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Algebraic relations for multiple zeta values

V. V. Zudilin [W. Zudilin]

Abstract. The survey is devoted to the multidimensional generalization of the
Riemann zeta function as a function of positive integral argument.

1. Introduction

In the domain Res > 1, the Riemann zeta function can be defined by the
convergent series
1
(=3 (1)

n=1
One of the interesting and still unsolved problems is the problem concerning the
polynomial relations over Q for the numbers ((s), s = 2,3,4,... . Thanks to Euler,
we know the formula
(27i)° By

C(S):—Q—S' fOI' 322,4,6,..., (2)

which expresses the values of the zeta function at even points in terms of the number

[e%¢) _1)»
T=4 Z V" _ 3.14159265358979323846 . . .
= 2n+1

and the Bernoulli numbers Bg € Q defined by the generating function

t t o= tf
_1:1—5+;BSQ, B, =0 forodd s> 3. (3)

et

The relation (2) yields the coincidence of the rings Q[((2),((4),((6),¢(8),...] and
Q[7?], and hence, due to Lindemann’s theorem [17] on the transcendence of 7, we
can conclude that each of the rings is of transcendence degree 1 over the field of
rational numbers. Much less is known on the arithmetic nature of values of the
zeta function at odd integers s = 3,5, 7, ..., namely, Apéry has proved [1] that the
number ((3) is irrational and Rivoal recently showed [22] that there are infinitely
many irrational numbers in the list {(3), ((5),{(7),... . Conjecturally, each of these
numbers is transcendent, and the above question on the polynomial relations over Q
for the values of the series (1) at the integers s, s > 2, has the following simple
answer.
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Conjecture 1. The numbers

T, C(?’)? ((5)’ C<7)7 C(Q),

are algebraically independent over Q.

This conjecture can be regarded as a part of mathematical folklore (see, for
instance, [7] and [28]). In this survey we discuss a generalization of the problem of
algebraic independence for values of the Riemann zeta function at positive integers
(the so-called zeta values). Namely, we speak of the object extensively studied dur-
ing the last decade in connection with problems concerning not only number theory
but also combinatorics, algebra, analysis, algebraic geometry, quantum physics, and
many other branches of mathematics. At the same time, no works in this direc-
tion have been published in Russian till now (we only mention the paper [25] in
the press). By means of the present publication, we hope to attract attention of
Russian mathematicians to problems connected with multiple zeta values.

The author is deeply indebted to the referee for several valuable remarks that
have essentially improved the presentation.

2. Multiple zeta values

The series (1) admits the following multidimensional generalization. For positive
integers si,ss,...,5;, where s; > 1, we consider the values of the [-tuple zeta
function

() = Clstrsme i) = Y (4)

ni>ng>-->n;>1

in what follows, the corresponding multi-index s = (s1,s2,...,5;) is said to be
admissible. The quantities (4) are called multiple zeta values [30] (and abbreviated
as MZVs), or multiple harmonic series [10], or Euler sums. The sums (4) for | = 2
originate from Euler [5] who obtained a family of identities connecting double and
ordinary zeta values (see the corollary to Theorem 1 below). In particular, Euler
had proved the identity

C(27 1) = C(?’)? (5)

which was multiply rediscovered since then. The quantities (4) were introduced
by Hoffman in [10] and independently by Zagier in [30] (with the opposite order
of summation on the right-hand side of (4)); moreover, in [10] and [30] some Q-
linear and QQ-polynomial relations were established and several conjectures were
stated (some of which were proved later on) concerning the structure of algebraic
relations for the family (4). Hoffman also suggested [10] the alternative definition

. . 1
C(s) = C(s1,82,...,81) := > TR —T (6)
niZny>ezmz1 L2 :

of the Euler sums with non-strict inequalities in the summation. Clearly, all rela-
tions for the series (6) can readily be rewritten for the series (4) (see, for instance,
[10] and [25]), although several identities possess a brief form in the very terms of

multiple zeta values (6) (see the relations (38) in Section 7 below).
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For each number (4) we introduce two characteristics, namely, the weight (or the
degree) |s| := s1 + so + - -+ + s; and the length (or the depth) ((s) := 1.

We note [31] that the series on the right-hand side of (4) converges absolutely
in the domain given by Res; > 1 and 22:1 Re s > [; moreover, the multiple zeta
function ((s) defined in the domain by the series (4) can be continued analytically
to a meromorphic function on the whole space C! with possible simple poles at the
hyperplanes s = 1 and Y ] _, s, = j+1—m, where j, 1 < j <[, and m, m > 1, are
integers. The problems concerning the existence of a functional equation for [ > 1
and the localization of non-trivial zeros (an analogue of Riemann’s conjecture) for
the function ((s) remain open.

3. Identities: the method of partial fractions

In this section we present examples of identities (for multiple zeta values) that are
proved by an elementary analytic method, namely, the method of partial fractions.
Theorem 1 (Hoffman’s relations [10], Theorem 5.1). The identity
l
Zg(sl, ey Sk—1,Sk + 1, Skt1,. -0, 81)

k=1
l Sk—2
= Z ZC(Sl7"~78k—1ask_j7j+178k+17"'7sl) (7)
k=1 j=0
Sk>2
holds for any admissible multi-index s = (s1,82,...,51).

