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Introduction

Let M, (k) denote the algebra of n x n matrices over some field k of characteristic
zero. For each k-valued function y on the symmetric group S,, we may define a
corresponding matrix function on M, (k) in which

(apr— Z X(w_l)al'w(l)"‘an,w(n)' m

wes,,

If y is an irreducible character of S, these functions are known as immanants; if y is
an irreducible character of some subgroup G of S, (extended trivially to all of S, by
defining y(w) = 0 for w¢ G), these are known as generalized matrix functions. Note
that the determinant and permanent are obtained by choosing y to be the sign
character and trivial character of S, respectively.

We should point out that it is more traditional to use y(w) in (1) where we have
used y(w™). This change can be undone by transposing the matrix. If y happens to be
a character, then y(w™) = y(w), so the generalized matrix function we have indexed
by x 1s the complex conjugate of the traditional one. Since the characters of S,, are real
(and integral), it follows that there is no difference between our indexing of
immanants and the traditional one.

It is convenient to associate with each 4e M, (k) the following element of the
group algebra kS, :

[Al= X By 01y -+ By W

wesSy,

In terms of this notation, the matrix function defined by (1) can be described more
simply as A+ x[A], provided that we extend y linearly to kS,. Note that if we had
used w in place of w™ here and in (1), then the restriction of [-] to the group of
permutation matrices would have been an anti-homomorphism, rather than a
homomorphism.

Recall that a (real) matrix A4 is totally positive if all minors of 4 are nonnegative
(that is, every submatrix has nonnegative determinant). We shall use TP as an
abbreviation for the set of totally positive A€ M, (R). In a previous paper [11), we
developed a series of conjectures for immanants, the most fundamental of which was
the conjecture that immanants of totally positive matrices are nonnegative. In this
paper, we shall prove this conjecture, as well as one of the other conjectures in [11]
concerning the convex cone in RS, spanned by the elements [4] for AeTP.
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Let deg () = x(id) denote the degree of any character y. One of the consequences
of our proof of the above conjectures will be the following evidently stronger result

for immanants: 1[A] > deg (y)det(4) (4eTP).

This is analogous to Schur’s Dominance Theorem [10], which asserts that the same
inequality is true for generalized matrix functions of positive semi-definite Hermitian
matrices.

1. Cauchy—Binet and the group algebra of S,

Although the map [-]: M (k) — kS, is not a homomorphism of algebras, our first
step is to show that there does exist a useful way to describe the effect of [-] on a
matrix product. This description can be viewed as a refinement of the Cauchy-Binet
formula, which plays an important role in the analysis of total positivity [7]. The
existence of this formula was suggested by previous extensions of the Cauchy—Binet
formula to generalized matrix functions associated with linear characters by Marcus
and Minc [9], and to multivariate kernels by Karlin and Rinott [8].

First, we need to consider submatrices of a given matrix 4 that are obtained by
selecting certain rows and columns, with repetitions allowed. We shall refer to these
as generalized submatrices of A. More explicitly, let us define

M(n) ={(i},...,[)eZ:1 <i, < ... <i, < nj,

and for any such e .#,(n), let

z;= [] m,
1<i<n
where m, denotes the multiplicity of i in I. If 4 is an m x n matrix and /e .#,(m),
Je M (n), let us define 4, , to be the r x s (generalized) submatrix obtained by selecting
the rows of A4 indexed by I and columns indexed by J. For the special case in which
I indexes one copy of each row of 4, we shall write 4, , for 4, ,. The notation 4, ,
will be used analogously.

THEOREM 1.1. Let A and B be matrices of size px q and qxr, respectively. If
Ie #,(p), Je M, (r) and C = AB, then

Cl= T S04 Bl @)

Ke# (@) ZK

To recover the Cauchy-Binet identity, one merely applies the sign character of S,
to (2); each occurrence of [-] becomes a determinant, and the only possibly nonzero
terms in the sum correspond to n-tuples K without repetition. More generally, if one
applies a linear character of any subgroup of S, to (2), one recovers the generalized
Cauchy-Binet identity due to Marcus and Minc [9].

Proof. Let A'=A,, and B’ = B, ,, so that 4A’B’ = C, ,. For simplicity, we
write a,, and b,, for the i, j-entries of A" and B’ (rather than 4 and B). In these terms,

we have
q
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where
Solits-oosiy) = Ay ni b wy o Bey i

In general, if fis any function of n indices, one has

q
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where K = (k,,...,k,), since each distinct rearrangement of (k,,...,k,) is realized by
exactly z, different permutations w.
Applying this reasoning to (3), we obtain
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(4B]= } Z ) al,kw“)“'an,kw(”)bkw“).W'(l)"'bkw(").w'(n) w
Kek (@) “K w,w'eS,

1

— - _ _ =
= Z ) Q) by U ko bk,,w'w ) "'bk".w’w Imy "W
Ke k(@) “K w,weS,

1
— dw’w)1
= Z Z Z @ kg Fn k) bkl,w'(l)"'bk",w'(n) (w'w)
Ke M (@) “K w,weS,

= T L B

Ke M (@) “K

1

1

Since A4y x = A4, x and By , = B, ,, this agrees with (2).

