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Exercise 0.1

a) Compute the characteristic function of a random variable X with distribution Bin(n, p),
for n ∈ N and p ∈ (0, 1).

b) Let (Xn)n∈N be a sequence of independent random variables, such that the law of Xn

is Uni(1, . . . , n) for all n ∈ N. What is the probability that Xn = 1 infinitely often?

c) Let (Xn)n∈N be a sequence of random variables, such that the law of Xn is Geo(λ
n
) for

all n ∈ N, λ > 0. Show that

Xn

n
=⇒ X ∼ Exp(λ).

d) Let (Xn)n∈N be a sequence of random variables, so that the density of Xn is fn(x) =
2xn2e−x2n2

1(0,∞)(x) for all n ∈ N, λ > 0. Show that

Xn
P−→ 0.

Exercise 0.2
Let (Xn)n∈N and X be non-negative random variables in Lp(Ω,F ,P), such that Xn −→

n→∞
X

P-a.s. In the first two questions, we assume that p ∈ N.

a) Show that if ∥Xn −X∥p −→
n→∞

0, then ∥Xn∥p −→
n→∞

∥X∥p.

b) Show that ∫ (
(Xn −X)p

)− dP −→
n→∞

0.

c) Show that, if p = 1,

∥Xn∥1 −→
n→∞

∥X∥1 ⇐⇒ ∥Xn −X∥1 −→
n→∞

0.
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d) If p = ∞, does the following equivalence always hold:

∥Xn∥∞ −→
n→∞

∥X∥∞ ⇐⇒ ∥Xn −X∥∞ −→
n→∞

0 ?

Exercise 0.3
Let X : (Ω,F) → (E, E) and Y : (Ω,F) → (R,B(R)) be two random variables. The goal of
this exercise is to show that:

Y is σ(X)-measurable ⇔ ∃ a E − B(R)-measurable function f : E → R such that Y = f◦X.

a) Show ⇐.

b) Show ⇒ when Y is a simple non-negative function.

c) Show ⇒ when Y is non-negative.

d) Show ⇒.
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