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ABSTRACT: We consider double scaled little string theory on K3. These theories are labelled
by a positive integer k > 2 and an ADFE root lattice with Coxeter number k. We count BPS
fundamental string states in the holographic dual of this theory using the superconformal field
theory K3 x (SLIE%’E)’“ X Sg((f))’“) /Zk. We show that the BPS fundamental string states that
are counted by the second helicity supertrace of this theory give rise to weight two mixed

mock modular forms. We compute the helicity supertraces using two separate techniques: a
path integral analysis that leads to a modular invariant but non-holomorphic answer, and a
Hamiltonian analysis of the contribution from discrete states which leads to a holomorphic but
not modular invariant answer. From a mathematical point of view the Hamiltonian analysis
leads to a mixed mock modular form while the path integral gives the completion of this mixed
mock modular form. We also compare these weight two mixed mock modular forms to those that
appear in instances of Umbral Moonshine labelled by Niemeier root lattices X that are powers
of ADE root lattices and find that they are equal up to a constant factor that we determine. In
the course of the analysis we encounter an interesting generalization of Appell-Lerch sums and
generalizations of the Riemann relations of Jacobi theta functions that they obey.
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1 Introduction and Motivation

Little string theory (LST) originated in the study of the dynamics of modes localized on solitonic
fivebranes that act as a source for the massless two form field B that originates in the Neveu-
Schwarz sector of superstring theory. These fivebranes are often called NS5-branes and exist
in type ITA and IIB string theory as well as in heterotic string theory [1-4]. As is the case
for D-branes, it is possible to take a limit in which the dynamics on the fivebranes decouples
from the bulk, but unlike the corresponding limit for D-branes, the limit in which the dynamics
on fivebranes decouples keeps the energy scale E fixed relative to the string scale mg. Taking
the string coupling g; — 0 with E ~ my; leads to a six-dimensional theory on the fivebranes,



dubbed little string theory (LST) in [5], which is a non-trivial interacting theory with fascinating
properties. In particular it is a six-dimensional supersymmetric theory with either (2,0) or (1, 1)
supersymmetry in ITA or IIB string theory respectively and has stringy excitations and behavior
including T-duality and a Hagedorn density of states. Unlike critical string theory, it does not
include gravity as there is no massless spin two particle in the spectrum. Evidence that such
theories exist and discussions of the properties described above can be found in [5-9] with [10]
and [11] containing useful reviews. Some important earlier ideas with important applications to
black hole physics appeared in [12, 13]. The papers [14-16] are particularly useful references for
many of the aspects of LST that we will utilize in our analysis.

Techniques for analyzing little string theory are unfortunately limited. Some early analysis
was based on discrete light-cone gauge theory and Matrix theory [6, 17, 18] and there is also
an approach using deconstruction [19], but most recent analyses have utilized a holographic
description [20-22] of the theory of k fivebranes based on the superconformal field theory (SCFT)

M6 X R¢ X SU(Q)k (11)

that describes the space-time background sourced by fivebranes in the decoupling limit above [2].
Here Ry is a supersymmetric linear dilaton background, SU(2); is a level k supersymmetric
Wess-Zumino-Witten (WZW) model and in the simplest case of fivebranes in flat space Mg =
R is the free superconformal field theory describing the space-time coordinates tangent to the
fivebrane world-volume. In this paper we will take Mg = My x Rb! with My a hyperKahler
manifold. The utility of this holographic description is limited by the presence of a strong
coupling region: since the dilaton field is linear in the coordinate ¢, the theory has one asymptotic
region in which the string coupling goes to zero and another asymptotic region where the string
coupling goes to infinity and thus one needs to be able to do strong coupling computations to
fully study the theory in both regions.

The strong coupling problem can be circumvented by Higgsing the theory, that is by sepa-
rating the fivebranes so that they are located in a Z; symmetric fashion on a circle of radius rg in
a two-dimensional plane in the four-dimensional space transverse to the fivebrane before taking
the scaling limit [8, 9, 23]. The Higgsing breaks the SU(2) x SU(2) symmetry of the string
theory in the background (1.1) down to U(1) x Zg. If we consider fivebranes in type IIB string
string theory then by S-duality we know there is a U(k) gauge theory on the fivebrane broken
down to U(1)¥ and that there are D1 branes that can stretch between the fivebranes with mass
of order ry/gs whose lowest energy states include the massive gauge bosons from breaking U (k)
down to U(1)*. One then considers the double scaling limit gs — 0,79 — 0 with 79/gs fixed. In
this limit the massive gauge bosons survive as states with finite mass and one can study physics
at the string scale rather than taking a low-energy limit.

