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and
2
(%) T2 = M g /gt
? YEZ
r = y{(mod 2m)

(The ®5 are independent of the function ¢.) Then

T
- _ .2y 0,T
$(t,2) MU MU MU ntQSE r‘)ag
u{(mod 2m) r€Z a2r’/im
r=1(2m)
N+r2
(5) _ M ” M ” M otsz a 4m F
U(mod 2m) r=u(2m) N20
= M 7t¢3 mautA.ﬂ.Nv 3
u{mod 2m)
Thus knowing the (2m)-tuple Q_tvtosoa 2m) of functions of ome variable
is equivalent to knowing ¢. Reversing the above calculation, we see

that given any functions h_ as in (3) with otﬂzv =0 for N # lthBoa 4m),

H
equation (5) defines a function ¢ (with Fourier coefficients as in (1))
which transforms like a Jacobi form with respect to z >z +AT+U

(A\su € Z) and satisfies the right conditions at infinity. In order for
¢ to be a Jacobi form, we still need a transformation law with respect
to mH»ANv. Since the theta-series (4) have weight % and index m,
while ¢ has weight k and index m, we see from (5) that the rt must

be modular forms of weight k-%%. To specify their precise transforma-

tion law, it suffices to consider the generators AW W and AM |ov

of H.H . For the first we have

_ 2
6) @a,tﬁivwv = e, ma,t?,&
and

) BTl = e uH) R,
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as one sees either from the invariance of the sum (5) under T+>T+1

or from the congruence N = |tNABOQ 4m) 1in (3). For the second we have

as an easy consequence of the Poisson summation formula the identity

. 1 —  2mimz?
(8) 6 cA.M,mv = VT/2m1 e2Mimz*/T M ey (FIV)O_(T,2) ,

m, E
v {mod 2m)

so (5) and the transformation law of ¢ under (T,z) +—> Al W.Wv give

k
1 T .
(9) hE2) 5 ——= M e, (W) h (1) .
u T p 2m v
Vamt/io T om

We have proved

THEOREM 5.1. ZEguation (5) gives an isomorphism between and

,HWL.:

the space of vector valued modular forms ?tv on SL,(Z)

u(mod 2m)
satisfying the transformation laws (7) and (9) and bounded as Im(t) - «.

When we spak of "vector-valued" forms in Theorem 5.1, we mean that

> .
the vector h(T) = Awtvtcdoa 2m) satisfies
(10) R = (et 7 ven i () a=(2 e
where GAZVHAG_._CAK: is a certain 2m x 2m matrix (the map U: ﬁ~+OﬁMBAﬁv
is not quite a homomorphism because of the ambiguities arising from the
choice of square-root in (10); to get a homomorphism one must replace H,w
by a double cover). The result 5.1 would be more pleasing if we could

identify J with a space of ordinary (i.e. scalar) modular forms of

k,m
weight k- on some congruence subgroup of H._. We will do this below
in the cases m=1 and m prime, k even, and also discuss the general

case a little. First, however, we look at some immediate consequences

of Theorem 5.1.
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4.2 Jacobi’sche Thetatransformationsformel (C. G.J. JacosBi, 1828).
Fiir (z,w) € H x C gilt die Formel

o0 )
/\M mql?ilcvmw — mﬂgmA\H\nvLﬁwﬁSS

n=—oo n=—00

Dabei ist die Quadratwurzel aus z/i durch den Hauptzweig des Logarithmus
definiert.

Beweis. Die Funktion

fw) = MU i) (z fest)

n=—00

hat offenbar die Periode 1 und gestattet daher eine FOURIERentwicklung

,\A\Ev _ WU @3®w33€

m=—oc
mit

I =
. 2 .
a,, H\ M ” mq:NASLﬁSV 2rimw du.

