General Linear Groups, WS 18/19

Exercise Sheet 5

Exercise 1. Let VV = C? be the standard representation of &s.

1. Decompose V ® V ® V into a direct sum of irreducible representations of G3.

2. (Optional) Find such a decomposition for V&,

Exercise 2. Let G be a finite group. We define the right regular representation of G, p?¢" :
G — GL(C(G)), in the following way: for h € G,
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1. Show that this defines a representation of G.

2. Show that the left regular representation and the right regular representation of G are
isomorphic as G-representations.

Exercise 3. Let G be a finite group, Irrc(G) = {S1,---,S:} and for i = 1,--- ¢, x; = Xxs,-
Prove the following orthogonality relations:

1. For g € G,
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where C is the conjugacy class containing g.

2. Let g, h € G be in different conjugacy classes. Then

t

> xi(g)xi(h) =0.
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As a consequence, you have proved that the columns in the character table are orthogonal.

Exercise 4. Let G be a finite group. Recall that for a representation V' of G and a function
a : G — C, we have defined

Yoy = Z a(g)pv(g) € Hom(V, V).
geG

Show that if ¥,y € Homg(V, V) then o € CF(G).

Exercise 5. (Fourier transformation in representation theory) Let G be a finite group with
group ring C(G). Let F(G) denote the C-vector space of functions on the set G. We denote
Irre(G) = {S1,---, St}



. Show that F(G) is a ring via the following definition of the multiplication * (called the
convolution product): for ¢, v € F(G),

(@ ¥)(h) =Y dlg)w(g 'h).
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. Show that
§F(@) = C@), oY l9)g
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is a ring homomorphism.

. Let (V,pyv) € repc(G) and ¢ € F(G). We define the Fourier transformation a(pv) €
Hom(V, V) in the following way:

= d(9)pv(9)
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Show that for ¢, ¢ € F(G), ¢ * ¥(pv) = d(pv) o B(pv).

. Prove the Fourier inversion formula
G Zdlm )Te(ps; (977) 0 ¢(ps,)).
. Prove the following Plancherel formula: for ¢, ¢ € F(G),

> 6l = 5 Y dim(S)Te((ps) o Dos.).
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