . . .-
(¢8)7 =9t Since (“ a*b1/2> i = a + bi, the action is transitive.

11.1. Proof of Theorem 52. Consider the tower of fields: Q ¢ Kt c K C L.
Consider a character ¢ : L*\A} — C* such that

Yoo =1 |H'U\ooLff

is of the form 2 +— z™ at real places and z +— 2?2° at complex places. Hom(L, C) «~

0, € G=Gal(L/Q).

= Yoo(u) - 1 = oo (u).
If my # 1, there exists k € Z such that 1 (u¥) =1 for all u € U = O};. Then

(oo (w)] = [T loi ()|
where real o; < a; and complex 0,041 < aj,aj41.

Let n = > a;[oy] € Z[Gal(L/Q)]. S0 Yoo (w)| = |nu| and |o9ec(u)| = |onu|, and
therefore (nu)* = 1, and n(u¥) = 1 for some k’. We conclude that 7 annihilats
U ®z R.

Let ¢ denote complex conjugation. Then

UQC = H Vdim(V\c:l).

irreducible reps
of G of dimension>1

Notice that if V' is a representation then ann(V) = ann(V ® V). If every represen-
tation occurs above then
0 - C - CGa(L/Q] — ? —= 0
21yl
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If V doesn’t occur, dim(V | ¢ = 1) = 0, and thus ¢ acts by —1. G surjects onto
G/H which acts on V, and ¢+ c¢ is a nontrivial central element of G/H. By Galois
theory it must act through the Galois group of K which is CM. So

NG/
0— > K—>C[G|—4Clq/H]—=0

is exact. Therefore 7 factors through Ng,p. This implies that p, = x ¢k o Np/k
where x is a finite order character and ¥k is a grossencharakter.

Corollary 54. p : Gal(K*/K) — E*, [E : Q)] < oo. Then p is unramified
outside pN.

“HT” at v | p.

12. MATT EMERTON: AUTOMORPHIC FORMS

Let U(g) be the universal enveloping algebra of the Lie algebra of a reductive
Lie group G/C. Let t C g be Lie algebra of a maximal torus T' C G. Set r = dim t.
The Weyl group W = N(T')/T acts on T and so on t. If Z(g) is the center of U(g),
the Harish-Chandra isomorphism says that

Z(g) ~ (Sym )V ~ C[zy,...,z,].

Where does this come from? The idea is that the characteristic polynomial of
an element g € gl,, is of the form 2™ — a,,_12" "' + - - - ag, and the a; are symmetric
polynomials.

For a more general group, can still do this, but there could be some additional
relations on the n parameters. In the end, there will be r independant pieces of
information—each one can then be converted into an element of Z(g). To actually
determine these: if the group is semisimple then g C sl,, but the polynomial
corresponds to elements.

Exercise 55. Find the Casimir of SLa, Sp, in this way.

G

U——=P=MU—>M
We can assume that T'C M C G. so Wy = Nyyry/T C Ngery/T = Wg. Thus
Z(g), which equals the set of W invariants is a subset of Z(m) (the set of Wy,
invariants) which is a subset of SymT". If a € SymT then [[ oy, (z —a®) is Wg
invariant.

12.1. Definition of automorphic forms. Let G/Q be a connected reductive
linear algebraic group. Fix a maximal compact subgroup K., C G(R). Let

A= A(GQ)\G(A),C)
be the set of functions f : G(Q)\G(A) — C satisfying:
(1) fle) is smooth.
(2) There exists Ky C G(Af) open and compact such that Ky fixes f.
(3) f is Koo-finite in the G(R) restriction.
(4) Z(g) - f is finite dimensional.
(5) f is slowly increasing.
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For GL;, this says that
[ RSy x (Z/NZ) — C

should be a generalized eigenvector of %. If 10, f = cf then f |gx (¢) = sgn(t)* [¢|°.
We conclude that automorphic forms on GL; are linear combinations of idele class
characters.

In a torus (as above) there is no interaction between the real place the finite
places. This will not be true in general.

