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Let © be an open connected set in R” with boundary 99 = QN (R"\Q) . Let L be the second order
differential operator:

with a;; € LfS. () and b;,c € L™ (2). Here we have used D; = a_a;,i and D;; =

n
L:Za” D,JJer )D; + ¢ ()

ij=1

loss of generality one assumes a;; = a;;.

Definition 1 We will fix the following notions.

e The operator L is called elliptic on Q if for every x € Q there is A (x) > 0 such that

n

D i () 685 = A(@) [€° for all € € R™.

i,j=1

o The operator L is called strictly elliptic on Q if there is A > 0 such that

n

Z aij () §;§; > A \§|2 for all £ € R" and x € Q.

4,J=1

e The operator L is called uniformly elliptic on Q if there are A, \ > 0 such that

A el <Za” 2) € < A ¢ for all € €R™ and x € Q.

7,7=1

(1)

2 Without

Bz, Oz



Remark 2 These definitions are not uniform throughout the literature. However, if the a;; are
bounded on Q) then strictly elliptic implies uniformly elliptic and most references then agree.

Remark 3 The assumption a;; € LS. () is to weak to expect even solutions of Lu = f € C™ (Q)

loc
to satisfy u € C? () and for that reason one usually assumes a;j to be more reqular. The mazimum

principle however does not need a;; to be continuous.

Some notations that we will use are as follows. For » > 0 and y € R™ we will write an open
ball by
By (y) ={z e R" |z —y[ <r}.

For a function u we will use u™, v~ which are defined by
t(r) = max(0,u(x)),

v () = max(0,—u(zx)).

2 Classical Maximum Principles

Lemma 4 Suppose that L is elliptic and that ¢ < 0. If u € C? (Q) and Lu > 0 in €, then u cannot
attain a nonnegative mazximum in €.

Proof. Suppose that u has a nonnegative maximum in zy € 2. Then

n

Z b; () Diu(x0) + ¢ (x) u (zg) < 0.

Moreover, we may diagonalize the symmetric matrix by T (a;; (zo)) T* = D with T* the transpose
of T. Notice that d;; > A (x¢) > 0. One finds with y = Tz and U (y) = u (z) that

> aij (o) Diju(zo) = Y aij (@) > Tei y Tiy <8_8_U> (Txo)
ij=1 ij=1 =1 k=1 Yi 0Yj
n 2
= ) diia_U (Tzo).

oy?

i=1 g

Since U has a maximum at Txg we have 8‘9—;2U (Tzo) <0 for all ¢, implying

—~ U
Hence Lu (zg) < 0, a contradiction. ]

Theorem 5 (Weak Maximum Princi[_)le) Suppose that Q is bounded and that L is strictly
elliptic with ¢ < 0. If u € C*2(Q)NC (Q) and Lu > 0 in Q, then a nonnegative mazximum is
attained at the boundary.

Proof. Suppose that Q C {|z1| < d}. Consider w (z) = u (z) + £ e*®* with € > 0. Then

Lw = Lu+e (a®ay (z)+aby (z)+c(z)) e

e (A= a il — llel) e

v

One chooses a large enough to find Lw > 0. By the previous lemma w cannot have a nonnegative
maximum in 2. Hence

supu < supw < supwJr = supwJr < supuJr +eed
Q

Q Q o0 o0



if Q C {|z| < d}. The result follows for ¢ — 0. ]

The proof of this maximum principle uses local arguments. If we skip the assumption that
is bounded we obtain:

Corollary 6 Suppose that L is strictly elliptic with ¢ < 0. Ifu € C?(Q)NC (Q) and Lu > 0 in
Q, then u cannot attain a strict' nonnegative maximum in €.

Before stating the strong maximum principle by E. Hopf (1927) for general L with coefficients
which are solely uniformly bounded, let us recall from Protter and Weinberger’s book ([5, page
156]) some historical dates.

1839, C.F. Gauss and S. Earnshaw (seperately), M.P. for (sub)harmonic functions.
1892, A. Paraf, M.P. for L with ¢ < 0 in 2 dimensions.

1894, T. Moutard, M.P. for L with ¢ < 0 in higher dimensions.

1905, E. Picard, M.P. for L with ¢ < 0 in 2 dimensions.

1927, M. Picone, Generalized M.P. for L.

1927, E. Hopf, M.P. for L assuming just uniformly bounded coefficients.

1952, E. Hopf and O.A. Oleinik (seperately), M.P. including boundary point estimate.

Theorem 7 (Stropg Maximum Principle) Suppose that L is strictly elliptic and that ¢ < 0.
IfueC?*(Q)NC(Q) and Lu > 0 in Q, then either u = supg u or u does not attain a nonnegative
mazximum in §.

Proof. Let m = supgu and set ¥ = {z € Q;u(z) =m}. We are done if ¥ € {Q,0} . Arguing
by contradiction we assume that ¥ and Q\X are non-empty.

The argument proceeds in three steps. First one fixes an appropriate open ball and in the next
step an auxiliary function is defined that is positive on and only on this ball. For the sum of u
and this auxiliary function one obtains a contradiction on a second ball by the weak maximum
principle.

The first ball B, (*) needs to be away from 92 and to ‘touch’ ¥ in exactly one point. In other
words, B, (z*) having the following properties suffices:

1. By (z*) C Q\%;
2. By, (%) C &

3. B, (z*) N'X contains a single point.

I'We say that the function u has a strict maximum at x* if there is a ball B, (z*) such that u (z) < u (z*) for all
z € By (z*)\{z*}.