Proof. For any k =1,2,...,l we have

> S !

Sk+1 Sk+1 Sy Sk Sk+1 S1
e n mn DY n

nEg>ngrr>-->n =1k nk-l—l ny NE>mM>ng1>->n =1 k k+1 l

Z :
- Sk Sk+1 S
nk>m>nk+1>“'>nl>1 k k+1 l

Nk 1

= X > ; ,
mnFn g

NE>ngy1>->n 2l m=ngy1+1 k+1

and hence
C(Slu «eeySk—1,5Ek + 178k+17 cee 7Sl) + C(Slu <oy Sk—1, Sk, 178k+17 e 78l)
> 1
- 81 . Skt+1l _Sk+1 s
N> >N >Ny > >n 21 M M Met1 m
+ > 1

S1 Sk Sk+1 S
.. ~n mn .. an
nl>"‘>nk>m>nk+1>'“>nl>1 1 k k+1 l

Nk

Z Z :
51, Sk Skl L St
mnj n.'n n,

ny>>nE>nEp1 > >n 21 m=ngyi1+1 k+1

Nk

) : So-
- 5182 s, -

ni1>ng>->n; 21 m=ngi1+1
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Therefore

l
Z(C(sl,...,sk_l,sk + 1, Skq1s e esS1) 4+ C(S1y- 00y Skm1, Sy L, Skt1s- -+, 81))

k=1
= le—
m=1

nyng’ -
ny>ng>-->n;>1

1 1
B ml,mz,z;,m121 m‘;l (m1 —+ m2)51—1 R (ml 4+ ml)sl — m
1 1 1
= Z MSIMSl—l e M81 Z (m - M )7 (8)
mi,ma,....,m;>1 1 2 1 migr>1 I+1 1+1

where M}, stands for mq+mo+---+my when k =1,...,1+1 (clearly, My = nj41-k
when k£ = 1,...,0). We now note the following partial-fraction expansion (with
respect to the parameter u):

1
= — . eR; 9
u(u + v)* ZUJ+1u+U ’ v ’ )

for the proof it suffices to use the fact that on the right-hand side we sum a geometric
progression. By setting u = my 1, v = M, and s = s1 in (9), we obtain

s1—1

1 1 o Z 1
mip M mupa (mug + My)st o M7 g < MM

and hence

1 1 1 i 1 1
Mo ( M ) - Z J+1qr81—3 + Mt
1 \Mi41 I+1 M; ]\4lJrl myp1 My

Continuing the equality (8), we see that
!
Z(C(Sb o Sk=1,Sk + 1, Ska1, oy 81) FC(S1, -, S—1, Sk, 1y Skg1, -5 S1))

k=1
S1 -2

> X 1
B St pfsi-1 52 J+14p rs1—3
7=0 ml,mg,...,m”rl}l Ml M2 M M Ml+1
1
" 2 MM M iy M
ml,mg,...,ml+1>1 1 2 1—17+1 I+1

81—2 1
= E C(s1 —j,j+1,82,...,8)+ E S

- MM MR m M
=0 mi,ma,...,mip121 1 2 1—1""

(10)
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(we have transposed the indices m; and m;; in the last multiple sum). Using the
identity (9) with u = mygy1, v = My = M1 — my41, and s = 341k, we conclude
that

Si+1-k—1

—1 E ! + L k=12 [—1
Si+1—k - i+1 Sit1—k—] Si+1—k — Ly 4y y U 4y
M, M1 ot M} M my+1 M
and therefore
> 1
S Si4+1—k Sl—k S1
my,ma,...miqp1>1 My Mk: mk+1Mk—|—2 "'Ml+1

Si+1—k—1

1
= 2. .

L MSZ+27kMj-‘rlMSl«klfk*stlfk L M81
k—1 k

.7:0 m17m2,.4.,ml+121 1 ]C—|—1 k+2 l+1
Py 1
St AfStH2-k Siti—k ___ A[51
m15m27~-~aml+1>1 Ml Mk_]- mk+1Mk+1 Ml+1

Si+1—k—1

= Z C(S1,-+S1—kySi41-k — JoJ + 1, 8142 ks -+, 51)
j=0

1
f Y w0

mi,ma,...,mpy121 1 k+1 I+1
k=1,2,....1—1.

Successively applying the identities (11) for the multiple sum on the right-hand
side of the equality (10) in the inverse order (that is, beginning with £k =1 — 1 and
ending with & = 1), we obtain
I
Z(C(Sh oy Sk—1, Sk LSkt 81) +C(S15 -0 Sk—1, Sk, Ly Skg1s - -+, 1))
k=1
51—2
= Z C(Sl _j7j+17827"-75l)
§=0
1—1 8141-%x—1

-I-Z Z C(s1,- -5 S1—ks Siv1-k — J, 0 + L Si42-k, .-, 81)
k=1  j=0

1
+ E 3 3
l -1 oo S1
M1,m2,...,ml+1>1 m1M2 M3 Ml+1
Sk—2
= E g C(81yevySk—1,8k — 7,7 + 1, 8k41y--, 1)
k=1 j=0

+ C(Sla'",3k71>3k71,3k+17"'731)' (12)

MN

k=1
After necessary reductions on the left- and right-hand sides of the equality (12), we
finally arrive at the desired identity (7).