0 n=—oo

Dabei sei w = u 4 iv. Der Imaginérteil v von w kann dabei beliebig gewé&hlt
werden. Wir werden {iber ihn noch geeignet verfligen. Wegen der lokal
gleichmiBigen Konvergenz darf man Summe und Integral vertauschen. An-
schlieBende Substitution u — u — n zeigt

o0

fh = \miﬁngmwgév du.

m

— 0

Durch quadratische Ergénzung erhdlt man

2 my? —1_2
Zw IMSSHNASI|V —z m7,
z
also oo

a,, = m\igmnIH \ miwAS\S\Nvm du.
— o0
Nun wéhlen wir den Imaginérteil v von w so, dal w — m/z reell wird. Nach

einer Translation von u erhilt man dann

o0

. 2 . 2
a. — e™im (—1/z) \ emizu” .

m

— 0
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Es bleibt das Integral zu berechnen. Wir miissen die Formel
00 =1
\ minﬁm du = W
i
—0oQ

beweisen. Da beide Seiten analytische Funktionen in z darstellen, geniigt es,
sie fiir rein imaginére z = iy zu beweisen. Die Substitution

fithrt die Berechnung auf das bekannte Integral

oo
\ e ™dt =1
—0
zuriick. ad

Spezialisiert man die JAcOBI’sche Thetatransformationsformel, so erhalt
man

4.3 Satz. Die Funktion
o ]
%ANV — MU miﬁmn
n=—oo

stellt eine analytische Funktion dar. Sie geniigt den Transformationsformeln

a) Wz +2)=9(z) und

b) 2(=2) = /2 9.

Die Thetareihe ¥(2) hat nur die Periode 2. Um zu einer Modulform zu gelangen,
betrachten wir neben ¢ auch ¥(z) = J(z + 1),

o0

Hz) = MU (=1)" exp win’z.

n=—oo

Die Funktion 9 ist ein spezieller Wert der JAcoBI'schen Thetafunktion Iz, w),
nédmlich

9(z) =9(z,1/2).

Man erhélt aus 4.2 eine Transformatinsformel fiir Wu ndmlich

J va = /29()



Chapter 5

Quadratic Reciprocity

If p is a prime, the discussion of the congruence x*=a(p)
is fairly easy. It is solvable iff a?~"* = 1 (p). With this
fact in hand a complete analysis is a simple matter.
However, if the question is turned around, the problem is
much more difficult. Suppose that a is an integer. For
which primes p is the congruence x* = a (p) solvable?
The answer is provided by the law of quadratic reciprocity.
This law was formulated by Euler and A. M. Legendre
but Gauss was the first to provide a complete proof.
Gauss was extremely proud of this result. He called it
the Theorema Aureum, the golden theorem.

§1 Quadratic Residues

If (a, m) = 1, a is called a quadratic residue mod m if the congruence x?=
a (m) has a solution. Otherwise a is called a quadratic nonresidue mod m.

For example, 2 is a quadratic residue mod 7, but 3 is not. In fact, 17, o,
32,42 5% and 62 are congruent to 1,4, 2, 2, 4, and 1, respectively. Thus 1, 2,
and 4 are quadratic residues, and 3, 5, and 6 are not.

Given any fixed positive integer m it is possible to determine the quadratic
residues by simply listing the positive integers less than and prime to m,
squaring them, and reducing mod m. This is what we have just done for
m="T.

The following proposition gives a less tedious way of deciding when a
given integer is a quadratic residue mod m.

Proposition 5.1.1. Let m = 2°p$' - - - p{' be the prime decomposition of m, and
suppose that (a, m) = 1. Then x* = a (m) is solvable iff the following conditions
are satisfied :

(a) Ife = 2,thena =1 (4).
Ife > 3,thena = 1(8).
(b) For each i we have a*~""* = 1 (p,).

PROOF. By the Chinese Remainder Theorem the congruence x* = a (m) is
equivalent to the system x> = a (29), x> = a (p}"), ..., x> = a (p{").
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Consider x* = a (2°). 1 is the only quadratic residue mod 4, and 1 is the
only quadratic residue mod 8. Thus we have solvability iffa = 1 (4) if e = 2
and a = 1 (8) if e = 3. A direct application of Proposition 4.2.4 shows that
x2 = a (8) is solvable iff x> = a (2°) is solvable for all e > 3.

Now consider x? = a (p#). Since (2, p;) = 1 it follows from Proposition
4.2.3 that this congruence is solvable iff x> = a (p;) is solvable. To this
congruence apply Proposition 4.2.1 withn = 2,m = p,and d = (n, ¢ (m)) =
@2, p — 1) = 2. We obtain that x*> = a (p,) is solvable iff a”~ V2 = 1 (p,).

This result reduces questions about quadratic residues to the correspond-
ing questions for prime moduli. In what follows p will denote an odd prime.