I. Construction of B, (z*). Since u is continuous Q\X is open and hence contains a open
ball. Taking the center x1 of this ball and a point zo € ¥ there is an arc in ) connecting z; with
r9. We continue in shorthand.

- Denote by z3 the first point on this arc in 3.

- Set s = d (x3,00) = inf {|zg — x| ;2 € IO} .

- Take x4 on the arc between z1 and 3 with |24 — z3] < %s

- Let By, (z4) denote the largest ball around x4 that is contained in Q\X. One finds 0 < ry < %s.
- Take x5 € 0B,, (x4) N X.

- Finally set z* = %x4 + %335 and r = %7’1.

Since B, (z*) C By, (z4)U{x5} it follows that B, (z*)NX contains a single point, namely x5. Since
By (2") C By, (24) C By, (23) and d (3, 0%) = s one finds By, (z*) C Q.

The second ball mentioned above will be By, (5) .

I1. The auxiliary function. Set

e*‘§|1*1’*\2 _ ef%r:)

h(z) =

: (2)

1—e 57

with a to be fixed later. Notice that h (z*) = maxqh =1 and
h(z)>0if z € B, (z%),
h(z)<0if z ¢ B, (z%).

Moreover, for « € By, (z5) we have |z —a*| € (37,3r) and

2\n T L r*)— n . A —x* *
Lh = ) (mi—%‘)(w] xj)gaZizl(uu""bz (@i ﬁi))+ce—%|x—x |2 —c 1 —%1“2

~a, 2
l—e™ 2" l1—e™ 2

67‘2‘|171:*|2

n
i=1

Vv
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Hence one may take a large such that Lh > 0 on By, (w5).
II1. The contradiction. Finally one considers w = u + €h and chooses € > 0 by

€= % (mfmax{u(az);az € By (z*) N 0By, (x5)}) . (3)

Since wu is continuous the maximum on this compact set is attained and since that set is disjoint
from X one finds € > 0. Consider the boundary value problem for w on B 1r (x5) .

- For @ € 0By, (x5) N By (*) one has

w(:c)zu(:c)—&—ah(m)Sm—5+%€<m.

- For © € 9By, (z5) \ B, (z*) one has

1.
27

w(z) =u(x)+eh(x) <m+ech(z) <m.

(
One also has w (z5) = u (25) + €h (25) = m + 0. Since Lw > 0 one obtains a contradiction with
the weak M.P. or even with Lemma 2.1. ]

Corollary 2.5 (Positivity Preserving Property) Let ) be bounded and suppose that L is strictly
elliptic with ¢ <0. Ifu € C*(Q)NC (Q) satisfies

—Lu > 0 in €,
{ u > 0 ondf, (4)

then either u(xz) > 0 forx € Q or u=0.

Remark 2.6 Let f € C (Q) and ¢ € C(09Q). A function w € C*(Q)NC (Q) satisfying

—Lw > f in (5)
w > ¢ on 08,
1s called a supersolution for
—Lu = f in €,
{ u = ¢ ondf, (6)

If the mazimum principle holds then one finds that a supersolution for (6) lies above a solution
for (6); w > u. In particular, since solutions are also supersolutions, if there are two solutions uy
and ug then both u; > ug and ug > uy hold true. In other words, (6) has at most one solution in

C2(Q)NC(Q).

Assuming more for 02 one obtains an even stronger conclusion, that is, E. Hopf’s result in
1952.

Theorem 2.7 (Hopf’s boundary point Lemma) Suppose that Q satisfies the interior sphere
condition? at zg € 0. Let L be strictly elliptic with ¢ < 0. If u € C? () N C () satisfies Lu > 0
and maxg u (x) = u(xg). Then either u = u(xg) on Q or

lim inf - (o) = (w0 +tv)
t10 t

>0 (possibly + o0)

for every direction v pointing into an interior sphere.
Ifue C (QU {xo}) then 24zl < o,

2There is a ball B C Q with zg € dB.



Proof. By the S.M.P. we have u (z) < m := u () for all z € Q. Let B = B,, (x1) C Q be
such that xg € 9B. We proceed as in the proof of the SM.P. with B, (z*) = B%,,,l (%xo + %xl)
and By, (25) = By, (o) . One defines & and € as in (2) and (3) to find

L(u+eh) > 0in QN By, (o),
u+ech < mondQ\{zo},
u+eh < monQNdBy, (xo) -

Hence u+eh <min QN B%,,, (o) implying that for some ¢, > 0

1
w(zo +tv) —u(xg) < —eh(zog+tv) < —ecptfort e <0,§r> .

There are two directions in order to weaken the restriction on c. Skipping the sign condition
for ¢ but adding one for u one obtains the next result.

Theorem 2.8 (Maximum Principle for nonpositive functions) Let Q be bounded. Suppose
that L is strictly elliptic (no sign assumption on c). If u € C*(Q)NC (Q) satisfies Lu > 0 in
and u <0 on ), then either u(x) <0 for all x € Q, or u = 0.

Moreover, if Q0 satisfies an interior sphere condition at xg € 0Q and v € C*(QU {xo}) with
u<u(xg) =0 1inQ, then %z—ol < 0 for every direction v pointing into an interior sphere.

Proof. Writing c¢(z) = ¢* (x) — ¢ (x) with ¢",¢™ > 0 one finds that L — ¢ satisfies the
condition of the S.M.P. and moreover from u < 0 it follows that

(L — c+) u>—ctu>0.
The conclusion for the derivative follows from Theorem 2.7. [
Theorem 2.9 (Maximum Principle when a positive supersolution exists ) Let Q be bounded.
Suppose that L is strictly elliptic (no sign assumption on c) and that there evists w € C? (Q) with

w >0 and —Lw >0 on Q. If u e C? () NC (Q) satisfies Lu > 0 in Q, then either there exists a
constant t € R such that w = tw, or u/w does not attain a nonnegative mazximum in €.