For [ = 1 the statement of Theorem 1 can be represented in the following form.
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Corollary (Euler’s theorem). The identity

()= ¢(s—4,9) (13)

holds for any integer s > 3.

We also note that for s = 3 the identity (13) is simply the relation (5).
In [13] the following result was also proved by using the method of partial frac-
tions.

Theorem 2 (Cyclic sum theorem). The identity

l
ZC(SK + 178k+17'"78l7817"'73k‘71)

k=1
I sp—2
= Z Z C(Sk _jask'+17'"7Sl5317"'75k—17j + 1)
=1 j=0
Sk =2
holds for any admissible multi-index s = (s1,$2,...,51).

Theorem 2 immediately proves that the sum of all multiple zeta values of fixed
length and fixed weight does not depend on the length; this statement, as well as
Theorem 1, generalizes Euler’s theorem cited above.

Theorem 3 (Sum theorem). The identity

Z C(s1,82,...,81) =((s)
s1>1,8221,...,5;>1
S1t+s2+--+s1=s
holds for any integers s > 1 and [ > 1.

Theorems 1 and 3 are special cases of Ohno’s relations [21], which will be dis-
cussed in Section 12 below.

4. Algebra of multiple zeta values

This section is based on the works [11] and [30]. To describe the known algebraic
relations (that is, the numerical identities) over Q for the quantities (4), it is useful
to represent ( as a linear map of a certain polynomial algebra into the field of
real numbers. Let us consider the coding of multi-indices s by words (that is, by
monomials in non-commutative variables) over the alphabet X = {xg,z1} by the
rule

1 1 1
S rs =) Txy T X xg T

We set
C(zs) == ((s) (14)

for all admissible words (that is, beginning with zy and ending with z1); then the
weight (or the degree) |z| := |s| coincides with the total degree of the monomial z,
whereas the length ¢(zs) := ¢(s) is the degree with respect to the variable x;.
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Let Q(X) = Q(xp, z1) be the Q-algebra of polynomials in two non-commutative
variables which is graded by the degree (where each of the variables xg and x; is
assumed to be of degree 1); we identify the algebra Q(X) with the graded Q-vector
space $) spanned by the monomials in the variables xg and z;. We also introduce
the graded Q-vector spaces H' = Q1@ Hz; and H° = Q1 B xoHx 1, where 1 denotes
the unit (the empty word of weight 0 and length 0) of the algebra Q(X). Then
the space $' can be regarded as the subalgebra of Q(X) generated by the words
Ys = x‘é_lwl, whereas $° is the Q-vector space spanned by all admissible words.
We can now regard the function ¢ as the Q-linear map ¢: $H° — R defined by the
relations ((1) = 1 and (14).

Let us define the products LU (the shuffle product) on $ and * (the harmonic or
stuffle product) on $H' by the rules

1Ww=wll =w, lxw=w*x1l=w (15)
for any word w, and

zju Uz = 2 (ul z,v) + zp(zjullv), (16)
Yiu* Yt = Y, (ux ypv) + yk(yju x v) + yi1r(u* v) (17)

for any words u, v, any letters x;, zx, and any generators y;, yx, of the subalgebra ',
and then extend the rules (15)—(17) to the whole algebra $ and the whole subal-
gebra $! by linearity. Sometimes it becomes useful to consider the stuffle product
on the whole algebra $) by formally adding to (17) the rule

o)« w = w * ) = wrl (18)

for any word w and any integer 7 > 1. We note that induction arguments enable
us to prove that each of the above products is commutative and associative (for
the proof, see Section 8 below); the corresponding algebras 9, := ($,L)) and
9l = (91 %) (and also 9, := (9, %)) are examples of the so-called Hopf algebras.

The following two statements motivate the consideration of the above products
LLI and #; their proofs can be found in [11], [13], and [28].

Theorem 4. The map ¢ is a homomorphism of the shuffle algebra $H°,, := (H°, L))
imto R, that 1is,

Clwy Wws) = C(wy)C(we)  for all wy,wy € HY. (19)

Theorem 5. The map ( is a homomorphism of the stuffle algebra $H° := (9°, %)
mto R, that is,

Clwy *ws) = C(wy)C(wg)  for all wi,wy € HY. (20)

In what follows we present detailed proofs of these two theorems by using the
differential-difference origin of the products LLI and * in suitable functional models
of the algebras $,,, and $2. When proving Theorem 4 (see Section 5), we follow
the scheme of the paper [27], whereas our proof of Theorem 5 (in Section 9) is new.

Another family of identities is given by the following statement which is derived
from Theorem 1 in Section 11.
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Theorem 6. The map ( satisfies the relations
C(ryWw —x1 xw) =0 for all we H° (21)

(in particular, the polynomials x1 Lw — x1 * w belong to $H°).

All relations (both proved and experimentally obtained) known at present for the
multiple zeta values follow from the identities (19)—(21). Therefore, the following
conjecture looks quite plausible.

