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This function does not appear in the “"Lost" Notebook; however g(q) is related to
u(q) and Mordell integrals through identities such as

— -20x"+ax
-1/8 7 - 2n 172 - &
(1.9) a gy wlad =0y’ eag) + T el ax.

where q = e %, ay = e B, ap= L.

The main body of related results that Ramanujan presents in the “Lost" Note-
book entails Eulerian series (or g-series) identities for these functions and will
be treated in Section 3. The developments in Section 3 will center on a single
analytic result (Lemma 2} that can be utilized to prove a very large number of
Ramanujan's results. The transformations of Section 2 together with the resulting
discovery of M3(q) allows us to find a number of results that apparently eluded
Ramanujan. Section 4 will provide this extension of some of Ramanujan's results.

As in [7], [8], and [9] we shall use the subscript "R" on each equation that appears

in Ramanujan's "Lost" Notebook.

2. The Mordell integrals. Here we derive the basic modular type transformations

for M(q), My(q) and Ms(q).

2
THEOREM 1. For q = ™, qy = ™" /®  Re o> 0,

~2ax2+ux

o 2 o
@0 m@ = et e (1 (0SFNST S e
= -0 I -1

REMARK. To simplify our proof we shall assume that o is real with 0 < o« < 1. The

full theorem then follows by analytic continuation.

PROOF. We apply the Poisson summation formula [11; pp. 7-91:

2 2
(2.2) M, (e™®) = ;o
1 n=-e g %Myedn
© -20m2
= 1 z e
Zz cosh an

n=-e
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1 ® - e-2ax2+2nikx
7 k_gw f_w cosh ax dx.
22421
® o~ 2ax"+2Zmikx

d
cosh ox X

L}
-
1

* _1
where J© a, =y aj + a) + a, + ag + ..
We now shift the 1ine of integration from the real x-axis to the 1ine passing
through the stationary point of the function
2., s
e-Zax +2nikx

following the method of steepest descent.

. irk
Hence with X T T

B o etx, g-2axC+2nikx
(2.3) My(e™®) = (kzo P I-Q+Xk S W™
0T 2 T A i)
k=0 0<3< (k-1)72 Kd

= 1+R,

where P denotes the "principal value" of the integral, i is the residue of the

k,J

integrand at x = H& (j+1/2), and 2** means that the factor % is introduced for the

term j = £§l~(which occurs only when k is odd).

Now
. ~2a(xtx, ) 242mik(xtx, )
= TF ® e
(2.4) I = k§0 P f_m Sovh a () dx
2,2
I -“25 - e-Zaxz

o P/ . Cosh a(xx, ] dx
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~2xk? 2
- E* T( -I)k j.°° e_zax d
Tk ¢ i . coshox X
~n2 (2k+1)° 2
b 2a k L e-2ax
- kZO € (-1n°e f_w sTih e 9%
2722 2
Ly ke o) o EZE;i—- dx
2 k=tw cosh ax '
On the other hand,
(2.5) R=2pi J* o

Ay s
k"0 0< 3 (k-1)72 &5

comi T ()
et L@ g gt g,y P g, b

Since Ak,j is the residue of the integrand at p. = wi{j+1/2)/a , we see that

J
. -2ux2+2ﬂikx
(2.6) Ak,d = Tim (X-pj) oSh o
X = 0.
J
e-2ap§+2ﬂikpj
ja(-1)9
and so
2“120j
(2.7) A2j+1+z,j = A2J+1,j e
Therefore
2nip.
. 1+e J
(2.8) R = 2ni jZO 224415 1-e2ﬂ1pj
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2

2 -(Z) (24+1)

2n © j 22

== -1)Ye

2
) 1+e

2
(T (23+7)
1-e

Substituting (2.4) and (2.8) into (2.3), we obtain (2.1). Thus Theorem 1 is
proved.
The three remaining thecrems of this section are proved similarly sc we

omit many of the details.

2
THEOREM 2. For q = e™®, g, = e " /%, Re a > 0,

2
® 2 -2aX"+aX
(2.9) My(q) = - Z2 q}/Z My(-qp) + (2 (-1)%a%%") s S -
ey © +

PROOF. As in Theorem 1,

2 .
© -2ax"+2nikx
1 k ® e
Mz(q) 7z z_m(_]) f_m cosh xa dx.

Thus the only change from Theorem 1 is the introduction of (-1)k, and if we trace
its effect throughout the argument we wind up with (2.9).