Remark 2.10 One may rephrase this for supersolutions as follows. If there exists one function
w € C? (Q) with —Lw > 0 and w > 0 on Q then all functions v € C* () NC (Q) such that

—Lv > 0 in €,
{ v > 0 ondf, (7)

satisfy either v =0 or v > 0 in Q. One swallow makes summer. Apply the theorem to —uv.

Remark 2.11 If Q C Q; and if L is defined on Qy and happens to have a positive eigenfunction
@ with eigenvalue A\q, for the Dirichlet problem on € :

—Ly = A, ¢ n Qq,
¢ =0 on 09y, (8)
© > 0 m Ql,

then this w = ¢ may serve in the theorem above. It shows that a mazximum principle holds on 2
forc < Aq,.



Proof. Set v = u/w. Then with b = b; + Z?Zl %LDJ'IU and ¢ = LT“’ one has

n n
~ L
Lu=L(vw) = Z a;jDijv + ZbiDiv + ?wv w. 9)
i=1

i,7=1

Then Lu < 0 implies Lv < 0 with L as in (9) and since this L does satisfy the conditions of the
Strong Maximum Principle, in particular the sign condition for ¢ = LT“’, one finds that either v is
constant or that v does not attain a nonnegative maximum in €. [

Theorem 2.12 (Maximum Principle for narrow domains) Suppose that L is strictly elliptic
(no sign assumption on c). Then there is d > 0 such that if S C {x € Qx| <d} and u €
C?(S)NC (S) satisfies Lu > 0 in S, then there exists w € C* (S) with w >0 and —Lw >0 on S.

I

Proof. For w(z) = cos(az1) and |z1| < Ewe have w () > 0 and

ia
—Lw = (a’a;; —c)cos(axr)+ abysin(az)
> (®A—allbil, — ) $V2.
The claim follows by taking a large enough and defining d = . "

3 A priori estimates based on the maximum principle

First we will derive an L°°-estimate for solutions of

—Lu = f in ,
{ u = ¢ on 0, (10)

with f € C () and p € C(99).

Proposition 3.1 Assume that 2 is bounded. Let L be uniformly elliptic with ¢ < 0 and suppose
that uw € C* (Q) N C (Q) satisfies (10). Then

< + +
u(;v)_r%%xgp +Cmgxf ,
where C' = C (diam () , A, [|b]l /A, [lefl o /A) -

Remark 3.2 The result applied to —u immediately yields u(x) > — (maxpq ¢~ + Cmaxg f7)
and hence

< C .
[u(@)] < max|of + C max|f|
Proof. Assume that Q C {z € R";|z1| < r} and set
w(x) = max ¢t + (coshar — cosh ax) max f,
Q

with « chosen large enough such that L (cosh ar — cosh ax;) < —1. Indeed, this estimate holds
true by

L (coshar — coshaxy) = (—a2a11 — c) cosh ax1 — aby sinh axq + ccosh ar

IA

— (X = a||b]| ., = llell o) cosh ay



and taking a = 14+ A" + X715l + A7 |ell, - Notice that for |z;] < 7 it holds that 0 <

cosh ar — cosh ax1 < cosh ar. We have

—L(w—u)> (mngJr)fZOinQ

and

oy = T >
w—u <n%%xg0> @ >0 on 0f.

By Corollary 2.5 one finds w —u > 0 in §2 and hence

< < + +
u(z) <w(x) < max —&-Cmgxf

when we take C' > cosh ar. Since we may assume r = 3 diam () we set

C = C (diam (Q) , A, [|bllg /A, llellog /A) = ediam@ (AT A bl e A el )

Next we will derive an L*°-estimate for the first derivatives of functions satisfying

—Lu=feC(Q)

by supyq |Vu| plus the Ct-norm of f,

1fller oy = 1 fllo + 191 -

Whenever L = A := " | D;; such an estimate for C3-functions u follows from D;Au = AD;u
and applying the previous theorem. For non-constant coefficients this does not go through that

simple.

Proposition 3.3 Assume that Q is bounded. Let L be uniformly elliptic with a;j,b;,c € C* (Q).
Suppose that u € C* () N C* (Q) satisfies (11). Then

|Vu (x)| <sup|Vu|+C (14| fllcr) for all x € Q,
09

where C' = C (diam (Q), [[ull o » s lasjll o1 s 1bill o s lellen) -

Proof. Instead for a single derivative we will use a maximum principle for [Vu|? . Set Ly = L—c.

Denoting the Hessian by V? = (D;;) with |V2u|2 =37 (Diju)Q, it follows from

D; (|vuf*) = Qi:Dgu Diew and Dy (|Vul*) = 22 (Dygu Djou + Dyu Dijeu)
=1 =1

that, using strict ellipticity,

n

> (LoDeu) Dyu =
(=1

<

,j=1

n n

%LO (|Vu|2) — Z Z aijDigu ngu

(=114,j=1

Lo (IVal’) = A [V2ul”.