Although our description so far involves a U(k) = Ax_1 x U(1) gauge theory arising on k
coincident fivebranes in type IIB string theory, there are dual descriptions of this theory which
arise when we identify an S' in one of the directions transverse to the fivebranes. In particular,
T-duality relates the Ay_; fivebrane theory to string theory near a C2?/Z;, singularity [24]. In
the dual picture, separating the NS5-branes on a circle corresponds to deforming the singularity



with a deformation parameter p. The double scaling limit, g, p — 0 with g,/ p/* fixed, is then
described by the SCFT

RYT x M4 x (SLU(2(711$)’“ X Sg((f))’“> [ Zy, (1.2)

where SL(2,R);/U(1) is the supersymmetric, non-compact, “cigar” conformal field theory and
SU(2),/U(1) is a coset theory that describes the N = 2 minimal model SCFTs. The infinite
throat region that led to a strong coupling region has now been capped off and as a result it is
possible to do reliable perturbative computations on aspects of double scaled little string theory
(DSLST) using this SCFT. The Zj, orbifold is present in this construction in order to project
onto a set of U(1)r charges that are consistent with imposition of the GSO projection needed
to obtain a theory with space-time supersymmetry. Note that the elliptic genus of the SCFT
(1.2) minus the Rb! x M* factor has been studied in [25] in connection with mirror symmetry.

The McKay correspondence between simply laced (ADFE) root diagrams and finite sub-
groups I' of SU(2) suggests that we can define an ADFE extension of this construction by
considering string theory on (CQ/F. This extension to include Dy and FEjg, E7, Eg theories is
supported by the structure of the SCFT (1.2) which also has an ADFE classification of modular
invariant partition functions that are compatible with space-time supersymmetry [26-29].

Thus the SCFT appearing in (1.2) is labelled by a hyperKihler manifold M*, a positive
integer k > 2 and a choice of ADFE root system or Dynkin diagram which can be Aj_q for any
choice of k, Dy /o for k even, and Eg, E7 or Eg for k = 12,18, 30 respectively! and this SCFT
provides a holographic description of the corresponding ADE DSLST compactified on M*.

In this paper we will focus on the case M* = K3. Although this choice could be motivated
by the desire to study LST in situations with reduced supersymmetry, our motivation arises from
the fact that with this choice there is a natural object, the second helicity supertrace, that counts
BPS states, and that from the analysis in [30] for £ = 2 seems to have some connection to the
mock modular form appearing in Mathieu moonshine [31-35]. Given that Mathieu moonshine
has an extension to Umbral moonshine [36, 37] and that Umbral moonshine is classified by root
lattices with ADE components, total rank 24 and common Coxeter number, it is natural to ask
whether the mock modular forms of Umbral moonshine also appear in helicity supertraces of LST
on K3 at higher values of k and whether there is a connection between the ADFE classification
of LST and the ADE classification of Umbral Moonshine. A related analysis for M* = T* can
be found in [38].

The second helicity supertrace that we will study is given by
(1) = Tr Js2 (_1)FS qLofc/24 qiofa/u (1.3)

where the trace is over all space-time states, that is including both Ramond (R) and Neveu-
Schwarz (NS) sectors of the SCFT with GSO projection. J; is the generator of a U(1) rotation
in space-time which we take to be rotation about the asymptotic S! in the cigar CFT and F, is

In the ADE classification of modular invariant partition functions at level k the Coxeter number of the ADFE
root system must equal k.



the space-time fermion number which is 0 for bosons and 1 for fermions. Standard arguments
show that this quantity receives contributions only from BPS states, and in a theory with a
discrete spectrum, is a holomorphic function of 7 . See e.g. [39] for a review.

One important fact about the SCFT (1.2) is that the SL(2,R);/U(1) factor describes string
propagation on a mon-compact space. As a result the spectrum contains both discrete, normal-
izable states, as well as a continuum of scattering states. Recent analysis of the elliptic genus
of the SL(2,R);/U(1) SCFT in (1.2) [40-42] has revealed a tension between modularity and
holomorphicity in computations of the elliptic genus. Contributions from discrete states are
holomorphic functions of 7 because of cancellations between fermions and bosons, but since
modular transformations mix characters of discrete states with those of continuum states, the
contribution of discrete states alone is not modular invariant. Including the continuum states
leads to a modular invariant expression for the elliptic genus, but it is no longer holomorphic
because violations of holomorphy arise from continuum states due to differences between the
density of states of fermions and bosons.

This kind of tension between holomorphy and modularity is precisely the defining feature
of mock modular forms. Mock modular forms were first introduced by Ramanujan in the last
letter he wrote to Hardy in 1920, but were only understood in more depth in recent times due to
work of Zwegers [43] and others. For reviews see [44, 45]. Recall that a modular form of weight
k is a holomorphic function f(7) on the upper half plane H obeying

at +b ab
f (CT +d> = (et + d)* f(7), (c d> € SLy(Z). (1.4)

In the simplest case a weakly holomorphic mock modular form of weight k for SLo(Z) is a
holomorphic function on H with at most exponential growth as 7 — 0o which is part of a pair
of holomorphic functions (h(7), g(7)) where g(7), called the shadow of h(7), is a modular form
of weight 2 — k and the completion of h(r), h(7), given by

() = h(r) + g*(7) (1.5)

with ~
g'(r) = () [ (o4 1), (1.6
-7
transforms like a modular form of weight k& on SLy(Z). Note that h(7) is holomorphic, but not
modular if the shadow g(7) is non-zero, while in this case the completion h(7) is modular but
not holomorphic, and obeys the equation:

~

(4mmp)k (9}(;(7-7') = —27mi g(7). (1.7)

Mathieu moonshine is the observation that a particular mock modular form of weight 1/2,
HAY with q expansion

24

HY =278 (—14+45¢ + 231> + 770 ¢° + 2277¢* + 5796 ¢° + - --) (1.8)



appears in the decomposition of the elliptic genus of K3 into characters of the N = 4 superconfor-
mal algebra (SCA) and that the coefficients 45,231, 770, 2277, 5796 are dimensions of irreducible
representations (irreps) of the sporadic Mathieu group Mys while the higher coefficients have
decompositions into small numbers of irreps. The shadow of H41" is 247(7)3 where 5(7) is the
Dedekind eta function. Strictly speaking, the pair (H A%l, 247(7)3) does not satisfy the definition
above because 7(7)? acquires a phase (an eighth root of unity) under modular transformations.
Thus as is often done for modular forms, we need to generalize the definition (1.5) to allow
for a multiplier system which can be a phase, or more generally for vector valued modular or
mock modular forms with n components, a multiplier p : SLy(Z) — GLy(C) that determines
the matrix transformation on the components of the (mock) modular form that accompanies a
modular transformation on 7.

We will also need to extend the definition (1.5) to include mixed mock modular forms. If
My, is the space of weight £ modular forms then we define a mixed mock modular form of weight
k|¢ to be a holomorphic function with polynomial growth at the cusps that has a completion

h=n(r)+> figh, [, €My gj€ My, (1.9)
J

such that h transforms like a modular form of weight k. As an example, the product n(7)3H A
is a mixed mock modular form of weight 2 with shadow 24 7(7)3 n(7)3.

In [30] it was shown that the second helicity supertrace of the SCFT (1.2) at k = 2 is
the completion of this mixed mock modular form, x5=2 = —(1/2) n(r)3HA" (r). This result
suggests a possible connection between the the k = 2 DSLST and Mathieu moonshine. Mathieu
moonshine has been extended to Umbral Moonshine in which vector-valued mock modular forms
HX are labelled by the root lattices X of the 23 even, self-dual rank 24 lattices with non-empty
root systems, that is by the 23 Niemeier root lattices LX, and exhibit moonshine properties for
groups GX which are defined in terms of the Niemeier lattice LX as

GX = Aut(LX)/Wx (1.10)

where W is the Weyl group of X.

The Niemeier root lattices X are composed of ADE components with total rank 24 and equal
Coxeter numbers m(X). Umbral Moonshine generalizes Mathieu moonshine in that X = A%
with m(X) = 2 leads to the moonshine group GAT = My, and to the mock modular form HAT
given above. The weight 3/2 shadow 7(7)? appearing for X = A?* has a generalization involving
the vector-valued weight 3/2 theta functions

Sm,T(T) = Z (an + ,r-) q(2mn+7‘)2/4m (111)
nez

with r = 1,2,---m — 1, and for each X labeling an instance of Umbral moonshine we can
associate a mixed mock modular form of weight 2 given by

X3 =Y Sm(x) (1) HX (7). (1.12)



For m = 2 we have Sa1(7) = n(7)3.

We thus have on the one hand the SCFT (1.2), specified by an integer k > 2 and a choice Y’
of ADE root diagram with Coxeter number k with its second helicity supertrace Y3 (7) (which
we now label by Y) and we will show later that 2%/(7') is the completion of a mixed mock
modular form of weight two. On the other hand we have the quantities X§< labelled by Niemeier
lattices X with an ADF classification and these are also mixed mock modular forms of weight
two. By comparing shadows we conclude that the 55%/ are, up to a numerical factor that we will
determine, the completions of the x5 when the X are powers of a single ADE component.

To summarize, we have two motivations for the computations done in this paper. The first is
to explore further the structure of DSLST compactified on K3 by computing the second heliticy
supertrace that counts the BPS states of this theory. The second is to further explore possible
connections between DSLST on K3 and Mathieu and Umbral moonshine.

The outline of this paper is as follows. In Section 2 we describe the structure of the super-
conformal field theory (1.2) in more detail, discuss the structure of the helicity supertrace and
then compute the full, non-holomorphic supertrace by generalizing the techniques used in [30]
which involve performing an integral over the holonomy of a U(1) gauge field on the torus. In
Section 3 we analyze the holomorphic contribution to the helicity supertrace by performing an
explicit sum over the discrete characters of the superconformal field theory. We compare our
results to the holomorphic part of the previous computation and find perfect agreement. The
result of these computations involves a sum of the form ), Sy ,h, where the h, are vector-valued
mock modular forms. We turn in Section 4 to a discussion of the relation between the mock
modular forms h, arising in these computations and the vector-valued mock modular forms HX
of Umbral Moonshine. In Section 5 we conclude and offer some thoughts about possible future
directions of research. The appendices contain many technical and interesting mathematical
details that appear in this work. These include a generalization of the Riemann identities for
Jacobi theta functions to Riemann-like identities involving Appell-Lerch sums and a general-
ization of the Appell-Lerch sum that appears prominently in [43] to a Appell-Lerch like sum
depending on the modular parameter 7 as well as on three elliptic variables.