Conjecture 2 ([11], [18], [27]). All algebraic relations over Q among the multiple
zeta values are generated by the identities (19)—(21); equivalently,

ker( = {ulllv —uxv:ucH', ven'l

5. Shuffle algebra of generalized polylogarithms

To prove the shuffle relations (19) for multiple zeta values, we define the gener-
alized polylogarithms

ni

. z
LIS(Z) = Z TS .55 810 ‘Zl < 1, (22)
n]_ n2 .. nl
ny>ng>->n =1
where [ is a positive integer, for any [-tuple of positive integers si,s2,...,5. By
definition,
Lig(1) =C(s), s€Z') s,>2 s3>1,...,5>1. (23)
By setting
Li,, (2) := Lis(2), Lii(2) :==1, (24)

as above in the case of multiple zeta values, we extend the action of the map
Li: w — Liy,(2) by linearity to the graded algebra Ht (rather than to $) because
the multi-indices are coded by words in $1).

Lemma 1. Let w € ' be an arbitrary non-empty word and let x; be the first letter
in its representation (that is, w = xju for some word u € $H'). Then

d _. d _. )
o Liy(2) = o Liy,u(2) = w;(2) Liu(2), (25)
where

1 .
- if v = xo,
z

wj(z) = we, (2) == 1 (26)

Zf :L‘j = 1.

1—2z

Proof. Assuming that w = z;u = x for some multi-index s, we have

d d d zM
— Liy(2) = — Lisg(2) = — E S
dz w(z) dz +(2) dz ni'ng?-oongt’
ni>ng>->n 21
’I’llfl

z
- 2 : s1—1_ so

DY Sl ’
ny>ng>--->n;>1 nl n2 nl



8 V.V. Zudilin [W. Zudilin]

Therefore, if s; > 1 (which corresponds to the letter z; = x(), then

d Li 1 Z z™
& I.Z‘O'U:(Z) - ; 31—]_n32 . nsl
ny>ng>--->n;>1 1 2 l
. 1.
= ;L151_17527-“7Sl (z) = ; L1U<Z)

and, if s; = 1 (which corresponds to the letter x; = 1), then

ni—1 1

d z
— Lig o (2) = E —_ = g —_ g zmt
dz 1 ( ) ns2 e n?l n;Q e n‘;l

ni>ne>--->n;>1 ng>-->n;>1
1 z"2 1 1

1—-2
ng>-->n; 21

and the result follows.

Lemma 1 motivates another definition of the generalized polylogarithms, which
can now be defined for all elements of the algebra §). As above, it suffices to define
the polylogarithms for the words w € $ only and then extend the definition to
whole algebra by linearity. We set Li; (z) = 1 and

log® z

' it w = xf for some s > 1,
Liy(2) = > (27)
/0 w;(z)Li,(2)dz if w = x;u contains the letter z;.

In this case, Lemma 1 remains valid for the extended version (27) of the polylog-
arithms (this yields the coincidence of the “new” polylogarithms with “old” ones
(24) for the words w in $'); moreover,

lig}ro Li,(z) =0 if the word w contains the letter x;.
VA

An easy verification shows that the generalized polylogarithms are continuous real-
valued functions on the interval (0, 1).

Lemma 2. The map w — Liy,(2) is a homomorphism of the algebra $,, into
C((0,1);R).

Proof. We must verify the equalities
Liw, Liw, (2) = Liy, (2) Liy,(2) for all wi,wy € $; (28)

it suffices to do this for any words wy,ws € $ only. Let us prove the equality (28)
by induction on the quantity |wq|+ |wz|. If w1 = 1 or we = 1, then relation (28)
becomes tautological by (15). Otherwise w; = zju and wy = x;v, and hence by
Lemma 1 and by the induction hypothesis we have

d . : d . .
dz (Llwl (2) Ly, (Z)) - dz (leju(z) lek“(z))
d . : . d .
= & leju(z) : LICL‘IQ’U(’Z) + Lleu(z> ' & lekv(z)
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= wj(2) Liy(2) Lig, o (2) + wr(2z) Lig,w(2) Liy(2)
= w;(2) Liy wizyo(2) + wi(2) Lig,u v (2)

(lej (u I_I_Ia:kv)(z) + Ll:ck(:tjul_l_l v) (Z))

leju I_I_kav(z)

J
d
T dz
d
T dz
d
T dz

Liw, tiw, (2)-

Thus

Liy, (2) Liy, (2) = Liw, wiw,(2) + C, (29)
and the passage to the limit as z — 0+ 0 gives the relation C' = 0 if at least one of
the words wy,ws contains the letter x1, otherwise the substitution z = 1 gives the
same result if the representations of w; and ws involve the letter xg only. Therefore,
the equality (29) becomes the required relation (28), and the lemma follows.

Proof of Theorem 4. Theorem 4 follows from Lemma 2 and the relations (23).

An explicit evaluation of the monodromy group for the system (25) of differ-
ential equations enabled Minh, Petitot, and van der Hoeven to prove that the
homomorphism w +— Li,(z) of the shuffle algebra £, over C is bijective, that
is, all C-algebraic relations for the generalized polylogarithms are induced by the
shuffle relations (28) only; in particular, the generalized polylogarithms are linearly
independent over C. The assertion that the functions (22) are linearly indepen-
dent was obtained in the simplest way (as a consequence of elegant identities for
the functions) by Ulanskii [25]; the same assertion follows from the Sorokin result
in [24].