Moreover, differentiating (11) with respect to x¢, multiplying by dpu we have:

— D[f D[u = (DzLu) D[u =

= (LD[LL) Dyu + Z Dzai]‘ Diju + Z Dyb; Diu+ Dycu | Opu

i,j=1

i=1

< (LoDeu) Deu — ¢ (Dew)? + C. (|V?u| + |Vl + [ul]) [Vl



with Co = Y775y [laillcn + 25y billor + llellgr - Summing (13) and combining with (12) one
obtains

Lo (\Vu|2) >23" (LoDyu) Deu + 2X |V2u|”
=1
> 2V [ Vu+ 2¢|Vul® +2X [V2ul* = 20 Co. (|V2u| + [Vl + [u]) [Vl

242
and by using Cauchy-Schwarz’s inequality it follows with C; =1 + %L +3nCp + 2||c||,, that

Lo (|Vu|2) > A |[V2ul? = [V 12 = Ci [Vl = n Co Jul?. (14)
One also has
Lo (u?) = 2 i aijDiu Dju + 2u Lu — 2cu?
ij=1
> 2>\]\Vu\2 +2u f — 2cu?
> 2A|Vul’ — f2—(2c+1) v (15)

Taking @ = 14+ A~'C} one obtains from (14) and (15) that
Lo (\VU\Z + au2) > A V2 A [Vu = VI = alf? = Co (16)

for Co = Ca (Jlullo , A, llasjll o I0ill e s llelln ) -

To remove the remaining negative terms on the right hand side we add another term, namely
(Co + a| f|lor) cosh By ) with 5 = PR ]| - Such 3 is large enough for 5\ — 3 [b| > 1
to hold and

Locosh (Bz1) = a116%cosh (Bz1) + by fsinh (Bz1)
(5°X — Bb) cosh (Ba:1) > 1.

Vv

One gets
Ly (\VU\Q + au® + (Cy + || f|| o1 ) cosh (ﬁxl)) >0,
and the maximum principle implies
sup Vu)® < Sup <|Vu2 + au? + (Cg + <a + %) |f||Cl> cosh (ﬁx1)>

sup <|Vu2 + au? + (Cg + <a + %) |f||01) cosh (ﬁm1)>
09

and since we may assume cosh (8x1) < cosh (@ diam (€2)) it holds that

sup [Vu| < sup [Vu| + Cs (14| f[lcn)
Q o0

with C3 = C3 (diam (), [[uflo s X llassllor s [0ill e s llelln) - u
A similar estimate holds for the first derivatives of functions satisfying the semilinear equation
—Lu = f(z,u) forz € Q (17)

with f € C' (A xR).



Proposition 3.4 Assume that Q is bounded. Let L be uniformly elliptic with a;j,b;,c € C* (Q) .
Suppose that u € C* () NC* (Q) satisfies (17). Then

|Vu (z)| <sup |Vu|+C for all z € 0,
09

where € = C (diam (@), 1 llca (e - Nl s A Nl llen s Boillen s el )
Proof. Instead of (14) and (15) we have

Lo (IVuP) = A[V2ul* = 2|V.fl* = (Co+21l) [Vul* =0 Co [uf?, (18)
Lo (u?) > 2X|Vul> = f2— (2c+1) u?. (19)

Taking v = 14+ A 7* (Cl +2 \fu|2) we continue by
Ly (|Vu|2 + auz) > —Cjs

with C5 = Cs (\|u||w,x, lasillon s [1Bill s lellon s ||f\|cl(mR)) . And with an added Cs cosh (8z1)
we find

Ly (|Vu|2 + au? + Cs cosh (ﬁml)) >0

and proceed as before. [

4 Comparison principles

For linear problems a comparison principle is the maximum principle used for the difference of
two functions. See for example Remark 2.6. Only for nonlinear problems one should make a
distinction between those two types of principles. If the nonlinearity does not appear in the
differential operator, such as in

—Lu = f(x,u) in Q,
u = 0 on 09,

(20)
the system is usually called semilinear.

Proposition 4.1 (semilinear comparison principle) Let L be strictly elliptic with ¢ = 0 and
feCH (QxR). If uy < ug are both solutions of (20), then either uy = ug or uy (x) < ug (x) for
all x € Q.

Proof. Define g € L (2) by

9 (@) :{ [raa@UATEalE) if up () # w (2), (21)

U (vuz (x)  ifug(2) =u (2).
Then — (L — g (2)) (ug —u1) = 0in Q and ug — w3 = 0 on 9. One proceeds by Theorem 2.8. m

The comparison principle shows a semilinear equivalent of Corollary 2.5:

Corollary 4.2 Let L be strictly elliptic with ¢ =0 and f € C* (Q x R) with f (x,0) > 0. Ifu>0
is a solution of (20), then either w =0 or u(xz) > 0 for all x € Q).

10



Proof. Define g € L™ () by

L) S@O) iy () > o,
g(x)= of i -
7% (.0)  ifu(@)=0.

Then — (L — g (z))u = f(x,0) > 0 and one concludes by Theorem 2.8. ]
For
—Au = f(u) inQ,
{ u = 0 on 05, (23)

with f € C! (R), one conjectures that f (0) > 0 is not necessary in Corollary 4.2. The problem is
still open in general domains!

An application of Hopf’s boundary point Lemma for solutions of (23) is the following,.

Proposition 4.3 Let f € C! (R) with f(0) > 0 and suppose that Q has an entrant corner®. If
ue C'(Q)NC?(Q) is a nonnegative solution of (23), then u =0 and f (0) = 0.

Proof. If xy € 0N denotes the corner and B, (z1) and B, (z2) are two inner balls touching
08 in xg, then there exists v € R™ such that g + v € B, (1) and g — v € B, (z2) . Note that
satisfies an interior sphere condition at zg. Set g as in (22) to find

—Au—g(x)u=f(0).

