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ABSTRACT. For a given quiver and dimension vector, Kac has shown that there is exactly
one indecomposable representation up to isomorphism if and only if this dimension vector
is a positive real root. However, it is not clear how to compute these indecomposable
representations in an explicit and minimal way, and the properties of these representations
are mostly unknown. In this note we study representations of a particular wild quiver. We
define operations which act on representations of this quiver, and using these operations we
construct indecomposable representations for positive real roots, compute their endomor-
phism rings and show that these representations are tree representations. The operations
correspond to the fundamental reflections in the Weyl group of the quiver. Our results are
independent of the characteristic of the field.

INTRODUCTION

A fundamental result in the representation theory of quivers is the discovery of the relation
between the dimension vectors of the indecomposable representations and the positive roots
of the corresponding Kac-Moody Lie-algebra. This discovery was first made for Dynkin
quivers by Gabriel [4], where the dimension vectors correspond to positive roots of the
corresponding semi-simple Lie-algebra, and then generalized to arbritrary quivers by Kac [5].
Moreover, Kac showed that for a given dimension vector, there is exactly one indecomposable
representation up to isomorphism if and only if this dimension vector is a real root. At
the conference ICRA XI in Mexico in 2004, Crawley-Boevey asked the following question:
What is the dimension of the endomorphism ring of an indecomposable representation with
dimension vector a real root? This question is the first motivation for the results in this
paper.

An important concept in the representation theory of quivers is the generic representation
[5][7][10]. A positive root d is called a Schur root if there exists a representation in the
representation space Rep(Q,d) with trivial endomorphism ring. In this case, the generic
representation is indecomposable. For Dynkin quivers all the positive roots are real Schur
roots. For euclidean quivers (excluding Kronecker quiver), not all the positive real roots
are Schur roots. However, in any case, the dimensions of the endomorphism rings of the
indecomposable representation and the generic representation coincide. We will see that for
wild quivers, the situation can be very different.

Crawley-Boevey [2] has defined reflection functors for deformed preprojective algebras
and has used these functors to give an algorithm for computing indecomposable representa-
tions for positive real roots of quivers. But it is not clear how to compute indecomposable
representations in an explicit and minimal way, independent of the characteristic of the field.
Ringel [8] has shown that indecomposable representations for positive real Schur roots are
tree representaions. That is, they can be given by [0, 1]-matrices using the smallest possible
number of non-zero entries. Ringel’s constructions of tree representations are not clearly
independent of the characteristic of the field. Ringel [9] has asked the following question:
Let d be a positive root. Is there an indecomposable tree representation with dimension
vector d? Our second motivation is related to the question of Ringel: Are indecomposable
representations for positive real roots tree representations which can be given independent
of the characteristic of the field?
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In this paper we study the indecomposable representations for positive real roots of the
wild quiver
B
Q:1-=2__"3
¥

We give a complete and explicit construction of indecomposable tree representations of the
quiver @ with dimension vector a real root. This construction, which is independent of
the characteristic of the field, allows us to compute the dimension of the endomorphism
rings of the representations. Moreover we construct generic representation for positive real
roots of Q, and compare the dimensions of the endomorphism rings of the generic and
indecomposable representations.

The rest of the paper is organized as follows. In Section 1 we give notation and back-
ground. In Section 2 we recall some properties of the representations of the Euclidean
subquiver of @. We compute the set of real roots of @ in Section 3. In Section 4 we give
the three operations corresponding to the three fundamental reflections in the Weyl group.
In Section 5 we show how these operations can be used to compute the indecomposable
representations and the dimensions of their endomorphism rings. In Section 6 we show that
our representations are tree representations which can be given independent of the char-
acteristic of the field. We compute the canonical decomposition of a real root in Section
7 and compare the dimensions of the endomorphism rings of indecomposable and generic
representations. In Section 8 we illustrate our construction by some examples.

1. BACKGROUND AND NOTATION

1.1. Representations of quivers. A quiver Q = (Qo, @1, s,t) consists of a set of vertices
Qo, a set of arrows @1 and two maps s,t : (1 — Qo, where for any arrow o € Q1 s(«) is
the starting vertex of o and ¢(«) is the terminating vertex of .

A representation M of @ is a family of finite dimensional vector spaces {M;}icq, together
with a family of linear maps { My, : My(o) — My(a)tac@,- The vector dimM = (dim M;);cq,
is called the dimension vector of M. Given two vectors ¢ = (¢i)ieg, and d = (d;)icq,, by
c > d we mean that ¢; > d; for all i € (Jg, and by ¢ > d we mean that ¢ > d and ¢ #d. If
(@ has n vertices, then we identify dimension vectors with elements of N”.

A morphism f: M — N between two representations M and N is a family of k-linear
maps {fi : M; — Ni}ieq, such that Nofsa) = fi(a)Ma for each o € Q1. We say that f is
an isomorphism if for each ¢ € Qg f; is an 1som0rphlsm The direct sum M @ N is defined
by (M @ N); = M; @ N; for each i € Qy and

(M & N), = < M ]Sp)

for each p € Q1. We say that a representation M is indecomposable if M = M' & M?
implies M! = 0 or M? = 0. We denote by S; the simple representation associated to vertex
i.

1.2. Representation spaces and canonical decomposition. Given a dimension vector
d = (di)icq,, we denote by Rep(Q,d) the space of representations of @, given by

Rep(Q,d) H Hom (k%) k).
acQy
So Rep(Q,d) parameterizes the representations of () with dimension vector d. We do not

distinguish a point in Rep(@, d) from the associated representation of Q). There is a natural

action of Gl(d) = [[;c, GI(d;) on Rep(Q,d) by conjugation,

(g ’ M)oc = gt(a)Mocgs_(i,)a
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such that there is a one-to-one correspondence between the Gl(d)-orbits in Rep(Q,d) and
the isomorphism classes of representations of () with dimension vector d.

Let Ind(Q,d) denote the subset of indecomposable representations in Rep(Q,d). There
exists a unique decomposition of d = d! + --- + d* such that the set Rep(Q, d)gen = {M €
Rep(Q,d)|M = M' @ --- @ M?, where M' € Ind(Q,d’) for i = 1,...,s} contains a dense
open subset of Rep(Q, d) [5][7][10]. This decomposition is called the canonical decomposition
of d.

1.3. Root systems and Kac’ theorem. In this subsection we forget the orientation of
Q, we still denote the set of vertices by Qg and the set of edges by @J1. We denote the Tits
form of @ by ¢(d), given by g(d) = >, d? — > 0ec0; As(a)di(a)- By <,> we denote the
Euler form of @ defined by < d,c >=>_,co dici — > ,c0, ds(a)Ci(a) and by (,) we denote
the symmetric bilinear form of @ defined by (d,c) =< d,c > + < ¢,d >. Note that we
have ¢(d) = 3(d, d).