6. Duality theorem

By Lemma 1, the following integral representation holds for the word w =
1.
TeyTey " Te, €9

z 21 Zk—1
Liy(2) = / we, (21) dz1 / We, (22) dzg- - - / we, (2) dzg
0 0 0

= / : / We, (21)wey (22) - - we, (21) dzg dzg - - - dzg
2>21>29> 0 >2K—1>25>0 (30)

in the domain 0 < z < 1. If z., # x1, that is, w € §°, then the integral in (30)
converges in the domain 0 < z < 1. Thus, in accordance with (23), we obtain
a representation [30] for the multiple zeta values in the form of Chen’s iterated
integrals,

// wey (21) - we (21) Az - - - . (31)

1>21>-->2>0
The following result is a simple consequence of the integral representation (31).
We denote by 7 the anti-automorphism of the algebra $ = Q(x, z1) transposing
ro and x7; for example, T(m%xlxoxl) = zor12073. Clearly, 7 is an involution
preserving the weight. It can readily be seen that 7 is also an automorphism of the
subalgebra $°.
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Theorem 7 (Duality theorem [30]). The relation

C(w) = ¢(Tw)
holds for any word w € $°.

Proof. To prove the theorem, it suffices to make the change of variables 2] = 1— zy,
2 =1—2p_1,..., 2, = 1—z1, and to apply the relations wy(z) = wy(1—2) following
from (26).

As the simplest consequence of Theorem 7 we (again) note the identity (5) which
corresponds to the word w = xdz; and also the general identity

(n+2)=¢(2,1,...,1), n=12,..., (32)
N——

n times

for the words of the form w = 2§ z;.

7. Identities: the generating-function method

Another application of the differential equations proved in Lemma 1 for the
generalized polylogarithms is the generating-function method.
We first note that for an admissible multi-index s = (s1,..., ;) the correspond-
ing set of periodic polylogarithms
Ligsy,(2), where {s},=(s,s,...,s), n=20,1,2,...
——

n times

(see, for instance, [4] and [28]), possesses the generating function

Lg(z,t) := Z Liggy, (Z)tn|s|,
n=0

which satisfies an ordinary differential equation with respect to the variable z.
For instance, if ¢(s) = 1, that is, s = (s), then, by Lemma 1, the corresponding
differential equation is of the form

(CEEEATES e P

and its solution can be given explicitly in terms of generalized hypergeometric series
(see [3], [4], and [28]).

Lemma 3 ([4], Theorem 12). The following equality holds:
Lian(zt)=F(5(1+d)t,—5(1+i)t1;2) - F(5(1—i)t,—3(1 —d)t;1;2),  (33)
where F(a,b;c;z) stands for the Gauss hypergeometric function.

Proof. A routine verification (using Lemma 1 for the left-hand side) shows that both
sides of the required equality are annihilated under the action of the differential

operator
d\?/ d\?
1—2)— — ) =t
(( z)dz) (Zdz) &
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moreover, the first terms in the expansions of both sides of (33) in powers of z
coincide,
¢t ¢t 8 + 44¢
1 s 3 v 4
RS TR T

This implies the assertion of the lemma.

Theorem 8 ([4], [28]). The identity

27T4n
3,1 —_— 34
(B 1) = o (34)
holds for any integer n > 1.
Proof. By the Gauss summation formula ([29], Ch. 14) we have
1 sina
Fla. —a:1:1) = = 35
(a,-a; ;1) I'l—a)'(1+a) a (35)
and, substituting z = 1 into the equality (33), we obtain
s sin (1 + Z)ﬂ't sin (1 — i)t
C{3,13)t" = Lz 1)(1,1) =
;_0 (5.1 I0+imt  a—im
1 142)mwt/2 14+2)mwt/2 1—2)mt/2 —(1—2)mt/2
=g (6()/ e()/)(e()/_e()/)
1 it i7rt —imt
= W e’ +e — € )
JR— o o (T SR 2dngAn
_27T2t2mz_: - = =07 m! _nz_:o(éln-l—Z)!'

Comparing the coefficients at like powers of ¢ gives the desired identity.

The assertion of Theorem 8 was conjectured in [30]. The identity (34) is far from
being the only example using the generating-function method. Let us present some
other identities of [3] similar to (34) for which the above method is also effective,

2(2m)2n (1>t _42m)tr 1\
C({2}n) = 2n+1)! (§> , C(({4}n) = (4n+2)! (5) :
6(2m)on

({H%((f)(f))

where n = 1,2,... . The identities
C(m+2,{1},) =C(n+2,{1},,), m,n=0,1,2,...,

can be obtained both by the generating-function method [10] and by applying
Theorem 7 proved above.
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A somewhat different example of generating functions is related to generaliza-
tions of Apéry’s identity [1]

NJIOT

namely, the following expansions are valid [16], [2]:

oo

Zg2n+3t2“ Z t2/k2
im ) (1 5)

k=1 =1
> 5= (—1)F1 1+ 4t4 /14
4 i = = :
ZC n+3 kz:: 1—t4/k‘4 ka::l k3 2kk) 1—t4/k’4H 1—t4/l4

(37)

The proofs of these identities and of some other ones are based on the use of

transformation and summation formulae for generalized hypergeometric functions

similar to the way in which the formula (35) was used in the proof of Theorem 8.