2 The holographic dual of DSLST

We consider the holographic dual of DSLST as described by the SCFT (1.2) with M* = K3, with
N = 4 supersymmetry [14, 46, 47] on the worldsheet. This SCFT describes string propagation in
the background of k NS5-branes that are wrapped on K3, and separated along the transverse R*
in a ring structure, in a near-horizon double scaling limit [48]. The geometric picture of the
SL(2)/U(1) coset is a semi-infinite cigar [49-51], which is asymptotically a linear-dilaton times
a circle. Translation around the circle is an exact symmetry of the theory, and the conserved
U(1) momentum corresponds to the spacetime R-charge.

The string theory based on the above SCFT has 16 conserved supercharges. We would like
to compute the second helicity supertrace (1.3) of fundamental strings in this background, thus
generalizing the calculation of [30] for the £k = 2 A-type theory. In path-integral language this



is a torus partition function with two insertions of the spacetime R-charge. We will essentially
follow the ideas and calculations of [30] to compute the second string helicity supertrace. We will
briefly sketch the procedure below, mainly focussing on the new aspects compared to [30] and
relegating many details to the appendices. We begin by considering a string wrapped on the S!
and moving in time. The full string theory includes the reparametrization ghosts of the N’ =1
string worldsheet, which have the effect of cancelling the oscillator modes of the R x S! factor
in the above SCFT. This leaves us? with the momentum and winding modes around the S* and
all the fluctuations in the “internal” theory with central charge ¢ = ¢ = 12:

SL(2).  SU(2
o) < U

K3 x ( ))k)/Zk. (2.1)

We shall consider the K3 to be at the T*/Zs orbifold point. Physically we expect that
our results should be independent of the moduli of K3 since we are counting BPS states and
these do not change as we move in the moduli space of K3 surfaces. To be more precise, the
holomorphic part of our result should depend only on BPS states and the completion is then fixed
by demanding modular invariance. However since we are dealing with a non-compact theory the
issue of moduli independence is not completely straightforward and this issue deserves further
attention. As a small check on this claim we have done the computation for several different
orbifold limits of K3 and in each case find that the final result of our calculation only depends
on the elliptic genus of K3 which does not depend on the moduli of the K3 surface.

A new ingredient compared to the k = 2 situation is the supersymmetric SU(2);/U(1)
theory with central charge ¢ = 3 — % (which becomes trivial at k& = 2). The characters of
this theory are defined in terms of a branching relation using the characters of the SU(2)
WZW model after splitting off a U(1) factor [52]. We gather some useful information about
the characters in Appendix A.2. We treat the non-compact gauged WZW SL(2);/U (1) model
based on the more recent work of [40-42]. The coset is expressed as SL(2), x U(1)*/U(1)
where U(1)C is a complexification of the gauged U(1) subgroup, to which one adds a (b, c)“®
ghost system of central charge ¢ = —2. The supersymmetric SL(2); consists of a bosonic H3+
WZW model at level k42, and two free fermions ¥* (and their right-moving counterparts). The
coset U(1)€/U(1) is represented by the real boson Y. Related string worldsheet calculations
that combine the two cosets have been discussed in [14, 15] in a different context.

The holonomies of the U(1) gauge field around the two cycles of the torus are represented by
a complex parameter® u = a7 +b. It is useful to consider a combination of the boson Y and the
gauge field holonomy which is called Y*, as in [40, 42]. This field Y is a compact real boson at
radius R = \/2/714:, and can be thought of, in the asymptotic variables, as the angular direction of
the cigar. In the exact theory it is described by the compact level K CFT U(1)g. The bosonic H. ;— ,
the two fermions, the Y* boson, and the (b, ¢)“® ghosts are all solvable theories and are coupled
by the holonomy w that has to be integrated over the elliptic curve E(7) = C/(Z1 + Z).

2 As mentioned in [30], one can also obtain this SCFT using a gauge-fixing condition on the string worldsheet.
3Throughout this paper, we will use the subscripts 1 and 2 on a complex variable to denote its real and
imaginary parts, i.e. 7 =71 + 172, u = u1 + tuz etc.



We now write down the partition functions of the various fields entering (2.1). We will
keep track of the gauge field holonomy u as well as a parameter z which we introduce as the
chemical potential of the spacetime R-charge. This R-charge is the diagonal J? component
of the SU(2) x SU(2) R-symmetry rotations of the CHS solution, and it is identified with
the U(1) momentum around the cigar (see [48, 53] for a discussion). The appearance of the two
potentials u and z is governed by the corresponding charges of the above fields. Our notations
and conventions are summarized in Appendix A.