Given a dimension vector d, we denote by supp(d) the support of d, which is the
full subgraph of @ with the set of vertices supp(d)y = {i € Qold; # 0}. We denote
by e; the simple root of @) associated to vertex i and we say that e; is fundamental
if there are no loops at i. Associated to each fundamental simple root e;, we define a
fundamental reflection o;(d) = d — (d,e;)e;. We denote by W the Weyl group of @,
generated by all the fundamental reflections. We say that two vectors d and ¢ are W-
equivalent if there is an element o € W such that d = o(c). Let F = {d € N"|(d,e;) <
0 for any simple root e; of @ and supp(d) is connected} be the fundamental set of Q.

We recall the definition of the root system of @ and two results on the root system [5],
among them there is the well-known theorem on the relation between the indecomposable
representations of quivers and the corresponding root systems. A vector d is called a real
root of @ if d is W-equivalent to a fundamental simple root. A vector d is called an
imaginary root if d is W-equivalent to a root in F or to the negative of a root in F. A root
d is always either positive, that is each d; > 0 and d # 0, or d is negative, that is —d is
positive. Moreover, d is a positive root if and only if —d is a negative root. Note that the
bilinear form (,) of @ is W-invariant. So we have ¢(d) = 1 if d is a real root and ¢(d) <0
if d is an imaginary root. A quiver () is hyperbolic if it is wild and any proper sub-quiver
of () is a union of quivers of Dynkin and Euclidean type.

Proposition 1.1 (Kac [5]). Let Q be a hyperbolic quiver. Then d € N9 is a real oot of Q
if and only if g(d) = 1.

Theorem 1.2 (Kac [5]). Let Q be a quiver and let d be a dimension vector.

(1) There is an indecomposable representation with dimension vector d if and only if d
1S a positive T00t.

(2) There is a unique indecomposable representation (up to isomorphism) with dimension
vector d if and only if d is a positive real Toot.

(3) If d is a positive imaginary root then we need 1 — q(d) parameters to parameterize
the indecomposable representations with dimension vector d.

In the following, if we don’t say otherwise, a root is always a positive root.

1.4. Reflection functors and duality. In this subsection we recall the definition of the
BGP-reflection functors [1] defined on the category of representations Rep(Q) of a quiver
Q. We denote by Rep(Q)\addsS; the subcategory containing the representations without S;
as a direct summand, where S; is the simple representation associated to vertex i.

A vertex i € Qg is called a sink if there is no arrows starting at 7 and it is called a source
if there is no arrows ending at j.

Let i be a source vertex and let {c;; : i — i;} be all the arrows starting at i. We reverse
all the arrows «;; and so i becomes a sink vertex. We denote the new quiver by Q' and the
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simple representation associated to vertex ¢ by S.. We have a functor
F; : Rep(Q)\addS; — Rep(Q')\addS;
corresponding to the reflection o; by F({M;};,{Ma}a) = ({M]};, {M}a), where
M; if j # 1,
M/ == ai.)j
and M, = M, if o ¢ {oy,}; and Méil is the composition of the natural embedding of
M;, into &;M;; with the projection from &;M;; to M!. Note that dimF; M = o;dimM for
M € Rep(Q)\addsS;. ‘
Dually we have a reflection functor F* : Rep(Q)\addS; — Rep(Q')\addsS! if i is a sink

vertex.
Proposition 1.3 (BGP [1]). The functors F; and F* are equivalences.

For a quiver ), denote by Q°P the opposite quiver of ). That is, Q°P is the quiver
obtained by reversing the direction of every arrow in Q). Let D : Rep(Q,d) — Rep(Q°P,d)
be the duality.

2. INDECOMPOSABLES FOR THE SUBQUIVER OF TYPE Ay

We will now fix a set of representatives for the indecomposable representations for the
positive real roots of the subquiver of type A; of

8
Q:12+=2_"3

v

and discuss homomorphisms between them.

Recall that the set of real roots for Ay is {(a,a + 1), (a + 1,a)|a > 0}. Denote by Y@
the indecomposable representation of Q with dimY* = (0,a,a+ 1), (Y*)y = (I, 0)
and (Y%)3 = ( 0 I, )tr, where I, is the a x a identity matrix. Denote by Y, the in-
decomposable representation of Q with dimY, = (0,a,a — 1), (Yo)s = ( la—1 0 ) and
(Yo)y = ( 0 I, )tr. Denote by M (A1,...,Aq) the a x a matrix (my;);; with m;; = A if
i —j+1=1and 0 else. The following lemma is easy.

Lemma 2.1. Let a > b be two natural numbers.
(1) End(Ya) = {(0, M(A1,..., a), M(A1,..., Aa1))|\i € Kk}
(2) Hom(Ya,Ys) = {(0,( M(A1,..., ) 0 ),( M(A1,...,—1) 0))|\ € k}.

(3) Hom(Yp, ¥a) = {(0’< M()\l,(.)..,)\b) )( M()\l,.(.).,/\bl) )”Ai €k}

Dually we have

Lemma 2.2. Let a > b be two natural numbers.
(1) End(Y?*) ={(0, M(M\1,..., Xa), M(A1, ..., Aat1))|Ni € k.
(2) Hom(Y“,Yb) ={0,( M(Ai,...,x) 0 ),( M(Ai,..., 4+1) 0 )N\ € k}.

. 0 0
(3) Hom(Y?,Y*) = {(0, ( MO, ) >< MO, Aosn) )”Ai € k}.

3. REAL ROOTS OF Q

We compute the real roots for the quiver Q.

Proposition 3.1. The set {(n, mifl +n, mifl +n+m)n >1,m > 0,m? = 1(modn)} is
the set of all real roots d = (Ei,l’ da,ds) of Q with dy # 0. All other real roots of Q are real
roots of its subquiver of type As.
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Proof. By Proposition 1.1 we know that a dimension vector d € N0 is a real root if and only
if ¢(d) = 1. So by calculating we see that the dimension vectors described in the statement
are real roots. For the converse, assume we have ¢(d) = d3 — dida + (d2 — d3)? = 1. Thus
ds = do £ +/dido — d% + 1. Now let n = d; and m = /didy — d% + 1. Since d3 is an integer,
m is zilso an integer. If d; = 0 then do = d3 &= 1 and so d is a real root of the subquiver of
type A;. Otherwise dy = # + n. So the real roots of Q are exactly those described in

the statement. This finishes the proof. O
We let ) )
m* —1 m* —1
dpm = (n, +n, +n—m)
n n
and

2 2
1 —
d = (n, —i—n,m +n+m)
n n

denote real roots of Q. We write m = ns+r, where s, € Z and 0 < r < n. To understand
our formulas for the real roots of Q, we discuss when r2 — 1 is divisible by n.