In the case of GLs:

GrLa(ag) = (*|)staay)

- ( o )SLQ(@) < z

. > SLy(Z)

— GL»(Q)GLa(Z).
This implies that if K¢ is a principal congruence subgroup of level N,
(7) GL2(Q)\GL2(A)/ Ky = GL2(Z)\GL2(R) x GL2(Z/NZ).

Choosing N large enough, we can assume that f is a function on (7). Assuming
that Z(g) acts one-dimensionally, one finds that the Casimir acts by hyperbolic
Laplacian.

If G is a quaternion group split at co: G(R) = GLa(R). In this case, one gets
Shimura curves: I'\SL2(R) where T is a cocompact discrete group.

Suppose K- f = U is an irreducible representation of K. (A priori, K- f is a
direct sum of irreducibles, but, choosing f in one of these would generate such a U.)
Then there is a K-equivariant map U < A. This of this as f : G(Q\G(A)/K; —
U* with a K, equivariance condition. This gives a K, bundle:

G(Q\G(A)/ Ky

|

G(Q\G(A)/Kx Ky
The quotient G(Q\G(A)/ K K looks like a modular curve or a generalization. To
this there is
associated vector bundle

i U™ fibers

G(Q\G(A)/ KoKy

Then “fv” is a fiber.

If we fix U, anngg)(f) and Ky, we get a finite dimensional space. This is a
generalization of the finiteness of spaces of classical modular forms. (The growth
condition is important here in order to get finiteness.)

12.2. Eisenstein series. Let G/Q be as above. Let P = MU be the Levi decom-
position of a parabolic. Let V' C Ay, so (m, M(Ay)) acts on V.

Ind() V = {f : G(A) = v | f(pg) = pf(9)}-
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There is a map &is : Indggﬁg V — Ag.

Philosophically: Maybe

V@ Indgy) V = Ag.

v f:GA)-V"®V —C.

This would satisty all but maybe G(Q) invariance and slowly increasing. (Note that

(v* @ f)(pg) = v* @ pflg) = p~'v* ® f(g).)
To take care of G(Q) invariance, define

(8) Eis(w @ )lg)= > " ®f)(v9)
7EG(Q)

Does this converge?
If V is automorphic (i.e. V' C Ajps) then there is a special functional £ : V' — C
called the automorphic functional: ¢(f) = f(1).

VC—> .AM
N
C
Then M (Q)¢ = £ which implies P(Q)¢ = £. So we choose v* = £ in (8) to get
(9) Eis(Nlo= Y (e,

YEG(Q)/P(Q)

which is G(Q) invariant whenever the sum converges. In this case it is called an
Eisenstein series.
Example: Recall the example from Emerton’s first lecture:

B=(C\R)xC)~ (i,1)GLy(R).

Let G = GLy, P=B_ = {({,)}, M =T = {(*,)}. Consider V“="|a|™ |d|*.
Then

P(Q,) |f;1 ® ||Z2

() [ @ |1 = (R ndg (S
G(R s
=Indf) e lZe &
v finite

S feo®@l®l®---

where f., is an even function on SO(2). Can take fo, = (-)* for k € 2Z. For
T = x + iy, the resulting Eisenstein series £is(7,1) is

y
b%;) (b + d)* fbr + |77
(b,d)=1

Setting s; = 0 and sy = k gives the classical Eisenstein series.
He didn’t have time to discuss these, but he intended to have the following
sections:

12.3. Cusp forms.

12.4. Ramanujan’s conjecture.
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12.5. Hecke operators.

12.6. L-functions.

13. CALEGARI: AUTOMORPHIC FORMS AND COHOMOLOGY

Let f be a classical cusp form of weight £k = 2. Then
w=fdz — T\H"=X(T)

gives a class in
Hip(X(T)) — H(X(D),C).

The right hand side is easy to compute. One can compute Hecke operators, and
facts about the original modular form. Some questions: Is there a way to find mul-
tiplicities of various spaces of modular forms? Can one do this in more generality?
(Maass forms are not of cohomological type.) Which automorphic forms contribute
to the cohomology of these symmetric spaces? How do you compute these?