Let p:RS, - GL,(R) be any matrix representation of RS,. We shall say that
Ae M, (R) is p-positive if the matrix entries of p([4]) are nonnegative. For such A4,
one clearly has y[A4] > 0, where y denotes the character of p.

Let us also define 4 e M (R) to be strictly p-positive if 4 and also all of its nxn
generalized submatrices are p-positive. An immediate consequence of Theorem 1.1 is
the following.

CoROLLARY 1.2. If A and B are strictly p-positive, then so is AB.

2. The cone of total positivity

For any S < RS, let €(S) denote the convex cone spanned by nonnegative linear
combinations of elements of S. If €(S) is closed under the product in RS, we shall
say that €(S) is multiplicative. Let €*(S) denote the smallest multiplicative cone
containing S; clearly, €*(S) = €(S*), where S* denotes the set of products of
elements of S, including S itself.

The cone we are interested is the one generated by S = {{4]): A4eTP}; let us
denote this ‘cone of total positivity’ by %,,. Although the geometric structure of this
cone is not well understood (for example, it is not even known whether it is
polyhedral), we can show that its multiplicative closure €3, has a fairly simple set of
generators.

For any subinterval [i,j] of {1,2,...,n}, let x;, ,,€RS, denote the sum of all
permutations we S, that fix every k¢[i,j] (for example, x, ,, = id+(23)+(34)+
(24) + (234) +(243)). Define

T ={id}Ufx,,:1 <i<j<n)
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The following result confirms Conjecture 5.3 of [11].

THEOREM 2.1. €%, = €*(X). In particular, the cone of total positivity is contained
in the multiplicative cone generated by X.

Our proof depends crucially on the following theorem of Cryer [2] (compare also
Theorem 3.5 and Corollary 3.6 of [1)).

THEOREM 2.2. Assume that A€ M, (R) is totally positive.

(a) There is a factorization A = LU, with L and U lower and upper triangular
(respectively), in which L and U are totally positive.

(b) If A is upper triangular, then there is a factorization A = U, ... U, in which each
U, is upper triangular, tri-diagonal, and entrywise nonnegative.

It is easy to check that any upper triangular matrix U = [u,] that satisfies the
conditions in part (b) (that is, u,, > 0 for j—i = 0,1; and u,, = 0 otherwise) is totally
positive. .

LemMa 2.3. If Ue M (R) is upper triangular, tri-diagonal and nonnegative, then
(U, Je€*X) for all I,Je M, (n).

Proof. Let r, (respectively s,) denote the multiplicity of i in I (respectively J). We
may partition the rows (respectively columns) of U, ; into blocks of size r,,...,r,
(respectively sy, ..., s,) so that each block-submatrix of U, , has constant entries. For
example, if n = 4, we have

ullErl,al Upp E'p’”z 0 0
U 0 UpE, o, Us E, ., 0
Ly 0 0 Usy l‘:ra,ri3 Usq Efs.a‘ ’
0 0 0 Uyy Er.,s‘

where E, , denotes the r x s matrix of ones.

Let Z denote the special instance of U obtained by setting u;, = u;, = uy, =
...=1, and define &, , to be the set of weS, such that the coefficient of w in
[Z, ,] is nonzero. We shall assume that &, , is nonempty, since otherwise we have
[UI,J] = [ZI,J] =0.

Given that &, ; is nonempty, it must be possible to place n non-attacking rooks
on the set of nonzero matrix entries of Z, ,. In particular, this requires placing s,
rooks on the r, xs, block, r, —s, rooks on the r; xs, block, s,—r, +s, rooks on the
r, X 8, block, and so on. We therefore have

S =r—s+...+r—s;,20 ((=21).

These inequalities imply that &, , contains the identity permutation.

Let S, denote the subgroup of S, that fixes /. For any we §;, we have w¥, , =
&, , and wlU, ;] =[U, ,]. Similarly, if weS, then &, ,w=¢, ; and [U, Jw=
[U, ,]. A moment of thought shows that the combination of these left and right
actions is transitive on &, ,, so we have

F1.=5S,.
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This also shows that the number of ways to express a fixed we &, , in the form w, - w,
with w, €S, and w,e S, does not depend on w. If we choose w = id, we see that this
number is |S, N S,|. Using u, , to denote the product of the diagonal entries of U, ,
(that is, the coefficient of id in [U, ,]), it follows that

u
[UI.J] = ul.J[ZI,J] =U; Z w= Lf Z Wy Z W,.

wes 4 |SI n SJI w, €Sy WeES,

However,

Z W1 = X1, ) Xir kL rrgl oo Kir bt 41,00
w Sy
and there is a similar factorization for S,. Hence [U, ,] is a nonnegative multiple of
products of elements of £, and thus a member of €*(T).