Lemma 3.2. Suppose n = 2% with a > 1.
(1) Ifa=1, thenr = 1.
(2) If a=2, thenr =1 or3.
(3) Ifa >3, thenr =1,20"1 — 1,201 1 or 20 — 1.

Proof. We prove (3). By the assumption we know that r = 2b + 1, where b > 0. Then
b(b+ 1) is divisible by 2¢72. So we have b = 22?72, or b = 2?72 — 1. Then the possible x
is 0,1 and the possible y is 1,2. That is we have » = 1,271 — 11,2471 41 or 2¢ — 1. O

Lemma 3.3. Suppose that n = p® with p # 2 a prime number, then the possible v is 1 or
n — 1.

Proof. Since that the only possible prime common divisor of » — 1 and r + 1 is 2. So we
have either » — 1 or r 4+ 1 is divisble by n and so r is either 1 or n — 1. O

Using the prime factorization of n, the Chinese remainder theorem and the previous two
lemmas we can compute all the remainders r with the property that 2 — 1 divisible by n.
It is difficult to write down a general formula, but we illustrate by computing the number
of such r.

Proposition 3.4. Let n = p/" .. .p’;* > 1, where p; are pairwise different prime numbers
and each exponent y; is positive. By R we denote the number of r with 0 < r < n and r*> —1
divisible by n.
(1) One of p; is 2. We may suppose that p; = 2.
i) If py = 1, then R =271,
i) If p1 = 2, then R = 2>,
i) If py > 2, then R = 21,
(2) None of p; is 2, then R = 2*.

Proof. We prove (1)(i), the other cases can be done similarly. By the assumption we know
that r must be odd and so we may assume that » = 2b + 1. Suppose that g1 = 1. Then
2b(b+1) is divisible by ph” - - - pi*. So we have that b is divisible by pflil cplie and b+ 1 is
divisible by pgljl . -pggg, where {p;, }1U{p; }i = {p2,....pr} is a disjoint union and o, ¢ > 0.
By the Chinese Remainder Theorem we know that there exists a unique number N such that
0<N <ph? - -ph* and N =0 (mod pflil pi’") and N = —1(mod p?ljl p;t@) There

are < A 6 1 ) +--+ ( i - i > possible choices of such {p;, }; and {p;, }; with o, 0 > 0 and

the N obtained in this way are all pairwise different. So in all there are 2*~1 choices for r.
O
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4. THREE OPERATIONS

In this section we define three operations Yi,Y9 and >3, corresponding to the three
fundamental reflections in the Weyl group. Using these three operations we will be able
to construct an indecomposable representation of Q, for any real root, and compute the
dimension of its endomorphism ring. _

Let M be a representation of Q. We denote by Kr(M) the restriction of M to the A;
subquiver of Q. That is, we have dim(Kr(M)) = (0, dim My, dim M3), Kr(M)z = Mg and
Kr(M), = M,. Let n > 0 and m > 0 be integers such that m? — 1 is divisible by n. Note
that if M € Rep(Q, dym) and Kr(M) = &!_,Y,,, then t = m and 3;a; = (d7)2. Let

Vaom = {M € Rep(Q,dpm)|Kr(M) = DjL1Ya,;, Xja; = (dnm)2,aj > 1, M, is injective}
and let
Vit ={M € Rep(Q,d")[Kr(M) = &7, Y, ¥ja; = (d}')2,a; > 1, M, is injective}
4.1. Operation ¥;. Let m > 0. Our first operation

2 Vn,m — V(m2—1) m

n )

is defined as follows. Let M € V, m, with Kr(M) = &71,Y,;. Let I, be the a X a identity
matrix and let 1* be the a X a matrix with ones on the anti-diagonal and zero elsewhere.
Let g = (I, ®7 1%, @™ 1% 1),

Now let 31 be given by

1M =TDFigM,

where I' is induced by the graph isomorphism 3 +— v and « — 3, D is the duality and F} is
the reflection functor at vertex 1.

That is, X1 M is given by (31M); = (FigM); and (E1M)a = ((FigM)a)", (Z1M)g =
(FigM),)'" = Mg and (X1M ), = ((F1gM)g)"" = M,,. In particular, Kr(X; M) = Kr(M).

There is no canonical choice of a basis for FjgM, but we shall see in Section 6 that we
may choose it in a minimal way, and independently of the ground field.

Proposition 4.1. Let M € V,, », be indecomposable. Then X1(M) is indecomposable and
dim End(M) = dim End(3; M).

Proof. The proof follows Proposition 1.3. U
4.2. Operation X3. Let M €V}, p,. Assume that Kr(M) = &",Y,,. The operation

Y3: Vo — V)"
is given by Kr(X3M) = @*, Y.

Proposition 4.2. Let M € V,,,, be indecomposable. Then X3M is indecomposable and
dim End(X3(M)) = dim End(M) + m?2.
Proof. We denote by W, o; the surjective linear map
Wy, 0, : Hom(Y*, V%) — Hom(Yy,, Yy, )
induced by the isomorphisms Y,, = radY % /socY .

Let ¥ : End(@”,Y %) — End(®]",Y,,) be the surjective algebra homomorphism ¥ =
(Wa;,a;)ij- Note that if f = (f1, fo, f3) € End(M), then (0, f2, f3) € End(Kr(M)). So we
get an induced map

¢ : End(X3(M)) — End(M)
given by ®(f1, f2, f3) = (f1, f2, f3) where (0, f2, f3) = ¥(0, f2, f3). We can easily see that ®

is also surjective.

Now (f1, f2, f3) € ker @ if and only if f; = 0 and (0, f2, f3) € ker W. For if f' = (0, fa, f3) €
kerWU then f/ maps the top of ®;Y % to the socle of ®;Y % showing that fo(X3M), = 0. Hence
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(0, f2, f3) € ker ®. The other implication is trivial. Also ker ®* = 0, hence End(X3(M)) is
local if End(M) is local. This proves the first part.

We have dim End(23(M)) = dim End(M ) 4 dim ker ®. Now the second part follows since
dim ker \I/%aj = 1 and therefore dimker ® = Z” dim ker \Ilai,a]. = m2. O

4.3. Operation 5. We define the operation
Yo : V;Ln — Vnn+m
Let M € V;". We fix a basis x1,...,x, for the vector space k™ at vertex 1. We let
Yil,---,Yia; be a basis for k% = (Y%)y and let y;0,¥i1,--.,¥ia» Yia;+1 be a basis for

k%72 = (Y,,12)2. The construction of Xy M is based on this fixed basis. By €,,; We mean a
a X 1 matrix with 1 at the ith-row and zero elsewhere. Write

My kP g e = k@2,

where
tr a;
¢ij = ( Zij1 .-+ Rija, ) :ka — k%
. a;
That is, (ﬁw‘ = 21;1 Zij1€a;,l- Let
tr )
(I)ij = ( 0 Zijl .- Zija 0 ) :ka — k%t ,

that is ;5 = > " 2ij1€q,42,+1. The representation YoM in Vj, yyp is defined as
(1) Kr(22M) = &2 Vo, 2@ Sy
@ 2a)a = (B9 ) sk — o et 0 165 < kil
n

Proposition 4.3. Let M € V" be indecomposable. Then ¥o(M) is indecomposable and
dim End(Z3(M)) = dim End(M) + m? + mn.