The bosonic Hy = SL(2,C)/SU(2) model at level k contributes:

(k + 2)\/E 627ru§/7'2 1

Z ; = _—. 2.2
HS+ (T,U) 7_21/2 |911(T;U)|2 ( )
The (b, c)*® ghosts have the contribution:
Zagn(1) = m2|n()?? . (2.3)
The two left-moving fermions ¢* have a contribution in the NS sector? [54]:
1 < oo (T;
chgi (T5u) = ¢T3/ T2 g2miuaua /7> foo(7s ) ; (2.4)

VE+2 n(r)

the other NS(—1)¥, R, R(—1)¥ characters can be derived from this by A/ = 2 spectral flow on
the worldsheet. We shall denote these four characters by chfff) where a = 0, 1 stands for NS, R,
and b= 0 and 1 stands for the trace with an insertion of 1 and (—1)¥ respectively.

The characters of the N = 2 minimal model SU(2),/U(1) are labelled by® (j,7), (a,b) [52]

and have the form:
CI 151 (r30) = ™2 (g (s 0) + (1) (730)) (2.5)

Here v is the chemical potential for the U(1)r symmetry of the minimal model, and in what
follows we will only need these characters evaluated at v = 0. The explicit form of the func-
tions x7 are presented in Equations (A.63), (A.59), (A.45). In this section we will only use
that they obey the branching relation (see Equation (A.64)):

> xF(750) O (T;%) = x;j(T3w0) V2,4 (T; %) (2.6)
rE€Zok

where the functions x; are defined by:

kg1 (752/2) = Vg1 (752/2)

6 (r.2) (2.7)

Xj(T32) =

4The prefactor in front of the usual expression for free fermions arises because of a factor of k + 2 in the action
of these fermions. This prefactor cancels an equivalent one in the numerator of the bosons in (2.2).

5In this section we work at a fixed level k£ and do not display it in the various formulas in order to avoid clutter.
In Section 3 and the Appendices, there is an explicit superscript on the functions C¥, x2*, and ;, that shows the
k-dependence (see (A.66), (A.63), (A.45)).



The U(1)y fibered over the coset has the characters:

mk(uz+22)% /272 191677" (T; —(’LL + Z)/2) )

chy,(T;u,z) =e"
() ")

(2.8)

On tensoring the chiral part of the free fermions, the U(1); and the SU(2)/U(1) characters
above, we obtain:

C(1;u,2) Z Chl(;i))(T; u) chy, (T3 u, 2) CZ [3](7;0) (2.9)
r&log
0, (7—5 u) . Jag . ja )
=R L e ) (x*(7:0) + (-1 +2(:0))
_ Oup(T; 1)

ey (0Tt 2)D2a(s (-4 2)/2) + ()X (04 2) Dl (u+2)/2)

where we have performed the sum over r using the branching relation (2.6). The last line in
(2.9) can further be rewritten as

Oab (75 1) Oap (T30 + 2)
n*(7)

The prefactor C(7;u,z) in (2.9) can be read off from Equations (2.4), (2.5), (2.8), and we shall
keep track of the overall normalisations separately in what follows. The above manipulations
show that the characters from the SU(2)/U (1) factor and the U(1) of the cigar recombine to give
back the SU(2) characters x; in the path integral computation of the second helicity supertrace.

X (Tiu+ 2). (2.10)

So far we have discussed the two cosets in the theory (2.1), and we are left to deal with the
K3 SCFT, for which we use its description as a T*/Zs oribifold. The partition sum naturally
splits into the untwisted and twisted sectors of this orbifold, which we label by a subscript (r, s)
with ;s = 0,1. This description is fairly standard in the literature, we present some details
in §3. The excitations that contribute to the K3 characters do not couple to the U(1) gauge
field of the cigar coset, nor do they carry any spacetime R-charge. As we are only interested
in these two charges, the K3 characters contribute to our observable of interest with vanishing
value of the elliptic parameter.

As for the coset part, we separately consider the chiral fermionic part of the K3 SCFT. For
the spacetime helicity supertrace computation we need to combine their characters, presented
in §3, with that of the chiral partition function of the two cosets (2.10), and we then sum over
the worldsheet spin structures. Performing these steps, we obtain, in the untwisted sector:

j 1 1
Ziooy (i) = 274(7) (050(730) Ooo (73 w) Bo0 (75 2 + u) — 03, (75 0) Oo1 (75 1) o1 (T3 2 + )
*‘9%0(7'; 0) O10(7; 1) b10(T; 2 + U)) X;(Tu+ 2)
1
B WQ%I(T;Z/Q)H%I(T?Z/Q+U)Xj(7;u+2)a (2.11)

where we have used, in the second line, the identity R2 of [55]. Note that the only j-dependence
is in terms of x;(7;u) which is an overall factor. In a similar fashion, we obtain the twisted



sector partition functions:

1
Zgo 1)(T u,2) = —— 041(752/2) 9%0(7;2/2+u)xj(7;u+z),

774%7)
Zhoy(miw2) = iy 011(73 2/2) 031(75 2/2 + u) x5 (T5u + 2) (2.12)
: 1
Z{y y(T5u,2) = T 071 (75 2/2) 050(75 2/2 4 u) x5 (T3 u + 2) .

These equations are the analog of Equations (3.16) of [30]. We note that the character x; (7, u)
factors out in Equation (2.10), and consequently in all the following expressions.