It is now a simple matter to obtain the corresponding results for M3(q) and
M3(—q). The main tools required are the transformation formulas for the theta

functions BZ(O,q) and 64(0,q) as well as the following simple result:

LEMMA 1. Let Rea » O, § = r%/a. Then

2 2

® e-ZaX " e—ZBx

1 2832
fo ok ax =7 () fo Cosh Zax~ 9%

PROOF. An equivalent form of this result was actually given by Ramanujan in an
issue of the Journal of the Indian Mathematical Society [18; Question 295, pp.
324-325].

2
THEOREM 3. For q = €™, q; = e /% = ™, Re a > 0,
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(q;qz)m i (_])mqmz

bl neo (0% 1302,
e (-a/b3q%), (-b)"
m=0 (-b'1q2;q2)m
(CH- ) © m_m
(3.31) = (1)
CPale w0 (-qPbTsa0),,

2
= (-1)"q" (g307)

+
m=0 (-ba";q%) (-b”'q%;q)

(by [18; p. 174, eq. (10.1)] with q replaced by q2,
then a = q, b = q/t, ¢ = qz, e = -q2/b, f= -bq2,

-+ 0),
and this is just (3.13) with a replaced by b.

Now that we have seen the intricacy of these results of Ramanujan we proceed
to view them in terms of their interrelationship with the transformations

presented in Section 2.

4., Extensions and modular transformations of Ramanujan's functions.

While the approach of the last section provides uniformity, it fails to place
these results in the basic hypergeometric hierarchy. In fact many of the results
of Section 3 may be viewed as specializations of Watson's g-analog of Whipple's
theorem [21; p. 100, eq. (3.4.1.5)]: (N is a nonnegative integer)

2 _N+2
-N o
Qs q’/;a 'q/‘;s b, c, d, €, q 3 Gy bcde
(4.1) 8%

/E!"/E5 E%,g'%:ﬂ g‘g'squ+.|
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(aq)N(%%)N Qo9 o, e 5, a5 g
- ¢
= . 4%3 -N
o o o o deg
GNPy g % =
where
CITL IR N
(4.2) s
b],bz, .,bs
- (3 (g (3 t"
- z n n n
n=0  (a),(bq), ... (bg),

If in (4.1) we replace g by q2 then set « = 1, b=a, ¢ = a'1, d=gq, e + =,

N + =, we obtain a result easily seen to be equivalent to (3.4).

Next in (4.1), we may replace q by q2 then set o = q2, b=gqa, c= qa'T,

d=-q, e+, N> o we obtain an extension of (3.2) which, in fact, explicitly

specializes to (3.7) when a = 1,

Most noteworthy in all these observations however is the fact that neither
M3(q) nor a generalization appeérs in any of Ramanujan's work. This is of course
easily overcome once the role of (4.1) in this work has been established.
Actually we find a generalization of M3(q) if in (4.1) we replace g by q2 and

then set o = qz, b=aqg,c= a-1q, d = —q2, e > w, N> o The case a = 1 1is

thus
2.2 2. 2, nln
(5.3) y(a) = (g ;q ;m = (-9%30%) q :
(-9%30%), n=0 (a)pn41(9:07) 49
(qz;qz),
zjgz:;g;; 8(a),

where 8{g) was originally given by (1.8).
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Once we have found 8{q) from (4.3), we see immediately that the four
modular transformations (2.1), (2.9), (2.10) and (2.12) are now easily translated
into transformations connecting wun(q), 8(q) and «(q}. Indeed the transformations

from Section 2 yield the following four results immediately once we recall that

for

- 2 (q),
(4.4) 0(0:0) = T (1" = gy
and

/2 R (qz;qz)m

e

(4.5) %q“wgez(o,/a) = ] g ,
n=0 CH D

we have [22; p. 263, eq. (8)]

(4.6)  64(0,05) = /2 0,(0,7q) = q' /Oy B2 I (112

-8 2

e s GB = 1 .

u

where q = ™%, a
Hence from (2.1) we see that

5= 2
o -2ox"tox
O O A R

= dx,
“e @ + 1

essentially a restatement of (1.9).

From (2.9), we obtain that

18 = 15 - = e-2ax2+ax
(4.8) q” Palq) = v = ay" sl-ay) - Vo s Zax 1 dx.

From (2.10), it follows that

2
| — -2ax +2ax
1/2 =1, _n -1/8 _ o o €
(4.0) 0 7%8a) =gV g 0y Pulag) -2 S T