Proof. Let M € V" be indecomposable. As in the proof of Proposition 4.2, the isomorphism
Kr(M) = radKr(XoM) /socKr (3o M)

induce a surjective linear map ¥ : End(Kr(XeM)) — End(KrM). Suppose that f =
(f1, f2, f3) is an endomorphism in End(X2(M)). Then we have (1) (0, f2, f3) € End(Kr(32M))
and (2) fo(XoM)q = (X2M)qf1, and so we get an induced linear map

® : End(SyM) — End(M)

given by (I)(fb f27 f3) = (fl; fév f3) where (07 fév f3) = \II(Oa f27 f3)
We need to study @ in more detail. We may without loss of generality assume that

Kr(M) =@ Y% with a1 <ag <+ < .
By (1), following our choice of basis and Lemma 2.1 we can write
(Mij)ij — (Gijij
fa= )
(Hij)ij — (cij)ij
where (M;;);; is an m x m matrix and each M;; is of the form
M()\ii,b ceey )\ii,ai) ifi = j,

M;; = ( M(Nija,-- Nijag) 0) if i <,

(0 ) wis
L M()\i]ﬂ, - 7)\ij,a]')

(Gij)ij is m x n matrix over k with

Gij:(O ... 0 Hij )tr



8 BERNT TORE JENSEN AND XIUPING SU

H;; is an n X m matrix over k with
Hij=(m; 0 ... 0),

and (cj;)i; is an n x n matrix over k. Finally, we write fi = (x;;)i; as a n x n matrix over k.

By (2) we have:

(D) D22y Ma®; + Gij = 31 Paaiy.

(1) 2% Ha®iyj + cij = @i
Note that H;®;; = 0 for any 4,j and [, hence by (II) we have that (c;j);; = fi1. Dividing
the matrices into blocks and calculating give us

m m (Y1 0 0 0 m 0
Z My®yj = Z b M 0 Qi | = M
=1 =1 \ Yit,a+2 Qi Yia 0 =1 \ Qo
So by (I) we have
0 0

Sl My |+ Gy = | 2 dumy

Yoy Qaduj 0

Therefore
> sy My =320 Gy That is, (M) Ma = Maf1

Yoty Qudij + pij = 0.
Hence f = (f1, f2, f3) is an endomorphism of 3o M if and only if ®(f) = (fi, (Mi/j)ij? f3)
is an endomorphism of M, (3) pi; = — > ;2 Qu¢yj and (ci5) = fi1. Now if g = (g1, 92,93) €
End(M) then

(gl’ <g(;’ (G}.]l)zj> ,93) e (I)—l(g)’

where (0,g”,93) € ¥71(0,92,93) and G;; is determined by the equation (3). This shows
that @ is surjective.

Now if f is in the kernel of ® then f; = 0 and therefore (¢;;) = 0, also f3 = 0 and so
Qir = 0 and therefore G;; = 0, and finally, f5 = 0. Thus the kernel of ® are the maps
(0, f2,0) where

(Mij)ij 0
fa=
(Hij)ij 0
and the image of M;; is in the socle of Y%. Clearly ker ® is nilpotent and so ¥oM is
indecomposable. Moreover the M;; contribute m? basis elements to ker ® and the H;;
contribute mn basis elements. Therefore dim End(33(M)) = dim End(M) +m?2 +mn. This
finishes the proof of Proposition 4.3. ([

Remark 4.4. It is possible to define inverse operations to Yo and X3. The operation X
s its own inverse. To make the definitions of our operations complete, we also define
Y3Y, =Y XY =Y,9 and we let 1Y, be given by Kr¥1Y, =Y, and (X1Ya)a = L.
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5. INDECOMPOSABLES AND THE DIMENSIONS OF THEIR ENDOMORPHISM RINGS

In this section we give a concrete constuction of the indecomposable representations
with dimension vector a real root of Q, using the operations X1, s and X3 defined in the
previous section. We also give a formula for the dimension of the endomorphism ring of
the indecomposables we construct. This gives an answer for Q to the question proposed
by Crawley-Boevey, which we mentioned in the introduction. Moreover this formula is
independent of the ground field. Before giving the general construction, let us first see an
easy example. More examples on the construction will be given using pictures in the last
section.

Example 5.1. (1) We have dy,, = (1, m?,m? —m) = (0203)™ Lo1do1, where by do1 we

mean the simple root (0,1,0). Let M (dy ) be a representation in Vi p, with Kr(M(dy ) =
@ Yoi—1 and M(dy ) = (egm_Lm,eQ(m,l)’m,l, ...,e32,e11)". In particular we have

M(di )=k —>k 0
-

Obviously M(d; 1) is indecomposable with trivial endormorphism ring. By the definition of
the operations Yo and Y3, we have M(d1 ) = (3233)™ M (d(1,1)). Therefore M(d1,m)
is indecomposable. By Proposition 4.3 and Proposition 4.2 we have dimEndM (di,) =
dim EndM (dy —1) + 2(m — 1)? + (m — 1) and so inductively we have dim EndM (d ,,) =
dim EndM (dy 1) + 751202 44) = 22— m2 _m 4 et M(d]) = S3(M(dy,m)). Then

3 2

by Proposition 4.2 M(dY") is indecomposable and dim EndM (d}") = 2% + %5 - %+ L

The following two results are obvious.
Lemma 5.2. Let n and m be two natural numbers and let m = ns 4+ r with s,7 € N and
0<r<n.
(1) Uldn,r = d@ .
(2) (0302)°dpm =dp, forn > 1.
(3) (0302)* 'dyim =d1,1.
(4) 03(dy’) = dnm-
Proposition 5.3. Let n,m be two natural numbers.
(1) If % +n —m is even, then the real roots d,, ,, and dj)' are VW-equivalent to es.
(2) If # +n —m is odd, then the real roots d,, »,, and d;)' are W-equivalent to e3.
(3) The two simple roots e; and ez are W-equivalent.

We now start our general construction of indecomposable representations for real roots
and calculate the dimension of their endomorphism rings.

Theorem 5.4. Letd,, ,, be a real root of Q. Suppose that m = ns+r withr,s e N, 0 <r <n
andn > 1. Let N be an indecomposable representation in V 2_, . C Rep(Q,d,2_, T) and let

M = 2223)821(1\7). Then

n

(
(1) M is an indecomposable representation in Vi, C Rep(Q, dp m).

(2) dimEndM = dim EndN + %S:S + (2rn — %2)82 + (2r? —rn — %2)3.