Distinction: f a classical modular form of weight k, level I'. If k& > 2, Eichler-
Shimura implies that H(T',Sym*~2R?). This is what is meant by “cohomological
type.” For k > 1 there is an algebraic thing that gives some type of cohomology.
This is not what we are looking at here.

Cohomology of symmetric spaces or arithmetic quotients:

MGR) or T\G(R)/K.

Fix K C G = G(R) a maximal compact. The symmetric spaces G/K are dif-
feomorphic to R™ for some n. If X = I'\G/K then X is an Eilenberg-MacLane
K(T',1). Hence, the group cohomology H*(T, E) is isomorphic to H*(X, E). If X
is not compact, there are some extra difficulties.

Assume for now that G is semisimple and X = I'\G/K is compact. Let C*°(X)
be the smooth functions on X, which correspond to O-forms.

1-forms: Tangent space to G at 1 is g. A 1-form on G is a section of the n-th
exterior power. (When n =1 this is the cotangent bundle.) The cotangent bundle
gives (7) by g. So, the 1-forms are:

Hom(g, C*(G)).

What about n-forms on G/H? Let 7 : G — G/H be the projection map. Then
can pullback n-forms of G/H via 7* € Hom(A" g, C*°(G)) to get 1-forms on G/H.

(1) w € Hompg (A’ g, C=(G)).
(2) WX A---)=0if X €b.

n-forms on G/H:
Homy ( /\" 9/b,C(G)).

(At this point I gave up. I couldn’t see well, Calegari was moving quickly, and I
wasn’t really understanding. Sorry.)



32 NOTES TAKEN BY MIKE WOODBURY

14. MATT EMERTON: HECKE OPERATORS AND L-FUNCTIONS

A= AGR)\G(A)) is a (g, Ks) X G(Ay) representation. What does it look
like? What symmetries do you have to break it up? The main thing is the action
of Z(G). Goal: decompose A with respect to Z(g).

Think of sly. Here Z(sly) ~ C[T]. A C[T]-module looks like C[T]"®torsion. On
the free part, T shifts, and so it doesn’t have a spectrum.

Let R = C[Ty,...,T,], M an R-module. All m € M are killed by some finite
codimensional ideal. SuppM C Spec(R) is a finite set of closed points.

(10) A= &b A[m™]
mem—spec(Z(g))

Let A C G be a maximal central torus split over Q. Then A is the obstruction
to I'\Go/KZ, having finite volume. For example, if U’ is a finite index subgroup
of OF, U\(F* @ R)N=! is compact. So one can put I'\Goo /K% A% (Ao = A(R))
to get finite volume.

Another decomposition of A is made by choosing x : A(R)? — C*, and consider
the x-eigenspace A, of A. What does A, look like? It won’t, in general, be a
summand of A as it will take some parts from each piece of (10).

It will turn out that any function that satisfies the automorphy conditions, except
perhaps slowly increasing, which has a character y under A% and is “L? mod A% ”
is slowly increasing, and so automorphic.

Let S be a maximal split torus quotient of G%. Then the map A — S obtained
by the following compositions

A—G—G?® — g,

is an isogeny. “LP mod A% ” means that, by twisting by some character of S(Q)\S(A)
to make x unitary,
/ P
G(Q\G(A) /AL K

makes sense.

In general, you can define cusp forms. Choose P = M N a parabolic (N = U of
previous talks). These are cusps. (GLs example: GLo/B ~ P(Q) = cusps.)

Fix g. Then

froes@m= [ famg)an
N(Q\N (&)

gives a function on M(A) that is actually automorphic on M(Q)\M(A) on the
image of goo Koogoet in M(R). For a given g, f, cs(g) is called the constant term.

Exercise 56. See if you can reconcile this with the constant term of an Fisenstein
series. This is how Langlands discovered his L-functions. (See Langlands Euler
Products, Borel-Jacquet Proc. Symp. 33, and Langlands Proc. Symp. 33. Also,
see an article of Li and Schewen... on vanishing of cohomology.)