Definition. "_l"he‘ symbol (a/p) will have the value 1 if a is a quadratic residue
mod p, —1if a is a quadratic nonresidue mod p, and zero if p|a. (a/p) is called
the Legendre symbol.

The Legendre symbol is an extremely convenient device for discussing
quadratic residues. We shall list some of its properties.

Proposition 5.1.2.

(@) a® V" = (a/p) (p).

(b) (ab/p) = (a/p)(b/p).

(¢) Ifa = b (p), then (a/p) = (b/p).

PRrOOF. If p divides a or b, all three assertions are trivial. Assume that p 4 a and
that p t b.

We know that a?~!' = 1 (p); thus (@?~ V2 + 1)(@? V2 — 1) =" ! —
1 =0 (p). It follows that a”~ V2 = +1 (p). By Proposition 5.1.1, a?~ V2 =
1 (p) iff a is a quadratic residue mod p. This proves part (a).

To prove part (b) we apply part (a). (ab)”~ " = (ab/p) (p) and (ab)?~V'?
=.a(p D2p= 12 = (a/p)(b/p) (p). Thus (ab/p) = (a/p)(b/p) (p), which im-
Plies that (ab/p) = (a/p)(b/p).

Part (c) is obvious from the definition. O

Corollary 1. There are as many residues as nonresidues mod p.*
fR‘_)OF. a?= "2 =1 (p) has (p — 1)/2 solutions. Thus there are (p — 1)/2
esidues and p — 1 — ((p — 1)/2) = (p — 1)/2 nonresidues. O

Corollary 2. The product of two residues is a residue, the product of two

no . o . . . . .
nresidues is a residue, and the product of a residue and a nonresidue is a
honresidye,

Proor, This all follows easily from part (b). O

*In
. e‘l‘emamder of this chapter “residues™ and *“nonresidues™ refer to quadratic residues and
ratic nonresidues.
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1.2.3. Dimension formulas. Proposition 1.25 provides formulas for the di-
mensions of My and Si. Using the Riemann-Roch Theorem, Cohen and Qesterlé
[COe] explicitly computed further dimension formulas which we record here be-
cause of their utility. To state these formulas, suppose that k is an integer, and
that y is a Dirichlet character modulo N for which x(—=1) = (=1)k. Ifp | N is
prime, then let 7, (resp. sp) denote the power of p dividing N (resp. the conductor
of x). Define the integer A(rp, $p,D) by

pr +pr Tt if 28, < 1p =21,
(1.11) A(rp, 8p, p) = 2p” if 25, <7p =21 +1,
2pTr o if 2sp > 7p.

In addition, define rational numbers vk and px by

0 if k is odd,
v =1 —1/4 ifk=2 (mod 4),
s 1/4 ifk=0 (mod 4),
0 ifk=1 (mod 3),
k=4 —1/3 ifk=2 (mod3),
1/3 ifk=0 (mod 3).

In this notation, we have the following dimension formulas.

THEOREM 1.34. If k is an integer and X 1s a Dirichlet character modulo N for
which x(=1) = (=1)F, then

dimc(Sk(Fo(N), X)) = dimC(M2—k(F0(N)’ X))

pIN

i
— 5 [T Mrp5p,2) + 05 S x@) +m > X(@),
pIN z (mod N), z (mod N),
z24+1=0 (mod N) z24+2+1=0 (mod N)
where p denotes a prime divisor of N (note. empty products are taken to be 1).

REMARK 1.35. If £ > 2, then dime(Ma—k(To(N),x)) = 0. Hence the left
hand of side of Theorem 1.34 reduces to dimc(Sk(To(IN), x)). A similar argument
applies when k = 2, and the result depends on whether x is trivial. If k£ <0, then
dime(Sk(To(N), x)) = 0. In these cases, the left hand side of Theorem 1.34 reduces
to — dimc(Ma—k(Lo(N),X))-

1.3. Half-integral weight modular forms

Although the study of half-integral weight modular forms has its origins in
the classic works of Euler, Gauss and Jacobi (among others), many of their most
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important and fundamental properties require results on half-integral weight Hecke
operators in Shimura’s 1973 Annals of Mathematics paper [Shi2]!. This important
paper provided a general framework for studying half-integral weight modular forms
by introducing the so-called “Shimura correspondence”, a family of maps which
relate the Fourier expansions of half-integral weight modular forms to those of
integer weight forms. Here we briefly recall basic facts about half-integral weight
forms. For background information, one may consult [Kob2, SSt, Shi2].