(3) ¥3M is an indecomposable representation in V,'* C Rep(Q,d}").

(4) dimEndS3M = dim EndN + 22263 4 (2rn 4+ 2)s2 + (2r2 + 10 — 2)s + 12

Proof. We prove (1) by induction on s. If s = 0, then (3¥2X3)°%; = ;. So it follows from
Proposition 4.1. Now assume that s > 0. Let M be an indecomposable representation in
Vim € Rep(Q,dy, ), where m’ = n(s — 1) + r. By Propositions 4.2 and 4.3 we have
¥3(M) € V™ and so we can apply X9 on ¥3(M). Moreover ¥p¥3(M) is indecomposable.
Now the result follows from induction hypothesis.
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We now prove (2). By Propositions 4.1, 4.3 and 4.2 we have dim End(¥233)%1(N) =
dim EndN + 72 + (r? + nr) and (2933)21(N) € Varin € Rep(Q,dyprim). So we have

s—1
dimEndM = dim EndN + ) "(2(r + ni)® + n(r + ni))
=0

2 2 n2

2
= dim EndN + %83 + (2rn — %)32 + (2r2 —rn — E)s
The proof of (3) and (4) follows from Proposition 4.2.
U

Corollary 5.5. Let M be an mdecomposable representation in Vi, m C Rep(Q,dpm). Let
N = (22%3)°M. Then dim EndN = 22- ’s 3+ 0(s®) for s> 0.

Let d,,, be a real root with n > 0. Denote ng = n,mop = m = ngsg + r9, where
0'1((730’2)50_1 ifng=1

o1 (0-30-2)50 if no > 1 So we have Tl(dn,m) =

ng, So € Nand 0 < rg < ng. Define my = {

do; =(0,1,0) ifng=1 )
d ifng>1 - We define recursively a sequence of real roots {dy, m, }; and

a sequence of reflections {7;};. Write m;—1 = n;_18,-1 + r;—1 with s;_1,7-1 € N and

0'1(030'2)5Z 1 if ni_1 =1
< r;_ n;_1. Let 7; = ) . . Then d,,. ,,, = 7;(d,,. ).
0 S -1 < Ny Ti { 0.1(0.30.2)8171 if ni_1 > 1 TLi, 1My TZ( nz—l:mz—l)

2
That is we have n; = % and m; = r;—1 if n;_1 # 1; and n; = 0 and m; = 1 if
ni—1 = 1. This sequence {dy, m, }i stops when the first n; = 0 appears. Note that n; = 0
if and only if o17dp, ym, , = (Ri—1,mi—1,mi—1 — 1), that is 7,_; = 1, so in this case

dp,m; = dom, = (0,n,-1,n;—1 — 1). Inductively we have the following proposition.
Proposition 5.6. Let dy, ., be a real root and let {r;}; and {dy, m,}i be defined as above.
Then

(1) 0<n; <n;_1.

(2) There exists t such that ny =0 and my = ny—1. That is dy, m, = (0,74—1, -1 — 1).

Given a reflection 7 = o1(0302)%, by O(7) we mean the operation (X2%3)%3;.
Theorem 5.7. Let dy, ,,, be a real root of Q. Let T1,..., 7 be reflections as above such that
Tt ... T1(dpm) = (0,n4—1,n4—1 — 1). Then
1) M=0(m)...0(1)(Yn,_ 1) is an indecomposable representation in V;, y, € Rep(Q, dpm)-
2 2

) dimEndM =ny_y + 342 ( i s? + (2min; — 5)s? + (2m? — min; — ) sq).
) X3(M) is an mdecomposable representation in V™ C Rep(Q,d]").
)

(
(2
( 2

(4) dimEnd¥3M = m? +ny_y + > 0_ ( s 3? + (2min; — 5 )s? + (2mF — min; — %) sq).
Proof. The proof follows from Theorem 5.4. O

6. TREE REPRESENTATIONS AND [0, 1]-MATRICES

Using results of Schofield in [11], Ringel has proven that exceptional representations are
tree representations in [8]. In this section we prove directly that the indecomposable repre-
sentations of @ with dimension vector a real root are tree representations. From Section 5
we see that the exceptional indecomposable representations for @ have respectively dimen-
sion vector (1,0,0),(0,1,0),(0,0,1) and (1,1,0). All other indecomposable representations
are not exceptional.

It is known that any tree representation is isomorphic to a tree representation with only
[0, 1]-matrices (see [8]). So in particular we can use [0, 1]-matrices for all indecomposable
representations for @ with dimension vector a real root. Since they are tree representations,
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these are also matrices with a minimal number of non-zero entries. Our construction is
independent of the characteristic of the ground field.

We recall some definitions from [8]. Let M be a representation in Rep(Q,d). We denote
by B; a fixed basis of the vector space M; at vertex ¢ and B = U;B;. The coefficient quiver
I'ar,s of M with respect to B has the basis elements of B as its set of vertices, and there is an
arrow from b € B; to b’ € Bj if My (b, ¢) # 0, where My (b, c) is the element at the intersection
of the bth row and the cth column in M, and o : i — j € Q1. A representation of Q) over k
is called a tree representation if there exists a basis B of M such that the coefficient quiver
['(M,B) is a tree.

We say that a vertex i is of degree x, denoted by deg(i) = =z, if there are x arrows incident
to i. We first consider tree representations M of

Ay:1-%52
with I'(M, B) satisfying the following:
(1) If x; € By then deg(x;) > 1.
(2) If y; € By then deg(y;) < 2.
(3) If x; € By then Ny, = {y;|Ma(xi,y;) # 0} contains at most two elements of degree
2.

Denote by A the set of all the coefficient quivers of representations of Ay, and which
satisfy (1), (2) and (3) above.

Lemma 6.1. Let M be a representation with T'(M,B) in A. Then there exists an x; € By
such that Nx, contains at most one element with degree two. If |Bi| > 1, then there exists
an x; in D(M, B) such that Nx, contains ezactly one element with degree two.

Proof. Let
pP= (pO"' 7 VYiio1 T X 7 Y -~-Pl)

be a (non-oriented) path in I'(M, B) of maximal length with no repeated vertices. The
length of p is at least two, where length means the number of arrows in p.

Now deg(pg) = 1, otherwise p is not of maximal length. So py € By and we write
P = po < Xiy = Yigyq---- U int contains at most one vertex of degree two, then we are
done. If not, then there is a vertex of degree two y € int which is different from y;, ,. We
can make a new path

p,:y<—Xit _)yit+1"‘

which has the same length as p, but which is not maximal. This is a contradiction, and so
we are done. O

Let S be a subset of By containing all the vertices of degree two and some vertices of
degree one such that each x; in By is connected exactly to two elements in S. Since we
only consider those trees in A, such an S exists. We call the vertices contained in S simple
vertices. Note that since I'(M, B) is a tree and deg(y;) < 2 for any y; € Bs, there are exactly
a —1 elements in By with degree two, where a = |B1|. Therefore the set S contains the a — 1
elements of degree two and two elements of degree one.