Since f (0) > 0 we find —Au+ g~ u = gtu+ f(0) > 0 and by the strong maximum principle either
u = 0 or u > 0. Supposing that u > 0 it follows by Hopf’s boundary point Lemma, and using
ue ! (Q) , that

—tv) — K t
0 > limsup LT0 =) 2 u(w0) _ O )y g o) mulio b i)
t10 tlv| o t10 tlv|
Hence u = 0 and consequently f (0) = 0. ]

5 Alexandrov’s maximum principle

One needs to define the notion of upper contact set of a function w, which is roughly said the set
of points in {2 that have a tangent plane above u.

Definition 5.1 Forue C (Q) the upper contact set I'V is defined by

't ={yeQ Ip, € R" such that Vo € Q: u(x) <u(y) +p, - (x—y)}.

3We say that Q has an entrant corner at zg € 99 if there are two different balls B, (z1), By (z2) C Q (same )
with zg € 0B, (z1) N 0B, (x2) .

11



If Q is bounded the set 't is relatively closed in €.
If ue C'(Q2) and y € T'" one takes p, = Vu(y). Moreover, if u € C?(Q2) then the Hessian
matrix (D;ju) is nonpositive on I'F.

First a lemma with this upper contact set.

Lemma 5.2 Suppose that Q) is bounded. Let g € C (R™) be nonnegative and u € C (Q) N C? ().
Set
SUpPq U — SUPge U
M=
diam (Q)

Then

/ g(z)dz S/ g (Vu(x)) |det (Djju(x))| de. (24)
B (0) r+

Proof. Let ¥ denote the images of I't under the mapping Vu. If this mapping is a bijection,
then by a change of variables,

[oGraz= [ g(Vu@) et (Dyu ) de
> I+

Since the mapping is only onto and since g > 0 we find
/ g(2)dz < / g (Vu(x)) |det (Djju (x))| dx.
b r+

Hence it is sufficient to show that Bjys (0) C X. In other words show that for every a € R™ with
la] < M there exists y € I'" such that a = Vu (y).

Set L, (t) = ming 5 (t+a-x—u(zr)). This function L, is continuous, positive for ¢ large
enough and negative for —t large. Let ¢, denote its largest root. It follows that t, +a-z—u (x) >0
forall z € Q and t, +a-y —u(y) = 0 for some y € €. Hence

u(y) Zu(@)+a-(y—=).
Taking xo such that u (xg) = supg, u, one finds

u(y) > supu+ M diam () + a - (y — zg) > supu,
o0 o0

and hence that y ¢ 99Q. For y € Q the assumption u € C'(Q) implies that a = Vu (y). By
construction we have y € I'T. ]

For an elliptic operator L as in (1) one defines
P () = (det (as; ()"

Indeed, the definition of ellipticity implies that #" is well-defined and even that %~ (z) > A (z).
In case of strict ellipticity %" (x) > X\ and assuming uniform ellipticity also %" (z) < A holds;
9" () is the geometric average of the eigenvalues of (a;; (z)).

12



Corollary 5.3 Under the conditions of Lemma 5.2 one obtains for g =1

diam Q Sy aij (@) Dygu (@) \ " v
supu < supu + —7— / —— = dx
Q a0 wi/m r+ n%

where wy, = 71%72—2//22) is the volume of the unit ball in R™.

Remark 5.4 Considering QT = {x € Q;u (x) > 0} one obtains

n n 1/n
diam (2 — " aij (2) Diju(z)\”
supu < suput + 1alr;1 / > i j—1 %5 (%) Diju () e .
" r+nQo+

ES
Q oQ Wi n%

Proof. Note that szjzl a;j (x) Diju (x) = tr (AD) with A = (a;5 (x)) and D = (Dj;;u(x)).
Remember that both the determinant and the trace do not change under orthogonal transforma-
tions. On I'* the matrix AD is nonpositive. Hence, using the fact that the geometric mean of
nonnegative numbers is less than the arithmetic mean, we find, denoting the eigenvalues of —AD

by \i, that

7" (det (~D))" = (det (~AD)) /" = /Ay Ay < ARt _HEAD)

n n

or in other words

S api (2) Diu(z)\
®H&w@%<< Lg% 10) J(>>. (26)
Using (26) for the right hand side of (24) and
. SUPq U — Supgo U\
dz=M =
LM(O) z “n ( dlamQ ) Wn
for the left hand side, the claim follows. [

Theorem 5.5 (Alexandrov’s Maximum Principle) Let Q2 be bounded and L elliptic with ¢ <
0. Suppose that u € C*(Q) N C (Q) satisfies Lu > f with

ol f
@*7 _Zj*

and let T'T denote the upper contact set of u. Then one has

e L" (),

+ : J
supu < supu’ 4+ C.diam§2. 7k

i

Q o0 Ln(T+)
with
[b]
C=C|n,|—= .
( @ L7L(1"+)

Proof. In Corollary 5.3 the term on the right hand side contains the leading order derivatives
of Lu. In case that b; = ¢ = 0 the proof is complete since f < Lu < 0 on I'T.