Proof of Theorem 2.1. Let I,Je#,(n). If UeTP is upper triangular, then
Theorems 2.2(b) and 1.1 show that [U, ,] is a nonnegative linear combination of
products of terms of the form [U} ,] for various upper triangular, tri-diagonal,
nonnegative matrices U’. By Lemma 2.3, these terms belong to €*(Z), so we conclude
that [U, ,]e €*(Z) for all upper triangular UeTP.

Next, let ' denote the anti-automorphism of RS, defined by w w™ (extended
linearly). Note that x; ; = x,, ;;, so ¥*(Z) is -invariant. Since [4]" = [4Y], it follows
that [L, ,]e€*(Z) for all lower triangular LeTP.

By Theorem 2.2(a) and a second application of Theorem 1.1, we may conclude
that [4]e €*(Z) for all AeTP; that is, €%, < €*(Z). Conversely, one knows €3}, 2
%*(X), since each generator x;, ;, of €*(Z) is of the form [A4] for suitable A€ TP. (Take
A to be the 0-1 matrix with 1s on the diagonal and in the rows and columns of [i, j].)

3. The denouement

To prove that immanants of totally positive matrices are nonnegative, we shall
show, in fact, that for every irreducible character y of S,, there exists a matrix
representation p of RS, with character y such that A is p-positive for every 4eTP.

For this, we may rely on the following theorem of Greene [4].

THEOREM 3.1.  For each irreducible representation of RS,, the representing matrix
Sor every x , is nonnegative with respect to the Young seminormal basis.

It should be noted that Greene proved more than just the nonnegativity; he also
gave an explicit description of the representing matrices for each x;, ,. Haiman has
also pointed out that Theorem 3.1 remains true if one replaces the Young seminormal
basis with the Kazhdan-Lusztig basis [5].

In view of Theorem 2.1, we may now deduce the following.

THEOREM 3.2. If Ae M (R) is totally positive and p is an irreducible representation
of RS,, then the matrix entries of p([A]) are nonnegative with respect to the Young

seminormal basis (as well as the Kazhdan—Lusztig basis) for p.

Taking traces, we obtain Conjecture 2.2 of [11].
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COROLLARY 3.3. Immanants of totally positive matrices are nonnegative, that is,
x[A] = 0 for every A€ TP and every character x of S,,.

With slightly more work, we can prove the analogue of Schur’s Dominance
Theorem mentioned in the Introduction.

CoRrOLLARY 3.4. If A€ TP and y is a character of S,, then
x[A4] = deg (x) det (4).

Proof. Letsgn:RS, — Rdenote the sign homomorphism. The claimed inequality
is equivalent to
x(c)—deg()sgn(c) =0 @

for all ce%;,. Since Theorem 2.1 shows that €, = €*(X), it suffices to prove
(4) whenever ¢ is a product of generators in Z. If ¢ =id, then equality occurs.
Otherwise, if ¢ is a product of one or more of the generators x,, ;, then the fact that
sgn(x;, ,) =0 shows that the nonnegativity of (4) is equivalent to x(c) > 0.
This is a consequence of Theorem 3.1.

Since Schur’s Dominance Theorem applies not only to immanants but also to
generalized matrix functions, it is natural to ask whether Corollary 3.4 can be
extended to this more general case. In order to make this question meaningful, it is
reasonable to restrict our attention to characters of subgroups of S, that are real-
valued. Without this restriction, we could not guarantee that y[4] would be real-
valued for all 4eTP. The following example, due to Gordon James [6], shows that
even under these circumstances, generalized matrix functions of totally positive
matrices need not be nonnegative.

Let G be the subgroup of S; generated by (1,2)(4,5) and (2, 3)(5, 6). Note that
G = S,. Let y be the sign character of G, so that x((1,2)(4,5)) = x((2,3)(5,6)) = —1.
For any A4, Be M,(R), we have

x[A @ B] = det (4o B),
where 4 o B denotes the Hadamard (that is, entrywise) product of 4 and B. If we take

1 1 1
A=B=|1 1 1}
011

then 4 @ B is totally positive but det(4oB) = —1.

As a final remark, it is interesting to point out that one of the stronger conjectures
that remains open (namely, Conjecture 2.1 of [11]) would characterize the convex
cone of linear functionals ¢: RS, — R that are constant on the conjugacy classes of
S, and nonnegative on the cone of total positivity. In view of Theorem 2.1, it would
suffice to prove that these functionals are also nonnegative on the cone €*(); this is
the content of Conjecture 5.2 in [11].
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