Proposition 6.2. Let M be a representation of Ay with T'(M,B = B1UBs) in A. Let S be
a set of simple vertices of T' (M, B). There exists a basis B’y of Cok(M,), such that

(1) The degree of y € By is one in T(DF1 M, B = B} UBy) if and only if y € S.

(2) Suppose 'y € S is of degree one in I'(M,B) and in T(DFyM,B'), the vertex'y is
contained in Ny for some vertex x in Bi. Then Ny contains at most one element
with degree two in T(DFyM,B').

(3) For any x' € B}, the set Ny CT(DF,M,B') contains at most one simple vertex in

S with degree one, except when |Bj| = 1.
(4) T(DF1M, B} U Bs) is a tree in A.
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Proof. By changing basis we may assume that M is given by [0, 1]-matrices, with the same co-
efficient quiver. Set By = {x1,...,%X,} and By = {y1,...,ys}. We prove this proposition by
induction on a. We first consider the case a = 1. We may assume that M, = ( 1 ... 1 )tr.
Thus we have a tree representation in Rep(Ag, (1,0)) with degy; = 1 for any y; in |Ba|. We
may assume that S = {y1,ys}. Choose B} = {y1 —y2,¥2—¥3,---,¥p—1 — Yb} as a basis of
CokM,,. It is clear that DF; M is a tree representation in A and it satisfies (1)-(3) in the
statement.

Now suppose that @ > 1. By Lemma 6.1, there is an x;, in By with ino containing exactly
one element of degree two. Assume that Nx, = {¥jo,¥j:---,¥j,} with deg(y;,) = 2 and
deg(y;,) =1 for [ > 0. Since degx;, is bigger than one, we have s > 0. By the definition of
S, we may suppose that y;, is one of the two elements of degree one in S. Consider the full
subtree T of I'(M, B) with the set of vertices Tp = B\{xi,, ¥, ---,¥;,}. Note that it is still
a tree in A. We denote the corresponding representation by N. Let &’ = S\{y;,}. Then &’
is a set of simple vertices for T" and y;, has degree one in T'.

By the induction, we can choose a basis B} = {x } I Cok(N,) satisfying
(1)-(3) in the statement. In particular yj, is of degree 1 in I’(DFlN By U BS), where
B, = Ba\{yj, }1>0, and yj, € ./\/ . with Ny contammg at most one element of degree two

in I'(DF1N, B} UB,). We erte X, = Zl " allyl We construct a basis {x”}b ¢ for
Cok(M,,) as
X;/:{y?—yim if1<l<s—1
X s11 — U—s+1,i0Yi1 ifs<li<b-a.

By the linear independence of {x}}; and {y;, — y%z+1}l 1 » we have that x7, ..., x}/_ are
linear independent. By reordering the basis {y;}; we can write

X 0
w=(v %)

where X = (1 ... 1)"andY =(1 0 ... 0)" LetZ= (21 ... Zpa)", be

a (b — a) x b matrix with each row Z; = (¢;1, ..., ¢p), given by x; = Z? L ciyr- That is
Z : k* — kb= is the natural projection from My to Cok(M,). Now by the construction
we have ZM,, = 0. Therefore Z : kb — kb=% is F} M.

By the construction we know that deg(y;,) and deg(y;,) are 1 in I'(DFiM, B/ UB,). B
induction the degree of other vertices in § is one. Note that those vertices of degree two in
I'(DF\N, B} UB,) are still of degree two in I'(DFy M, B{ U B2) and by induction there are
b—s—(a—1)—1 of them. By the choosing of the x we have exactly s — 1 other vertices
Yiy,---,Yi, , of degree two. Therefore in all there are b — a — 1 vertices with degree two in
['(DFy M, B{UBs) and so there are a+ 1 vertices of degree one in I'(DFy M, BY UBs). These
are exactly the vertices in & and so (1) follows.

We know that y;j, is of degree one in I'(DF N, B} U B5) and y;, € ino' That is, a, 4, is
the unique non-zero element in {a;;, };. We first consider s = 1. In this case both y;, and
yj, are connected to x; in T'(DFy M, By U B2) and both y;, and y;, are of degree one in
I'(DFyM,BY UBs). So les'+l0—1 still contains at most one element of degree two. Moreover
if |Bj| > 1, lesl+l0—1 contains a unique simple vertex y;, with degree one, since y;, is simple
of degree one in T'(DF1 N, B} UB,). So in this case by induction both (2), (3) and (4) are
fulfilled. Now suppose that s > 1. Then y;, is of degree two in I'(DF1 M, B U Bs). It is
clear that the edge from x,,;,—1 to y;, does not increase the number of degree-one-elements
in Ny» for any x” € BY. Therefore (3) follows by induction. Now if [Bj| = 1, that is7

1 = {x,}, then yj, is the unique degree-two-element in N, 1yt If |Bj| > 1, by (3) w
know that there is no other simple degree-one-element in ./\/x , besides y;, and so there is

there is no simple degree-one-element in qu . This ﬁnlshes the proof of (2).
s+lo—
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Now the remainder is to prove that I'(DF; M, B U By) is a tree in A. It is clear that the
full subtree 7" with the set of vertices {x?}5{ U {y; }7_, is a tree in .A. By induction we
know that I'(DF1N, By UBy) is a tree in A. By the definition of {x/};, there is exactly one
edge, produced by the choosing of x{; _;, connecting the two trees 7" and T'(DFy N, B} U
B2) together. This connection gives one more degree-two-element y;, in NX;/JrLOfl’ when
compared with degree-two-elements in /\/’x;, which contains at most one degree-two-element.
Therefore T'(DF; M, B! U By) is a tree and it is a tree in A. This finishes the proof of this

proposition. U

Theorem 6.3. The indecomposable representations of Q with dimension vector a real root
are tree representations.

Proof. Let N be an indecomposable representation for a real root. We want to find a basis
B = By U By U B3 such that the coefficient quiver TI'(N, B) is a tree. It is clear that the
coefficient quiver of the indecomposable representations Y and Y, are trees. Now let the
dimension vector of N be d, ,,, or d;' for integers n > 0 and m > 0. We will show by
induction that I'(V, B) is a tree where

(*) each connected component of the restriction I'y, (N, B) of I'(N, B) to the full sub-
quiver of type Ay is
(1) a tree in A or an isolated vertex from By, if m > n, or
(2) atree in A or a tree of type Ay 1 x; = y;if m=1=norm <n.

By Theorem 5.7 we may assume that N € V" or V;,, ,, and that M can be constructed from
Y,, for some a, using the operations ¥, Y2 and 3. It is easy to see that if N = ¥1Y, € V, 1,
then we can find a basis such that I'(IV, B) is a tree satisfying (*).