The identities (37) are very useful for the fast evaluation of values of the Riemann
zeta function at odd integers.
We also note the relations

C({2}n,1) =2¢(2n+1), n=12,..., (38)

obtained by successive application of the results in [26] (or [33]) and [32]. The
equalities (38) also generalize Euler’s identity (5) and are closely related to one of the
ways to prove Apéry’s theorem [1] and Rivoal’s theorem [22] which were mentioned
in Section 1. However, it is still not known how to derive the relations (38) from
Theorems 4—6 for an arbitrary integer n.

8. Quasi-shuffle products

A construction suggested by Hoffman [12] enables one to view each of the algebras
$H and HL as a special case of some general algebraic structure. The present section
is devoted to the description of the structure.

We consider a non-commutative polynomial algebra A = K(A) graded by the
degree over a field L C C; here A stands for a locally finite set of generators (that is,
the set of generators of any given positive degree is finite). As usual, we refer to the
elements of the set A as letters, and to the monomials in these letters as words. To
any word w we assign its length ¢(w) (the number of letters in the representation)
and its weight |w| (the sum of degrees of the letters). The unique word of length 0
and weight 0 is the empty word, which is denoted by 1; this word is the unit of the
algebra 2. The neutral (zero) element of the algebra 2l is denoted by 0

Let us now define the product o (by extending it additively to the whole alge-
bra ) by the following rules:

low=wol=w (39)
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for any word w, and
a;uoapv = a;(uoav) + ag(a;juov) + [aj, arl(uow) (40)
for any words u,v and letters a;, ar € A, where the functional
[, ]: AxA— A (41)

(A := AU {0}) satisfies the following properties:

(S0) [a,0] =0 for any a € A4; )

(S1) [laj,ax], ar] = [aj, [ak, a;]] for any a;,ar,a; € A;

(S2) either [aj, ar] = 0 or |[ag,a;]| = |a;| + |ak| for any a;, ar € A.

Then 2(, := (2, o) becomes an associative graded K-algebra and, if the additional
property

(S3) [aj,ax] = [ak,a;] for any aj,ar € A
holds, then 2, is a commutative KC-algebra ([12], Theorem 2.1).

If [a;, ax] = O for all letters aj, ar € A, then (2, o) is the standard shuffle algebra;
in the special case A = {xg,z1} we obtain the shuffle algebra 2, = $,,, of the
multiple zeta values (or of the polylogarithms). The stuffle algebra ! corresponds
to the choice of the generators A = {y;}52; and the functional

Vi, yr] = yj+r for any integers j > 1 and k >

Let us equip the algebra 2 with a given functional (41), with the dual product &
by the rules

low=wol=w,
ua; dvay = (udvag)a; + (uajov)ar + (wov)la;, ay

instead of (39) and (40), respectively. Then s := (2,0) is a graded K-algebra as
well (which is commutative if the property (S3) holds).

Theorem 9. The algebras A, and As coincide.
Proof. 1t suffices to prove the relation

W1 © Wg = Wy O Wa (42)
for all words wy,we € K(A) only. Let us proceed by induction on the quantity
(wy) +l(ws). If £(wy) = 0 or ¢(ws) = 0, then the relation (42) becomes an obvious
identity. If £(wy) = ¢(wz) = 1, that is, if w; = a; and wy = ay are letters, then

aj o ag = ajas + aza; + [a1, az] = a; S as.

If {(wy) > 1 and f(wy) = 1, then, writing w; = ajuas and wy = a3 € A and
applying the induction hypothesis, we obtain

ajuag o az = aj(uaz o ag) + agayuas + a1, agluas
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(uag 6 ag) + asaiuas + [a1, asluas
1((udag)ag + uagas + ulag, ag)) + asajuas + [a1, asluas
(

1((u o ag)ag + uagaz + ulas, as]) + asajuas + [a1, asluas

= (aju o az)as + ajuasaz + ajufas, as)
= (a1udag)as + ajuasas + ayufas, as)
= a1uas o as.
We can similarly proceed (with more cumbersome manipulations) with the remain-
ing case f(wy) > 1 and ¢(w3) > 1. Namely, writing w; = ajuas and wy = azvay
and applying the induction hypothesis, we see that
ajuag o agvay = aq(uag o agvay) + ag(ajuag o vay) + [ag, as|(uag o vay)
= ay(uag S azvay) + az(ajuas 5vay) + [a1, as](uaz dvay)
= a1 ((udasvay)as + (uaz dazv)ay + (udazv)las, as))
+ az((a1udvay)as + (auaz dv)ay + (a1udv)|as, as))
+ [a1, as]((udvag)as + (uaz 5v)ay + (wov)|az, as))
= a1 ((u o azvag)as + (uas o agv)as + (u o azv)|ag, as))
+ az((a1u o vayg)as + (ayuag o v)ay + (a1u o v)[asz, aygl)
+ [a1, a3]((u o vag)as + (uag o v)ay + (uowv)lag, asl)
= (a1(uoazvay) + ag(aru o vay) + [a1, as](u o vay))as
+ (a1 (uaz o azv) 4+ az(ajuag o v) + [ay, asz](uaz o v))ay
+ (a1 (u o azv) + asz(aju o v) + [ay, as](u o v))[az, a4]
= (a1u o azvay)as + (ayuaz o agv)ay + (a1u o azv)|as, a4l
= (a1u o agvay)as + (ajuasz dazv)as + (a1ud agv)|as, a4
= a1uUas °© azvay4.
This completes the proof of the theorem.