Definition 57. f is cuspidal if the constant term cy¢(g) vanishes for every parabolic.
(If you only want mazimal terms to vanish, you only need to check for mazimal
parabolics (i.e. the Borels.)

If f is cuspidal, f is rapidly decreasing and LP for any p-in particular, L?. This
allows one to show that A, cysp is semisimple. This is in stark constrast to the
Eisenstein series which are highly nonsemisimple.
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Definition 58. A representation V' of G(A) is automorphic if it is an irreducible
subquotient of A. It is cuspidal if it is an irreducible subquotient (actually it will
be a sub) of Acusp-

Such a representation V' can always be obtained by taking X, the G(A) orbit
of a an element x € A, and then quotienting by a submodule Y. Therefore V'
is admissible and annihilated by an ideal J C Z(g) of finite codimension. Being
admissible for the global group means that V7 is an admissible (g, K., )-module
for all Ky open in G(Ay).

From such a V on gets Vi, Va, V3, ... such that V. is an irreducible (g, Ko )-
module, and V), are irreducible admissible G(Q,) representations such that for al-
G(Zp)
most all p V,”™
to form ®V, ~ V.

Suppose that dim VpG(Zp) = 1. Then
P = C[G(Z,)\G(Qy)/G(Zy)]

acts by a character. Suppose that G is split over Q,. Then Hff’h ~ Rep(@). G is
the Langlands dual group. For example,

G H GL, ‘ SL,, ‘ SO(2n) ‘ SO(2n+1)

G| GL, | PGL, | SO(2n) |  Spa,

is 1-dimensional. If v, is a generator of all such, they can be used

If G is not split over Q, but unramified (i.e. G( p) is a hyperspecial maximal
compact) then HSph is the G conjugacy classes of G G“T L@ lying over Frob, €
GQ More or less this means choose B C Gq,, take Galols element acting on B
to get B’. Some w € W takes B’ to B.

In short, any p where V,, is unramified gives cl,, € “G lying over Frob,,.

GLy(R): Consider the representation det” ® Sym® C? where a € Z, b € Zx.
Then cl, = (“ 5) where a, 3 are roots of the Hecke polynomial X2 — T, X + T},
which is the characteristic polynomial of cl,,.

If we choose any p : “G — GLx(C), can compute the caracteristic polynomial of
p(cl,). This is a polynomial with coefficients certain Hecke eigenvalues of VG (@),
For example,

2

@
GLy; — GL3 ( @ ) — af ,
5 2
B
which has characteristic polynomial:

2
X3 — (tr on C*) X2 + (tr of /\ C*)X — (det onC?)

as element of GL3. As element of GLg get X2 — --.. Hecke eigenvalues remember
all coefficients of the different characteristic polynomials.
Let S be the set of primes ramified for either V' or G. Define

Ls(V,s,p) = [ [ det(Id — p~*p(cl,)) "
p¢S
if V' is automorphic this will converge for s sufficiently large.

Conjecture 59 (Langlands). Lg(V,s,p) can be completed to L(V,s, p) which has
analytic continuation.
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Local Langlands: classsify the other representations at “bad” primes. (This is
known for GL,,.)

Langlands’ idea: V ~~ cl, € LG, p ~ p(cl,) € GLy. Does there exist W a
representation of GLx such that the correspdonding p(cl,) gives the same data?
Suppose we have G, H groups (H quasi-split) and

(4

NS

Go

La LH

If V is an automorphic representation of G, get ¥(cl,) € LH. Then there should
be W automorphic on H. For example, take GLs and B a quaternion algebra. The
identity map “GLy — ©B for this idea is the Jacquet-Langlands correspondence.

Langlands’ conjecture (functoriality) different though closely related to another
conjecture: reciprocity. Their intersection is the Artin conjecture which is con-
cerned with N-dimensional Artin representations

p: GQ — GLn((C) X GQ.