Let N be a representation in V;,,, or V" with a basis B such that I'(V, B) is a tree
satisfying (*). Let T1,...,7; be the connected components of I'y, (V, B).

We first consider the operations ¥ and X3. By counting the dimension increased and
the number of new edges we can see that 3o and X3 send a tree to a tree. So we only need
to show that they preserve the property (*).

By the definition of X3, we can see that

FAQ(N,BzglLJBQUB,g) ZFAQ(E:;N,B/ =B UBQUB;})

and so X3 preserves the property (*).

By the definition of Yo, the connected components of Ty, (3oN, B = By U B, U B3) are
Ti,..., T, T} 1, ..., T{ 5,,, where T} ,,..., T} ,  are isolated vertices {y;,yi}1<i<m and
each T} for 1 < i < [ is obtained by attaching an arrow x; — y(x;) for each vertex
X; € T; N By. Here Bé =By U {yg,yg/}lgigm U {y(XZ‘)}lgiSn. In particular, if T; € A then
T! € A and if T; is of type Ay then T € A too. Note that o2(d}) = dymsn and m +n is
strictly bigger than n. So I'(X2N, B’) is a tree satisfying (*).

We now consider the operation ;. By Theorem 5.7 we may assume that m > n. We
may also suppose that N € V,, ,,. Let N be the representation corresponding to T;. We
may assume that T1,...,T; € A and Ty1,...,T} are isolated vertices from By. That is, N°
is the simple representation Se for i > t. By Proposition 6.2 there is a basis Bil C B; for
CokN?, where Bi U B, C By U By is a basis for N7, such that D(DF, N7, Bi' U BY) is a tree
in A for 1 <4 <t. Trivially, I‘(DFlNi,Bil U B%) is a tree of type Ay for ¢ > t.

Since v and g in the definition of ¥; induce isomorphisms on the coefficient quivers, the
connected components of Ty, (X1 N,B" = By’ U By U B3) are up to isomorphism the trees

FA2(DF1N",B§/ U BS U BL). Moreover we have o1 (dy,m) = dle,m and # > m, since

m > n. Therefore 'y, (X1 N, B’) is a tree satisfying the property (*).
By counting the number of arrows and edges, we now show that I'(X; N, B’) is in fact a
tree. By removing the vertices in By, we get a subquiver of I'(N, B) which we denote by K.
Denote by dimN°® = (d},d},0). We have the number |T'(N, B)1]| of edges of |T'(N, B)] is:
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IT(N,B){| = § T} + |Ky| = § (d+dy— 1)+ |K;| =dim N — 1,
i=1 =1
since I'(NV, B) is a tree. Now

IT(31N, By U B2 UBs)i| = Z ID(DFLN', (B}) U BY))| + | K|
i=1

= (dy—di +dj— 1) + | K1
= Z(di +dy — 1+ (dy — 2d})) + | Ky

—Z L4 dh — 1)+ | K1) +Z (db — 2d})
=1
= (dlmN —1)4+dy —2d; =dim ¥ N —
The coefficient quiver I'(31 N, B’) is connected, since N is indecomposable and so is X1 N.
Hence, T'(X1 N, B') is a tree. By induction and Theorem 5.7 all indecomposable representa-
tion of Q@ for real roots are tree representations. O

7. GENERIC REPRESENTATIONS AND THE DIMENSIONS OF THEIR ENDOMORPHISM RINGS

In this section we study the canonical decomposition of real roots of @ and the dimensions
of the endomorphism rings of generic representations. We first consider the case d,, ,,,. Note
that operation Y; can be also defined for any representations of @ with no direct summand
S1. By the definition of operation ¥;, we know that 3; preserves the dimension of the
endomorphism ring of generic representations. So we may assume that m > n.

Proposition 7.1. For any real root dy, ,,, with m > n, its subroot (n,ds — m + n,ds —m)
s a Schur root.

Proof. Denote the dimension vector (n,ds — m + n,de —m) by d. If m = n = 1, then
d,m = (1,1,0) and it is obviously a Schur root; otherwise we have do —m > n+ 1. In the
following we only consider the second case. We onstruct a representation M in Rep(Q,d)
and then prove that its endomorphism ring is trivial. Let M be a representation in Rep(Q, d)
satisfying:
(1) Kr(M) = d2 "M (\;) @ S5, where M ();) is an indecomposable representation in
Rep(Q, (O, 1, 1)) with M(X\)g = Xi, M(Ni)y =1 and \; # \j € k* for i # j.
(2) M, = ( I, A% BY% I, )tr, where I, is the identity matrix, A = (1 ... 1)
and B is a (de —m —n — 1) X n matrix with 1 at each entry of the last column and
0 elsewhere.

We now prove that M is indecomposable with trivial endomorphism ring. Let f =
(f1, f2, f3) € End(M). Then (0, f2, f3) € End(Kr(M)). It is clear that Hom(M (X;), M ();)) =
dijk, Hom(M(X;), S2) = 0 and Hom(S2, M (A;)) = 0. So we can write

f2 = and f3 = 0 XQ 0
0 0 X3 O 0 o0 X
0O 0 0 Y 3
where X1 = diag(p1,. .., pn) € End(®_; M (X)), Xo = pin+1 € End(M(A41)), and X3 =
diag(fint2, - - - fidy—m) € End (72 nTQM()\ )) are diagonal matrices, and Y an n x n matrix

in End(S5™). Now f; and f» should satisfy:
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I, X, 0 0 0 I,
A o xy0 o0 A
B =10 o X3 0 B
I, 0 0 0 Y I,

So we have (i) fi =Y = Xy, (ii)) AX; = X2A and (iii) BX; = X2B. By (ii) we get
pi = pnt1 for 1 < i < n and by (iii) we get p; = pp41 for j > n + 2. Therefore we have
fi = pm+11n and fo = pnt11d,—m+n and so End(M) = k. This finishes the proof. O

m—n
——f
Theorem 7.2. The canonical decomposition of dy, m, is (n, do—m+n,do—m)+ eg + - - - + es.

We need some preparation to prove this theorem. We first recall a well known result on
the Euler form of Q.

Proposition 7.3 (Ringel). Let N be a representation in Rep(Q,d) and let L be a repre-
sentation in Rep(Q,c). Then < d, ¢ >= dim Hom(M, N) — dim Ext!(M, N).

Let ext(d,c) = min{dim Ext' (N, L)|N € Rep(Q,d) and L € Rep(Q,c)}.

Theorem 7.4 (Kac[6], see also [10][3]). The decomposition d = d1‘+- --+d°? is the canonical
decomposition if and only if each d* is a Schur root and ext(d',d’) =0 fori # j.