To define these forms, we first define ($) and €q. If d is an odd prime, then let
(§) be the usual Legendre symbol. For positive odd d, define ($) by multiplicativity.
For negative odd d, we let

(m) if d<0andc>0,

[
(1.13) <§) -
—(ﬁ) if d<0andec<D0.

Also let () = 1. Define €4, for odd d, by

(1.14)

- 1 ifd=1 mod 4,
TV Hd=3 modd

Throughout, we let /z be the branch of the square root having argument in
(—=m/2,m/2]. Hence, \/z is a holomorphic function on the complex plane with
the negative real axis removed.

DEFINITION 1.36. Suppose that \ is a nonnegative integer and that N is a
positive integer. Furthermore, suppose that y is a Dirichlet character modulo 4.
A meromorphic function g(z) on H is called a meromorphic half-integral weight
modular form with Nebentypus x and weight )\—1-% if it is meromorphic at the cusps
of ', and if

az+b gy Al . 1
g <6z+d) = x(d) (E) € 2A(Cz+d)'\+é9(z)

for all (Z 2) € ['g(4N). If g(2) is holomorphic on H and at the cusps of I'g(4N),

then g(2) is referred to as a holomorphic half-integral weight modular form. If g(z)
is a holomorphic modular form which vanishes at the cusps of I'g(4N), then g(z) is
known as a cusp form. If g(z) is a meromorphic form whose poles (if there are any)
are supported at the cusps of I'g(4N), then g(z) is known as a weakly holomorphic
modular form.

REMARK 1.37. The cusp conditions in Definition 1.36 are determined in natural

way which is analogous to the integer weight case (see Definition 1.8 and Remark
1.10).

REMARK 1.38. As in the integer weight case, we refer to a holomorphic half-
integral weight modular form as a half-integral weight modular form, and we con-
tinue to use the terminology meromorphic (resp. weakly holomorphic) half-integral
weight modular form.

1n 1977 Shimura was awarded the Frank Nelson Cole Prize by the American Mathematical
Society for two of his research papers; one of these was [Shi2].
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REMARK 1.39. Since { _?1 € To(4N), it follows that there are no nonzero

meromorphic half-integral weight modular forms with odd Nebentypus character X
(i.e. with x(—=1) = -1).

As in the integer weight case, these forms constitute C-vector spaces. We denote
the C-vector space of weight A + 3 modular (resp. cusp) forms on To(4N) with
Nebentypus x by

(1.15) M)\+%(F0(4N),x) (resp. S,\+_;_(P0(4N),x)).
If x = xo is the trivial character modulo 4N, then we use the notation
(116) Mypy (To(dN))  (resp. Saiy (Co(4N))

1.3.1. Theta-functions. Theta-functions provide the first examples of half-
integral weight modular forms. We begin by defining the prototypical form.

DEFINITION 1.40. The theta-function fo(2) is given by the Fourier series

o0
bo(z) = ¢ =1+2¢+2¢" +2¢° +--

n=—od
PROPOSITION 1.41. We have that
o(z) € My (To(4))-
More generally, we have the following two families of theta-functions.

DEFINITION 1.42. Suppose that ¢ is a Dirichlet character.
(1) If ¢ is even, then define (¢, 0, z) by

6(,0,2) = Y ()"

n=—0od

(2) If ¢ is odd, then define 6(1,1,2) by

B(.1,2) = 3 b(m)ng"

n=1
By convention, we agree that
e(XOa 01 Z) = 90(2)'
REMARK 1.43. We shall refer to these theta-functions as single variable theta-
functions.

As modular forms, we have the following elegant fact.

THEOREM 1.44. Suppose that ¢ is a primitive Dirichlet character with conduc-
tor r(v).
(1) If ¢ is even, then 0(¥,0,2) € My (To(4- r()?),9)-

(2) If ¥ is odd, then 6(¢,1,2) € S%(Fo(él - r(¥)?), X —4), where X—a 18 the
nontrivial Dirichlet character modulo 4.

Serre and Stark [SSt] proved that every modular form of weight 1/2 is a linear
combination of theta-functions. In particular, they obtained the following complete
description of the spaces of weight 1/2 modular forms.