The expressions (2.11), (2.12) contain the chiral fermionic contributions from all the elements
in (2.1) to the spacetime helicity supertrace (1.3). To obtain the the helicity supertrace, we
need to further perform the following steps. First we include the characters from the rest
of the fields, i.e. the bosonic characters (2.2), (2.3), as well the bosonic K3 characters given
in §3. Then we add the right-movers, and then we sum over j € Zs,. Thus we obtain an
expression Z(7;u,u, z,%z), which has to be integrated over (u,u) to give the partition function
as a function of (7, z,z). Finally, we need two insertions of the spacetime R-charge, which is
implemented by two derivatives in z — Z. Combining all these elements, we obtain the helicity
supertrace:

b =1 [ (0. -09) 2w ) (2.13)
Br)

i) 211

The various intermediate steps proceed exactly as in [30]. In the following section we shall
display more details of these steps as part of a Hamiltonian analysis of the BPS spectrum of the
DSLST. The final result for the helicity supertrace is:

- k duyd .
) = Y [ s g 10 GRS ) 2K s ). (210
BE(r) T2 01(7;u) et
It is convenient to introduce the standard notation
01 (73 u)? 0;(1; u)? ©o0,1(T;u)
o1(miu) = ————, 1(msu) = , P(r;u) = ——————.
@ 2,1( ) T](T)G ®o 1( ) = Z‘(T;O)Q ( ) @_271(7';711)
(2.15)

The functions ¢_9; and g1 are elements of the standard basis of weak Jacobi forms (see (A.1)
and [56]). The elliptic genus of K3 is given by Z°(K3;7,u) = 20 1(;u). The function P(7;u)
is a multiple of the Weierstrass p-function P(7;u) = —%p(’l’, w).

Using this notation and Equation (2.7), we can rewrite (2.14) as (c.f. Eqn. (3.30) of [30]):

N duidu
() :/ =2 P(r;u) By(r30), (2.16)
B(r) T2
where
Bu(riu) = 7”572 eI S gy (i uf2) — O om0/ (2.17)
CEL oy,
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Am—1 m Qm.1)
Dinjoi1 m Qim.1) 4 (mm/2)
B 12 0(121) 4 Q(124) | (12,6)
jo 18 QU8 4 (186) 4 ((189)
Fg 30 QB01 4 B06) 4 ()(30,10) 4 ()(30,15)

Table 1. Coxeter numbers and matrices QY for ADE root systems Y.

In the above equations (2.14), (2.17), the summed variable ¢ takes values in Zgy. It is clear
however, from the definition of the theta functions, that ¥, 0 = ¥y = 0 and ¥; o = —VU), _ are
non-zero for £ =1,2,... k — 1 with

O e(752) = Vg o713 2) — Vg —a(75 2) (2.18)

so that only k£ — 1 of the 2k summed expressions are distinct and non-zero. We can therefore
restrict the summation so that one has

k—1
Bi(riu) = Vkry eT™ NG (r5u/2), (2.19)
r=1

We shall use this expression in the following sections. Note that the function Bs(7;u) is equal
to the function denoted by H(7,u) in [30] after using the identity 6, (7;u) = —21(7;u/2).

2.1 ADE DSLST

There is a natural extension of the above analysis to the more general SCFTs labelled by ADE
root systems as follows. For any divisor d of k, define

1 ~ =
Bg)(T3u) = ix/lm'g e~ mhu3/ T2 Z Vg (T3 0/2) Vg (T3 1/2) ankrfi) , (2.20)
r,r!' €loy
where
Qik;fl) _ it e " =0mod 2d and r —1" =0mod 2k/d, (2.21)
’ 0 otherwise .
Further, for Y an ADE root system, define By (7;u) by
1 ~ =
By(riu) = Vkn eI N G (T3 u)2) Do (T3 u/2) QX (2.22)

r,r!' €Lok

where QY , are the (r,7’) components of the matrices defined® in Table 1.

5The matrices QY are the same ones as those appearing in Table 5 of [37], that paper uses the notation Q,,(d)
for Q9
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In this notation, the function (2.19) is

By = By = Bag, - (2.23)
Next, define:
(kd duidu
D () = / Y2 pr) B (73 ) (2.24)
E(r) T2
and e d
L) = / W2 b By (rsu) (2.25)
E(r) T2

From calculations parallel to the one in the last subsection, the functions 55%/(7') are the
second helicity supertraces evaluated in the holographic dual of DSLST of type Y=A, D or E.

2.2 The helicity supertraces, their completions and their shadows

The modular properties of the functions 5(\%/(7') can be deduced by following arguments similar
to those presented in [30], as we now briefly discuss.

The function P(7;u) is a Jacobi form of weight 2 and index 0, i.e. it is invariant under elliptic
transformations. We can check that the function By (7;u) is invariant under the full Jacobi group.
The measure dujdus/7o is also invariant under the elliptic transformations. This means that
the integral (2.16) over the coset E(7) is indeed well-defined, and further, it transforms like a
modular form of weight 2.