For b; or ¢ not equal 0 one proceeds as follows for x € Q' hence ¢ (z) u(x) < 0, and for u € RT,

— zn:aijDiju < zn:lelu—&-cu—f

i,j=1 i=1

< szDzu + f_ < (‘b| 7M_1f_> . (‘V’U,| nu’)
i=1
< (" ") AV T )
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by Cauchy-Schwarz and Holder’s inequality.
We will use Lemma 5.2 with Q replaced by Q% that is

/ g(z)dzg/ g(Vu () |det (Dyyu (x))| da, (27)
B (0) r+no+

with
~ SUpq U — Supyo U
M -

diam (Q2)

Choosing in Lemma 5.2 g (2) = (|z]" + u")71 we obtain for the left side, with o, = nw,, the surface
area of the unit ball in R™,

/BM(O) g(2)dz =0, [AZ (r™ + ™) e = 0, log ((M/Iu)n + 1) .

r=0

For the right hand side, as in the proof of Corollary 5.3, see (26),

/F 9(Vu(@) [det (Digu (2)] do

- / nl i1 (962 Diju(x)\" "

r+no+ [Vul" +p" n

/ 1 (O e )") (Vul ) 22

= Jrinar [Vul" +pm nn (@*)n

n—2 n —1p—\"
_ 2 / wdw-

n"  Jr+no+ (27)

Now we choose p = Hf_/@*HLn(erﬂ and find

' ”f_/@*HL"(F+ﬁQ+) =t \Urenas (27)"

2n—2
C =exp — +1 (28)
OnM Ln(D+NQ+)

the claim follows. ™

Defining

d

@*

Without the sign condition for ¢ there remains a maximum principle for narrow domains. The
Alexandrov’s Maximum Principle implies a similar result for small domains.

Theorem 5.6 (Maximum Principle for small domains) Suppose that Q is bounded and that
L is strictly elliptic (without sign condition for c). Then there exists a constant 6, with 6 =

o (n,diam QA 0l 1n gy 5 Hcﬂ|oo) , such that the following holds.
If 19 < 6 and uw e C* (Q) N C (Q) satisfies Lu >0 in Q and u < 0 on 99, then u < 0 in Q.

Proof. The operator L —c™ satisfies the condition of Theorem 5.5 and from —Lu < 0 it follows
that

(L — c+) u>—ctu>—ctut

14



and hence, since supyg u™ = 0,

le*u™]

supy < ————
Qp - A

C diam
A

Ln (Q)

1
e 121 supu.

If 6 = (% ||C+HOO)7H one finds supgu < 0. Notice that the C' used here, defined in (28),
depends on ||| 1.n (g - [ ]

6 Maximum principle and continuous perturbations

Using comparison principles for connected families of sub- and supersolutions one obtains a very
powerful tool in deriving a priori estimates. One such result is the moving plane method used by
Gidas, Ni and Nirenberg to prove symmetry of positive solutions to

—Au = f(u) inQ,
{ u = 0 on 05, (29)

on domains (2 satisfying some symmetry conditions. Another one is McNabb’s sweeping principle
used to its full extend by Serrin. First let us fix a notion of supersolution.

Definition 6.1 A function v € C () N C? () is called a supersolution for

—Au = f(u) inQ,
{ u = h on 0N, (30)

if v>"h on O and —Av > f (v).

Remark 6.2 A much more useful concept of supersolution assumesv € C (Q) and replaces —Av >

f @) by [o, (mAp)v—¢ f(v))dx >0 for all ¢ € C§° () with ¢ > 0.

The argument combining the strong maximum principle and continuous perturbations goes as
follows. One needs:

e a continuous family of supersolutions vy, say ¢t € [0,1], possibly on a subdomain or on an
appropriate family of subdomains €);

e a strong maximum principle on each of the subdomains.

Roughly spoken the conclusion is that if vg > u on 4, then either v; > w for all ¢ € [0, 1] or
there is a t; € [0, 1] such that v;, = u. For a precise statement we have to refine the notion of
positivity.

For a fixed domain such a result is known as a ‘sweeping principle’. A first reference to this
result is a paper of McNabb from 1961. In the following version we assume that 02 = 'y U Ty,
with I'y, T’y closed and disjoint, possibly empty. We let e € C (©) NC* (QUT2) be such that e > 0
on QUTI'; and %e < 0 =e on I'y, where n denotes the outward normal. Moreover, we define

C. () = {weC(Q);w| <ce for some ¢ >0},

w
e =[],
Theorem 6.3 (Sweeping Principle) Let Q2 be bounded with Q2 € C? and 0Q = T'1UT'y as above,
feCH(R) and let ue C(Q)NC* (QUT2) N C?(Q) be a solution of (30). Suppose {vy;t € [0,1]}
is a family of supersolutions in C () N C* (QUT2) NC?(Q) for (30) such that:

15



1.t — (v — o) € Ce () is continuous (with respect to the ||-||,-norm);
2. vp=uonTy and vy >u onT'y;
3. vg >uin Q;

Then either vy = u for some t € [0,1], or there exists ¢ > 0 such that v; > u+ ce on ) for
all t €10,1].

Proof. Set I = {t €[0,1];v; > w in Q} and assume that v; # u for all ¢ € [0,1]. By the way,
notice that vy = u for some t € [0,1] can only occur when T’y is empty. The set I is nonempty by
assumption 3 and closed by assumption 1. We will show that I is open. Indeed, if ¢ is such that
vy > uin Q then —A (v, —u) = f (v;) — f (u) and setting g as in (21) one obtains

“A(w—u)+g (vp —u) > g" (vy —u) >0in Q,
vy —u > 0 on 012,

and hence by the strong maximum principle v; —u > 0 in Q or v; = u. Moreover, for the first
case Hopf’s boundary point Lemma and the assumption that u,v; € C'(QUT5) imply that
—% (v —u) > 0 on I'y. Hence there is ¢; > 0 such that v; —u > ¢;e on . By assumption 1
it follows that ¢ lies in the interior of I. Hence I is open, implying I = [0, 1]. Moreover, since I is

compact a uniform ¢ > 0 exists. [ |

Example 6.4 Suppose that f € C' is such that f (u) > 0 foru < 1 and f (u) < 0 foru > 1. Using
the above version of the sweeping principle one may show that for A > 1 every positive solution
uy of

{ —Au = M\ () in (31)

u = 0 on 092,

is near 1 in the interior of Q. Indeed, let pq, 11, denote the first eigenfunction/eigenvalue of —Ap =
we in By and ¢ = 0 on 0By where By is the unit ball in R™. This first eigenfunction is radially
symmetric and we assume it to be normalized such that ¢ (0) = 1. Now let € > 0 and take 6. > 0
such that

beu < f(u) foruel0,1—¢l.