Remark. If the property (S3) holds, then the above proof can be simplified signif-
icantly. However, in our opinion, it is of importance that the algebras 2, and 25
coincide in the most general situation, that is, if the functional (41) satisfies the
conditions (S0)—(S2).

In conclusion of the section, we prove an auxiliary statement.

Lemma 4. The following identity holds for each letter a € A and any words
u,v € A
aouv — (aou)v =u(aov—av). (43)

Proof. Let us prove the statement by induction on the number of letters in the
word u. If the word w is empty, then the identity (43) is evident. Otherwise, let us
write the word « in the form u = ajuy, where a1 € A and the word u; consists of
lesser number of letters, and hence satisfies the identity

aouv— (aouy)v =ui(aov— av).
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Then

aouv — (aou)v =aoaiuv — (aoajuy)v
= aa1u1v + a1 (a o uyv) + [a, ai]ugv
— (aayuy + ar(aowuy) + [a,ar]uy)v
=ai(aouv — (aoup)v) = ajui(aov — av)

=u(aov— av),
as was to be proved.

9. Functional model of the stuffle algebra

A functional model of the stuffle algebra $), cannot be described in perfect
analogy with the polylogarithmic model of the shuffle algebra $,, because the
rule (17) has no differential interpretation in contrast to (16). Therefore we use a
difference interpretation of the rule (17), namely, consider the (simplest) difference
operator

Df(t) = f(t 1) - f(2).
It can readily be seen that

D(fi(t)f2(t)) = Dfi(t) - f2(t) + f1(t) - Dfa(t) + Dfi(t) - Dfa(t)  (44)
and that inverse mapping

)=y g(t+n)

(such that D(Ig(t)) = g(t)) is defined up to an additive constant provided that some
additional restrictions are imposed on the function g(t) as t — o0, for instance,

g(t) = 0(t™?).
Remark. By [6], §3.1, the operator D is related to the differential operator d/dt as

follows: .
D=e¢" d/dt )
€ Z n! dt"

The above equality is justified by the formal application of the Taylor expansion,

’I’L

ft—1) Z e QK

in fact, the last formula is valid for any entire function. The exponentiation of
derivations (on algebras of words) is discussed in Section 12 below in connection
with a generalization of Theorem 1.

According to (17) and (44), the natural analogy with Lemmas 1 and 2 assumes
the existence of functions w;(t) such that

w;(t)wk(t) = wjyr(t) for the integers j > 1 and k >
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The simplest choice is given by the formulae

and this leads to the functions

: . L. .
Rig(t) = Ris,y .5 1.5 (t) == I(tTl Rlshm,sll(t)), Riq (t) := 1,

defined by induction on the length of the multi-index. By the definition, we have
. L.
D Riyy, (t) = r Ri, (t), (45)

which is in a sense a discrete analogue of the formula (25).

Lemma 5. The following identity holds:

Rist)= 3 ! . (46)

n1>-->n_1>n 21 (t4+mny)st - (t+ng_q)s-1 (L +ng)%

wmn particular,

Ris(0) =((s), s€Z), 5122 821 ..., 52>1, (47)
t11r+n Rig(t)=0, seZ, s1>2 s3>1,..., s >1 (48)
Proof. By definition,
1
Ris(0) = 1( 5 Rin e 1)
1 1
o |
£ n1>..§z-1>1 (t + nl)SI e (t + nl—l)SFl
DD :
(t+mn)s (t4+mn1+n)s - (t+ng_y +n)s—1

n=1 ny>-->n;_1 21

1
o Z (t4+n))sr---(t+n)_ )51 (t+n)s ’

ni>--->n;_,>n>1

and this implies the required formula (46).

Let us now define the multiplication * on the algebra $§' (and, in particular, on
the subalgebra $°) by the rules

wy; *vye = (wxoyr)y; + (wy; *v)ye + (W 0)yjpk,

instead of (15) and (17).
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Lemma 6. The map w — Ri,(z) is a homomorphism of the algebra (H°,%) into
C([0,+00);R).

Proof. We must verify the relation
Riw, 5w, (2) = Riw, (2) Riw, (2) for all wi,ws € §°. (50)

We assume without loss of generality that w; and wy are words of the algebra $°.
Let us prove the relation (50) by induction on the quantity ¢(wq)+£(ws); if wy =1
or wy = 1, then the validity of (50) is evident by (49). Otherwise we write w, = uy;,
we = vy and apply the formulae (44) and (45) and the induction hypothesis,

D (Riw, (t) Riw, (t)) = D(Riyy, (t) Riyy, ()
= D Riyy, () - Rivy, (t) + Riuy, (t) - D Riy, (t)
+ D Riyy, (t) - D Riyy, (1)

1 _. . 1. . . :
=3 Riy (t) Riyy, () + m Riyy, (t) Riy (t) + prE Ri, () Riy(t)
1 . 1 . 1 )
= {;_J Rluivyk (t) + t_k Rluyj ;U(t) + W Rlu;v(t)
=D (Ri(u VYR )Yj (t) + Ri(uyj ¥ V) Yk (t) + Ri(u ¥ 0)Yjtk (t>)
=D Riuyj * VYR (t)

= D Riy, 5w, (1)

Therefore
Riw, (t) Riw, (t) = Riw, 5w, (t) + C, (51)

and, passing to the limit as ¢ tends to +o00, we obtain C' = 0 by (48). Thus, relation
(51) becomes the required equality (50), and the lemma follows.