The pole of the P-function at v = 0 necessitates some care in the definition of (2.16). As
in [30], we define the integral as a limit:
dulduQ

Xk(T) = lim By(7;u) P(T;u) , (2.26)
e—0 Ee 7_2

where E°(7) is the torus with a small disk of size ¢ centered at the origin removed from it.
The T-derivative of 5(\1@( ) can be computed easily using the trick in [30]. We first notice that

Oz B(t;ar +b) = ﬂ 02 B(T;u)|u=ar1p- Using this heat equation, the 7-derivative of Y (7)
reduces to a contour integral around the origin:
1 du
0=X. = — Oy Bi(T;u) P(T;u) —
T Xk (T) Ank oD~ m k(Tv U) (7—7 u) .
1 3 1
= 47rk7'2 = (27i) Resy—o <E%Bk (T5u) u2>
= 7) S (T) (2.27)
'rEZ

where the weight 3/2 modular forms Sy ,(7) are defined in (A.25). In other words, X}, is the com-
pletion of a mixed mock modular form of weight 2 and shadow — \/?7)?]{: D vy, Sk (T) Skr(1).7

"This corrects an error in the normalization of equations (A.12) and (A.13) of [30].
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It is now also clear from their definitions that Y% and Y are completions of weight 2
mixed mock modular forms with shadows proportional to

Z St (T) Spe e (T )ngr,d) , and, respectively Z Sk (T )Sk o (T )Q,. o (2.28)

7! €log 1! €Ly

The integral (2.26) is analyzed in [57] and explicit expressions for the mixed mock modular

forms % (7) are found in terms of elementary number-theoretic sums as follows. Define,
for d|k,

.F(k d) — d Z S qT’S s (229)
T,8
kr>d23>0 d2r>ks>0
and for Y an ADE root system define F to be the linear combination of .7:§ & using the matrices
of Table 1 as above. Thus

]_-2Dk/2+1 _ 2(k‘,l) +f2(k,k/2)7 (2.31)
fQEG _ ]:2(12,1) +f2(12’4) +]—“(12 6) (2.32)
f2E7 _ 2(1871) +]:-2(18,6) +]:-2(18 9)’ (233)
]__58 _ ]_-2(30,1) +]_-2(30,6) +]_-2(30,10) +]_—2(30,15)‘ (2.34)
The result of [57] is
k
() = <d ‘d> By(r) — 247" (7). (2:35)
which further implies
X3 (1) = tk(Y) Ex(1) — 24 F) (7). (2.36)
Here the second Eisenstein series is given by
By(r)=1-24) o1(n)q", (2.37)

with o1(n) is the sum of the divisors of n.

In the following section we will show, using a Hamiltonian analysis, that the result (2.36)
also arises as the discrete part of the helicity supertrace of the string background described
by (1.2). Our Hamiltonian analysis complements the functional integral analysis of the present
section, and provides us with an independent point of view on the associated physics, as well as a
independent derivation of the mixed mock modular forms (2.25) that we now briefly summarize.
We begin with the the identity (B.114), which can be rewritten in the form

= () n(T)3 [—MY(T u, u, 0) Z pY (13w, w 0)] (2.38)

wEHQ
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where Iy = {%, 5 TTH} and p¥ (7;v,u,w) is a multi-variable Appell-Lerch sum defined in Ap-
pendix B. Substituting this into (2.25), we obtain

duyd

X5 () = / e k Z pY (73w, w,0) — p¥ (73u,u,0) | By (1;u)
E(T) T r U)GHQ

(2.39)

The first term in square brackets in (2.39) is independent of w, and the integral of By (7;u) can

be performed using a slight modification of the technique used in Appendix A of [30] to yield

/ durduy b ou) = k(YY) (2.40)
E(r) T2

This term, as in the analogous computation for k = 2 in [30], gives the holomorphic contribution
to X3 (7), while the second term in square brackets in (2.39) provides the non-holomorphic
completion. From (2.39) and (2.40), we find that the holomorphic contribution to the second
helicity supertrace is given by

X3 ( Z pY (73w, w,0). (2.41)
wella

It is indeed a nontrivial fact that (2.41) is equal to (2.36) and gives the weight two mock modular
form whose completion is Y3 (7). This follows from the following argument, that we have also
used earlier. By the corollary (B.16), the expression (2.41) for x3 (7) has a weight two completion

() = x5 ( —f D QS (T)SE (7). (2.42)

JJ EZQk

Comparing this with Equation (2.27), we deduce that both the expressions (2.36) and (2.41)
are mixed mock modular forms with the same shadow. Therefore their difference has vanishing
shadow and must be a holomorphic modular form of weight two. But there are no such modular
forms, so their difference must vanish.

3 Evaluation of the BPS index via characters

In this section, we will isolate the contributions to the helicity index, X%/(T), that arise from
the discrete characters of the SL(2,R) affine algebra. In this way we will explicitly verify that
modes localized at the tip of the cigar account for the holomorphic part of the helicity index.
In other words, we will compute

Xaaia(T) = Tr (—1)F= glo=e/2glo=e/24 (g, _ Joy2, (3.1)

where the trace omits the sum over momentum and winding modes associated with S' as before
but now also omits contributions associated with continuous characters of SL(2,R).