Set vy () =ty (V\}\gf (z fx*)) for any x* € Q with distance to the boundary d(x*,00Q) >

\/J% =:79. On By, (z*) one finds fort € [0,1 — €] that —Av, = Ad.vp < Af (vy). Since vy = 0 < uy,

on OBy, (z*) and vo = 0 < uy on By, (z*) it is an appropriate family of subsolutions. From
Vi—e < Uy in By, (x*) one concludes that 1 — e = vi_. (x*) < uy (z*). Since the strong mazimum
principle implies that maxuy < 1 we may summarize:

l—e<uy(x) <1 forzeQ withd(z*,00) > \X\%

More intricate results not only consider a family of supersolutions but also simultaneously
modify the domain. One such result is the result by Gidas, Ni and Nirenberg ([3] or [1]). The idea
was used earlier by Serrin in [10].

Before stating the result let us first fix some notations. We will be moving planes in the
x1-direction but of course also any other direction will do.

Some sets that will be used are:

the moving plane: T\ ={z e R%x; = A},
the subdomain: Yy ={x ez <A},
the reflected point: )= (2A—21,29,...,2,),

the reflected subdomain: ¥\ = {z\;2 € ¥},
the starting value for A: Ao = inf {z1;2 € Q},
the maximal value for A\:  \* = sup {)\; E;L C Qfor all p < )\} .
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Theorem 6.5 (Moving plane argument) Assume that f is Lipschitz, that Q is bounded and
that Mo, A" and ¥ are as above. If u € C (Q) N C? (Q) satisfies (29) and u > 0 in Q, then

u(z) < wu(xn) forall X<\ andz € Xy,
g—;‘l(m) > 0 for all x € Xy.

Remark 6.6 In case that f(0) > 0 one might replace u > 0 in Q by 0 Z u > 0. Although it seems
likely that f (0) > 0 is not a genuine restriction, see [2], the general case is still open.

Proof. First remark that if « = 0 on some open set in €, then f(0) = 0. If f(0) = 0 then u
satisfies —Au = ¢ (z) u (x) with ¢ (z) = f (u(x)) /u (z) a bounded function. By using the Maximum
Principle for nonpositive functions it follows that u = 0 in 2. Hence u # 0 on any open set in €.

We will consider wy () = u(zy) — u(x) for x € Xy. Defining g similar as before in (21),
namely

flu(xzy))—f(u(x)) -
) [ P ) £ 00,
if u(xy) #u(z),

we find

—Awy () = —-Au(zy))+Au(z) = —(Au) (z)) + Au(x)
= [lu(zr)) = f(u(z)) = ga (z) wr (2) in Dy (32)

Moreover, for A < A* we have u(z)) > 0 = u(x) on 92N Iy and u(xy) = u(x) on QN IX,.
Hence

wy (z) > 0 on 9. (33)

Also note that since u is bounded and f is Lipschitz the function gy is uniformly bounded on
and hence that we may use the maximum principles for linear equations with a uniform bound for
el -

The two basic ingredients in the proof are the maximum principle for small domains (Theorem
5.6) and again the strong maximum principle for nonpositive functions (Theorem 2.8).

Set Ay = sup {A € [Ao, A"];w, (x) >0 for all x € ¥, and p € [0, A]}. We will suppose that A, <
A* and arrive at a contradiction.

By the maximum principle for small domains (or even the one for narrow domains) one finds
from (32) and (33) that there is Ay > Ag such that wy () > 0 on X for all A € (Ao, A1]. Hence

A« > 0. By the strong maximum principle either wy > 0 in Xy for all A € (Ag, A\1] or wy =0 on Xy
for some A € (Mg, A\1]. We have found that A, > A;.

Next we will show that wy = 0 on £ does not occur for A € (Mo, A1). If wy = 0 on Xy for
some A € (Ag, A*) then, u(z) =0 for z € § (¥} UX,) and moreover, since part of this boundary,
QNo (E’/\ U E_J)\) lies inside € it contradicts w > 0 in €.

17



For A = . we have that wyx, (z) > 0 on ), and since £} U Xy, # Q we just found that

wy, (z) # 0 on I, . By the strong maximum principle for signed functions (Theorem 2.8) it follows
that wy, (x) > 0 in X, and even that 6_21“)/\* (x) > 0 for every z € 0%, N2 In order to find a
strict bound for wy, away from 0 we restrict ourselves to a compact set as follows. Let § be as in
Theorem 5.6 and let I's be an open neighborhood of 992 N ¥, such that [ NTs| < 6. By the
previous estimate we have for some ¢ > 0 that

wy, () > c (M — 1) for z € £y, \Ts.

By continuity we may increase A somewhat without loosing the positivity. Indeed, by the fact that
wy, € C1(Xy+) there exists €9 > 0 such that for all € € [0, 0] one finds

wy, +e () >0 for z € A,
where Ac = {z € Q; (v1 +¢&,22,...,2,) € Ex.\['s} C T 4c is a shifted T, .

;N0

M

Since A — |X,| is continuous and A, C ¥y, we may take 1 € (0,0) such that
= 1
x4\ Ts NA)| < S0 fore e [0,&1].