Proof of Theorem 5. By (47), Theorem 5 follows from Lemma 6 and Theorem 9.

10. Hoffman’s homomorphism for the stuffle algebra

Another way to prove Theorem 5 (and Lemma 6 as well) uses Hoffman’s homo-
morphism ¢: H1 — Q[[t1,t2,...]], where Q[[t1,12,...]] is the Q-algebra of formal
power series in countably many (commuting) variables t1, %, ... (see [11] and [13]).
Namely, the Q-linear map ¢ is defined by setting ¢(1) := 1 and

!
O(Ysy Ysy -+ Ysy) i= Z R A seZ', s1=>1,...,8 =1
ni>ng>-->n;>1

The image of the homomorphism ¢ (which is in fact a monomorphism) is the alge-
bra QSym of quasi-symmetric functions. Here by a quasi-symmetric function we

mean a formal power series (of bounded degree) in ¢1,¢5,... in which the coeffi-
1 S1 4582 ... 51 S1 482 451 1 1
cients at ;! t72 --- 17 and tn,l tng tn2 coincide whenever n; > ng > > n; and

n} > nb > --- > n; (our definition slightly differs from the corresponding definition
in [13] but leads to the same algebra QSym of quasi-symmetric functions). In these
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terms, the homomorphism w — Ri, (t) in Lemma 6 is defined as the restriction of
the homomorphism ¢ to §° given by the substitution t, = 1/(t+n), n=1,2,... .

Another approach to the proof of the stuffle relations for multiple zeta values was
recently suggested by Cartier (see [28]). Slightly modifying the original scheme of
Cartier, we show the main ideas of the approach by the example of proving Euler’s
identity

C(51)¢(52) = ((51 + 52) + ((51, 82) + ((s2, 51), 8122, 89 = 2. (52)

To this end, we need another integral representation (as compared with (31)) for
the admissible multi-indices s,

tita - tsi4ts; dty dta - 'dt|3|
) I=1 53
/ / H 1 —t1ty-- 1 — t1tg - ’ (8)7 ( )

bsitoots; C s bsg ot
[0,1]

which was kindly pointed out to us by Nesterenko and can be proved by straight-
forwardly integrating the series

1
n
_t TLZ_()t .

Substituting u =t; -+ -t5,, v =1t5,41 - - s, into the elementary identity

1 1 U v

I—wi-v) 1w (-wl-w) d=0)0-w)

and integrating over the hypercube [0, 1]51%52 in accordance with (53), we arrive at
the identity (52).

11. Derivations

As in Section 8, let us consider a graded non-commutative polynomial algebra
A = KC(A) over a field K of characteristic 0 with a locally finite set of generators A.
By a derivation of the algebra 2 we mean a linear map §: 2 — 2 (of the graded
KC-vector spaces) satisfying the Leibniz rule

d(uv) =d(w)v +ud(v) for all wu,ve . (54)

The commutator of two derivations [d1, d2] := d1d2 — 281 is a derivation, and thus
the set of all derivations of the algebra 2 forms a Lie algebra Der(2) (naturally
graded by the degree).

It can readily be seen that it suffices to define a derivation € Der(2) on the
generators of A only and then to extend it to the whole algebra by linearity and by
using the rule (54).

The next assertion gives examples of derivations of the algebra 2l equipped with
an additional multiplication o having the properties (39) and (40).
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Theorem 10. The map
dg: W aw—aow (55)

s a derivation for any letter a € A.
Proof. Tt is clear that the map ¢, is linear. By Lemma 4, for any words u,v € 2
we have
da(uv) = auv — aouv = auv — (a o u)v — u(a o v — av)
= (0qu)v + u(d,v),
and thus (55) is really a derivation.

By Theorem 10, the maps 6,,,:  — $ and 0, : H' — H' defined by the formulae
Ot w— w — 21 LW w, Jut W YW — Y1 ¥ W = T1W — X1 * W, (56)

are derivations; according to the rule (18), the map d, is a derivation on the whole
algebra $). We note that the derivations (56) act on the generators of the algebra
according to the rules (15)—(18) as follows:

2 2
dxo = —xox1, OT1 = —x7, dsx9 =0, &ux1 =—2] — Tox7. (57)

For any derivation § of the algebra § (or of the subalgebra Y)O) we define the dual
derivation § = 797, where 7 is the anti-automorphism of the algebra $ (and $°)
introduced in Section 6. A derivation § is said to be symmetric if 6 = § and anti-
symmetric if 6 = —J. Since T2 = 1, an (anti-)symmetric derivation & is uniquely
determined by the image of one of the generators xy or x;, whereas an arbitrary
derivation is reconstructed from the images of both generators only.

We now define the derivation D of the algebra $ by setting Dxy = 0 and
Dxy = wmowy (that is, Dy, = ysy1 for the generators y, of the algebra $') and
represent the statement of Theorem 1 in the following form.

Theorem 11 (Derivation theorem, [13], Theorem 2.1). The identity
¢(Dw) = ¢(Dw) (58)
holds for any word w € $H°.

Proof. Expressing any word w € $° in the form w = ys,ys, - - ys, (With