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Homework 3

The homeworks are due on the Thursday of the week after the assignment was posted
online!. Please hand your homework in at the beginning of the tutorial at 16:00 or bring it
to the lecture on Thursday morning. You can work on and submit your homework in groups
of two. Please staple your pages and write your names and matriculation numbers on the
first page.

Problem 7 (10 pts.)

Find the p-adic expansion of
(i) 64+4-7+2-7*+1-T+--)B3+0-7+0-72+6-7>+---) in Q7 to 4 digits;
(i) 1/3+2-5+3-524+1-52+---) in Q5 to 4 digits;
(i) 2 in Q;
)
)

. 1 .
(iv) —5 in Qr;

(V % in Qg.

Solution. (i) 4+1-72+5-73 (in digit notation: 4,015) (ii) 2+1-5%+3-53 (in digit notation:
2,013) (iii) 1-2+ > 5%, 2%" (in digit notation: 0,110) (iv) —3 = 1= = >22° /7" (in digit
notation: 1,1) (v) y = =371 ;Lo = =371 (1+43+3%+.- ) =231 4+14+1-3+1-32+- -
(in digit notation: 21,1) O

Problem 8 (10 pts.)

A neighborhood of a point z in a topological space is a set that contains an open ball
containing z. A fundamental system of neighborhoods of a point z is a family (U;);es of
neighborhoods of z with the property that any neighborhood of x contains one of the U;.

Prove that the sets p"Z,, n € Z, form a fundamental system of neighborhoods of 0 in Q,

and that we have
Qp = U P"Zyp.
ne”

Solution. Since Z, is the closed unit ball around 0, it is also an open set containing 0
(hence a neighborhood of 0). It is easy to check that the map Q, — Q) given by z —
pz is a homeomorphism (that is, a continuous map with a continuous inverse). As such,
multiplication by p sends open sets to open sets, which means that, for every n € Z, the
set p"Z, is a neighborhood of 0. The fact that

Q= U P Ly

ne”

1This assignment is due Thursday, 31.10.19.
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is clear from what we know by now about Z, and Q,. To show that these sets form a
fundamental system of neighborhoods, we need to prove that any open set containing 0
contains some p"Z, which is clear since any open ball containing 0 contains a closed ball
of smaller radius, and this will be one of the p"Z,. ]

Problem 9 (10 pts.)

(i) You know from class that Q, is a totally disconnected topological space. Prove that
Qp is a Hausdorff space.

(ii) Prove that Z, is compact and that Q) is locally compact. (A topological space is called
locally compact if every point has a neighborhood which is a compact set.)
Hint: You might want to use (and prove) the following fact: If & is a field with a norm,
show that £ is locally compact in the topology induced by that norm if and only if
there exists a neighborhod of 0 that is compact (if a set X is compact, the translated
sets {a +z : z € X} are images of X under a continuous map, hence also compact).

Solution. (i) For any a # b € Q,, take n large enough so that p~" < |a — b|,. The balls
of radius p~" around @ and b are disjoint (easy to see with the strong triangle inequality).
(ii) Using the hint, we see that, since Z, is a neighborhood of 0 in Q,, proving that Z, is
compact is the same with proving that Q, is locally compact. Therefore, it is enough to
prove the former. As a closed set in the complete field Q,, we know that Z,, is also complete.
Recalling some basic topology, to show that Z, is compact, it is enough then to prove that
it is totally bounded, i.e., that we can cover Z, with finitely many balls for radius ¢, for
any € > 0. Certainly it is enough to check this for e = p~", n > 0. One can prove without
much difficulty that Z,/pZ, = Z/p"Z and that the cosets of p"Z, in Z, are also balls in
the p-adic topology. This means that, as a ranges through 0,1,...,p" — 1, the p” balls

a+p"Zy={a+plz:ze€lyy={yely:ly—al <p"}=Ualp™")

cover Z, (which can certainly be seen also without the isomorphism above). O

The following exercises will be discussed in the tutorial and you do not need to hand in
solutions for them.

Exercise 10

A p-adic integer a = ag + a1p + azp® + - -+ is a unit in the ring Z, if and only if ay # 0.

Solution. If thereis b =) -, b,p" such that ab = 1, then we must have agby = 1 (mod p),
which forces ay # 0. Conversely, if ag # 0, we can either directly construct an inverse
a~! € Z, by choosing 0 < by < p — 1 with agby = 1 (mod p) and a™' = by + byp + ---,
where 0 < b; < p — 1 is chosen such that ajby + ¢ + agby = 0 (mod p), with agby = 1 + tp,
etc. or note that if ag # 0, then |a|, = 1, hence a € Z;; by Lemma 4.1 from the Script. [

Exercise 11

If @ € Qp has the p-adic expansion a_,,p~™ + Gpmy1p ™ -+ ag+aip+ -, what
is the p-adic expansion of —a?
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Solution. —a = (p—a-p)p ™™+ (p —1—aepm)p "+ -+ (p—1—a)+(p—1-
a)p + - O

Exercise 12

Prove that if n = ag 4+ a1p + aap?® + - - - + asp® is written in base p, so that 0 < a; < p — 1,
and if S =37, ap (S is the sum of the p-adic digits of n € N), then we have

n—=S
p—1’

vp(nl) =

Solution. We know from Legendre’s theorem (but this is just an easy counting) that

VMM)zfi{”J.

%
=1 p

We thus have

s ety piT gt - S8
Vp(n!)zz \‘ao—i- + a;i—1p j‘azp + + asp J _
i=1 p i=1

_ Zs e D S Y D S Y UND S Y b S N Rl -
- (2
i=1

a(p"t+ -+ p+1)
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