Finally we consider the maximum principle for small domains on the remaining subset of 3.
defined by R. = (Za, 4+ NTs) U (Za,+\Ae) with € € (0,e1). Since wy, 4+ > 0 on IR, and
—Awy, 4o () = gr,1e () Wy, 4e (x) in R, we find that wy, . > 0 in R. and hence wy > 0 on ¥,
for all X € [Xg, Ax + 1], a contradiction.

The conclusion that a%lu (x) > 0 for z € Ty« follows from the fact that wy (x) > 0 on X for

all A € (Ao, ") and by Hopf’s boundary point Lemma a%lu (z) = %a%lw)\ () >0onTHhNQ. =

Corollary 6.7 Let Br (0) C R™. If f is Lipschitz and if u € C* (B) N C (B) satisfies

—Au = f(u) inB,
u = 0 on 0B, (34)
u > 0 in B,

then u is radially symmetric and %u (z) <0 for 0 < |z| < R.

Proof. From the previous theorem we find that a—ilu (x) < 0 for z € B (0) with 1 # 0.
Hence a—iu (x) =0 for 1 = 0. Since A is radially invariant this holds for every direction and we
find %u () = 0 in Br (0) for any tangential direction. In other words, u is radially symmetric.
Since %u (z) = %u (r,0,...,0) for 0 < r = |z| < R the second claim follows from g—:Z () <0
for x € Br (0) with x; > 0. ]
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Corollary 6.8 Let 2 be a bounded domain in R™. For v € R™ with |v| =1 we set

Sa(v) = {zeQz-v>A},
() = {z+20A—-z-v)reX\(v)},
A (v) = inf{\X), (v) CQ forallp>\}.

Define Q* = Q\ U {E’)\*(V) (v);v e R™ with |v| = 1} fueC?(Q)NC(Q) is a solution of

—Au = f(u) inQ,
u = 0 on 09, (35)
u > 0 in §,
then

u < maxu on O\Q™.

Proof. The result is a direct consequence of using a moving plane argument with a plane
perpendicular to v and applying the previous theorem. [

Example 6.9 Consider solutions of (35) for the following two two-dimensional domains, respec-
tively a star with five and one with six points, both having some parallel boundary segments:

Some optimal positions for the moving plane are drawn by the dashed lines. Note that viewing
on a screen might result in some distortion.

For the sixz-star one finds by the moving plane argument that the maximum lies in the center
and even that the solution is symmetric with respect to the three azxes that coincide with optimal
planes. For the five-star the moving plane argument shows that the mazximum of a solution lies in
the central pentagon but the argument does not yield symmetry.

The moving plane argument has recently been extended to a moving sphere argument by Reichel
and Zou ([9]). It can be used to obtain a result closely related with a famous one by Pohozaev

([7)-

Theorem 6.10 Let Q C R™ with n > 3 be bounded and starshaped* and let f be Lipschitz and
supercritical:

U —> u‘ﬁ%f (u) is nondecreasing. (36)

Then (35) has no nonzero C? () N C (Q)-solution.

4A set Q is called starshaped with respect to xg if for every x € Q the segment [xo, x] lies in Q :
{0z +(1—-0)z0;0<0 <1} CQ.
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Remark 6.11 A famous result of Pohozaev in [7] states that (35), with f € C%* (a>0) and Q
as above, has no positive solution in W2 (Q) N C () whenever

nnZuf(u)Z/Ouf(t)dt for all u > 0. (37)

Condition (36) implies (37):

w Y42 ng2 nt2 U2 —2
/ f(t)dt:/ tn—Et*n—Ef(t)dtgu*n—Bf(u)/ A= 220 f (u).
0 0 0 2n

The conditions are equal for pure powers f (u) = uP.

Proof. Without loss of generality we may suppose that € is starshaped with respect to the
origin. Suppose that u is a nonzero C? () NC' (Q)-solution of (35). Instead of a standard reflection
one uses a weighted reflection with respect to circles. The ‘Kelvin’-transformed u becomes

wa=() " ()

and is well-defined on QF = {;v € R™: ‘—l%z € Q} )

P Qp

This u, satisfies, writing r = |z|, w = % and A, the Laplace-Beltrami operator on 0B,

0 0 1
_ l-n~ . n—-1" -
Au, (r,w) = <r 67’r pw + = Aw> U, (r,w)
0 .0 1 P n—2 2
_ 1-n*~ n-1"Y - r e
<r o 8T+r2Aw> <<T) u(T,w)>
_ . 8 _ 8 . 2 p n+2 1
— n—2_1-n_"~ n—-1"%YY 2-n o ~
prIr T u(r,w)Jr r) (pQ/r)QAw (T,w)

V)

n+

r
One uses u — u~ =2 f (u) is nondecreasing to find that for p <r

—Au, (r,w) = (g)nwf(u(ﬂ—z,w))

= (&) wew) 2 s,
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Denoting ¥, = {z € Q;|z| > p} the starshapedness of  implies that w,, is defined on ¥, (whenever
it is nonempty) and one proceeds as in the moving plane argument with

wy (2) = up () —u(z).

One finds on 0¥, N Q that w, = 0 and on 9%, N 0N that w, = u, — u = u, > 0. Moreover, for
x € X, one has

—Aw, = —Au,+ Au
= fuw) = f(w)+ (=Au, = f () = g, (x) wp,

with g, (z) defined similar as before using u, and u. One finds

up (x) > u(x) for x € Q with |z| > p.

By decreasing p one obtains for x # 0 that
p n—2
u(x) <lmu, (z) <lim | — maxu = 0,
(@) <limu, () <tim (&) mg

a contradiction. [ ]
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