Let d € N9 and let d =d' 4 --- +d° be the canonical decomposition of d. Denote by
Rep(Q,d)gen = {M € Rep(Q,d)|M = @M"*, where M* € Ind(Q,d")}. We call a represen-
tation M € Repge, (Q, d) a generic representation if dim End(A/) is minimal.

Proof of Theorem 7.2. By Proposition 7.1 we know that all terms appearing in the decom-
position are Schur root. Denote by d = (n,da—m+n,da—m). By Theorem 7.4 we need only
to show that ext(d,es) = ext(ez,d) = 0. Let M be a generic representation in Rep(Q,d),
as constructed in the proof Proposition 7.1.

By the construction in the proof Proposition 7.1 we have Hom(M, S2) = 0. Now following
Proposition 7.3 and < d, ey >= do—m+n—n—(de —m) = 0 we have Ext(M, So) = 0 and so
ext(d,ez) = 0. Again the construction in the proof Proposition 7.1 we have that Hom(S2, M)
is n-dimensional. Using Proposition 7.3 and < es,d >= n we have Ext(S2, M) = 0 and so
ext(eg,d) = 0. This completes the proof. O

Corollary 7.5. Let M be a generic representation in Rep(Q,dy ). Then the dimension
of its endomorphism ring End(M) is 1 +m(m —n).

The corollary follows from the proof of Theorem 7.2. Here we give a different proof,
following the relation between the Euler form of () and the number of parameters of Ind(Q, d)
given by Theorem 1 in [5].

Proof. Use the same notation as in the proof of Theorem 7.2. Let N be a generic represen-
tation in Rep(Q, d, ). By Theorem 7.2, we know that N belongs to a 1 —¢(d)—parameter-
family. We have ¢(d) = n? —ndy +nm. Therefore we have dim Oy + 1 — (n? —ndy + nm) =
dim Rep(Q, dy, ), where Op is the orbit of N. On the other hand we have dimOy =
dim Rep(Q, dym) + ¢(dn,m) — dim End(N). Therefore dim End(N) = 1+ m(m — n).

[l

With similar arguments as in the proof of Theorem 7.2 and in the proof of Corollary 7.5
we have:
m
—
Theorem 7.6. The canonical decomposition of the real root d' is (n,ds,d2)+ €3--- + es.
The dimension of the endomorphism ring of a generic representation is 1 + m?.
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Remark 7.7. By results in Section 5 and Section 7 we see that for m = ns + r with
s > 0, the dimension of the endomorphism ring of an indecomposable representation in
Rep(Q, dy, m) or Rep(Q, d}}) is much larger than the dimension for the corresponding generic
representations.

8. EXAMPLES

In this section we show two examples on how the coefficient quiver grows according to
the three operations. In the pictures the arrows ===,--> and - - > correspond to
operations Y3, o and X1, respectively.

We first consider the operations on the tree M : (I3, (10)*",(01)) in Rep(Q,d21). The
quivers in the following are in turn the coefficient quiver of M, 933 (M), X13933(M) and
Y9¥3%1 %93 (M). The vertex marked by x, y and z are the basis elements of the vector
spaces at vertex 1, 2 and 3, respectively. At the end we get a tree Yo¥3¥13933(M) in
Rep(Q, d477). Here d477 = (4, 16, 9).

X1 —> Y1

X2 —> Y2

BN
V.
4
v
Y
X1 —>Y1 ,
22¥3 21 Za¥3
—_— _— _—
z
/ z
A\

X2 —> Y2
X3 — — >Y2
X N N
AN N
BN AN N Q
Ys z3 N AN
Y5 z3
a R
o
Y v
x) — — > Y6
Z4 Z2 Z1 Z3 Zs5
7 N 7 N V4 Vi
A N z v
A A z 7
A\ N z Az A
Y7 Ys Y3 Yo Y1 Y10 Y2 Y11 Yo Yi2
A% A Ay A A A Ay A
| I | |
| I o |
X X, x’ X,
1 _ X2 3 4
~ ~
~ ~
~ ~
~ ~
-~ ~
- ~ N
Y13 ya Y14 Y15 s Yie
7 N 7 a N 7
Vi N Y N\
Vi N z N\
A\ 2 N Az N\
Zg Y 4rd zg Zg

Our second example starts with M an indecomposable representation in Rep(Q,d; 3)
as constructed in Example 5.1. We show the growing of the coefficient quiver of 1M,
392331 M and then 1393331 M, respectively. We use the same notation as in the previous
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example. In particular, at the last step of operation, we show how to choose a good basis
such that the operation ¥; send a tree in A to a tree in A. In I'(X2%33 (M), X UY U Z)
the subquiver containing the vertices underlined is a tree in A and among them the double
underlined vertices are the simple vertices. From the coefficient quiver I'(X;32X3% (M), XU
YU Z) we see that these simple vertices are of degree 1.

‘I‘(M X UYNZ), where M € Rep(Q,d;.3) and d1.3 = (1,9, 6)

/\/\/\/\

Yy Yy Yy
z z
’ [(S1(M), X UY N Z), where 1M € Rep(Q, ds.3) and ds.s = (8,9, 6) ‘:

SN NN\

Yy y Yy Yy Yy
A A A A A
[ [ \ [ [
[ [ \ [ [
X X X X X
\
\
xX ‘ xX xX
[ ‘ oS
/ ~
| b +
y Y RN
Yy Yy Yy Yy

VAN

F(EQZng(M),X Uyﬂz), where EgEgEl(M) S RCp(Q,dg‘ll) and dgyll = (8,23,12) :
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/\/\/\/\/i

\\

y y y y y
A A A A A A 4
: /
) | | , | | )
“ | R I ([
b d X X x X
/
/
/ R
X / P.Y x
o AR 7
/ / :
| / \ K
¥ y \
Yy y y y
\ / \ / 7
\
N
y Y y
A 7
///7 S
Y A
S N
z z

F(2122232 (M) xXuy ﬂZ) where 3135333 (M) S Rep(Q dis, 11) and dl\J 11 = (15 23, 12)

/\/\/\/\/4

y y y Yy y y y
A A A AN 7 A A 71
| \ | \ | /] / o 7 | / | /
AN AN 7/ e / 7/
| NI NI S |/ |/
X b’ X / x / X X
/ - 7
/ // //
P v
X X X X X X
| 7 | \ 7 |
/ /
| L ! | \ K | |
i 4 \ 4 v
y y Y y y

/
\
Ve
\

<< — — ¥
W< — —%

Remark 8.1. After reading a preliminary version of our paper C. M. Ringel has told us
that our construction of the three operations Y1, Yo and X3 can be generalized to quivers
where our Ay subquiver is replaced by b arrows from vertex 2 to vertex 3 and ¢ arrows from
3 to 2, for arbitrary positive integers b and c. The indecomposable representations still have
the tree property. However, it is not yet clear how to make these generalized constructions
independent of the characteristic of the field.
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