The charge J3 and its right moving counterpart j}, are global charges coming from the level
k super SL(2,R) algebra. In the path integral formulation of Section 2, the associated currents
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are gauged via an integral over the variable u. This equates these charges with the left and right
momenta of the Y* boson (J* — pz, and —J® — pg). The level k super SL(2,R)/U(1) algebra
is built out of a bosonic SL(2,R)/U(1) algebra at level k + 2 and two free fermions giving a
further level —2 contribution. Therefore, J3 =: ¢pT1)p~ : 4 j3, where ¥* are the free fermions
and j3 is the global charge associated with the bosonic SL(2,R)/U(1) coset descending from
a bosonic parent SL(2,R) algebra at level k 4+ 2. Further details on both the bosonic and the
supersymmetric SL(2,R)/U(1) cosets and their characters can be found in [58-60]. See also [61]
for a nice summary.

The momentum around the cigar corresponds to J% — .J% which is the unbroken U(1) of
the full N = (4,4) SCFT, [SL(2,R),/U(1) x SU(2)/U(1)] /Zy, [46, 47]. J3 + J3, on the other
hand, is the winding number which is only conserved modulo Z.

If we put the [SL(Z,R)k/U(l) x SU(2)1/U(1)] /Zs, and Ty/Zs factors together, we get®:

1 . ,
XQ dis (T Z Z a+b+ab Z (_1)a+b ZT4/Zz [Z Z %] (7,7)

r,SE€EL2 a,beZo a,bEZs
k—2 k+1 ok
. AY 20,k al (=.
x Z Z a(25") Z Dor10041 Co5p g [](m30) Cg5_2 [%] (75 0)
20,21'=0 2j'=1 2p,2pEe

1 (557, 0), (3.2)

SRS

o+ 8- (D] gm0 @]

where the sum over 7, s goes over Zy twists of the Ty/Zsy orbifold and the sums over a,b,a,b
perform the GSO projections (for Type ITA string). The bosonic and fermionic oscillator con-
tributions from R; x S; factor are canceled by the (b, ¢, 8,7) ghosts as before. Q%;-&-LQZ’-H is the
ADE invariant matrix” corresponding to the simply laced root system Y having Coxeter number
k. In terms of Q};n, defined in the table 1 we have

QY =Qr, - . (3.3)

e Ty/7Zs contribution:

Zryyz, [D08) (1,7) = 285, (51 (n7) 240 (58)(1) Ziy, 2] (7). (34)

where

T 1581 (1) = P , (3.5)
4(r, 7
28755, 8 ) = 5oy, (3.6
and for (r,s) # (0,0)
T 2 T 2
2805, 151 (1,7) = 16 1(r)” 7(7) 3.7)

T (r0) 05 (00 9152 () 0 [153] (0

8See Equation 4.29 in [14].
9See appendix A.2 for details.
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e SU(2),/U(1) contribution:

The expressions Cr* [$] are the supersymmetric SU(2)/U(1) characters. Further details
are given in Appendix A.2.

e SL(2,R);/U(1) contribution:

Discrete N/ = 2 characters that appear in supersymmetric SL(2,R);/U(1) contributions
to X{diS(T) are

—G'=1/2%++a/2)?  9(pta/2)/k
: g2 gy (7 w)

1+ (—1)by, grta/2=7'+1/2 g(1)3

. q
(4] (7, pi 7, ) = (3.8)
The z variable counts the R charge of the N/ = 2 superconformal algebra formed out of
the SL(2,R);/U(1) coset. This expression assumes p — j' € Z and otherwise we take it to
be zero.

These are states that descend from the discrete series of representations for SL(2,R)
algebra, D;E, by gauging J3. For these two representations j' € RT and states at the
ground level have j3 € £(j/ + Z{). Note that for p > j' we can find a state with

_ G =D+ p+a/2)? pt+a/2) a

2(
A— - - - .
i + 3 and R 2 + X (3.9)

at the lowest g-power level of chl; [%]1(4',p;7,2). These are precisely the conformal weight
1

and R-charge for the SL(2,R)/U(1) primary Vji]nii/ i:p. This notation for the vertex
operator follows [16].

One last factor that appears in the equation (3.2) is'?

1/2 if2' =lorj =k+1,
a(2j’)={/ Do (3.11)

1 if2i =2,... k.

To account for the [(p—i— %) — (]3+ g)]Q of the equation (3.2) we will compute a sum in
which we replace [(p + %) — (T? + g)] ? factor with

2miz(p—i/+(1+a)/2) j~2miz(p—j'+(14)/2) (3.12)

We will finally get back to X%/ 4is DY acting

2
[217” (9: + 85)] (3.13)
z=2z=0
10 This factor reflects an ambiguity in the character decomposition as
chj [2](1/2,n+1/2;7,2) + ch [§] (k +1)/2,n + (k+1)/2; 7, z) (3.10)
can be rewritten in terms of a continuous character (see [15]). In any case, we will see that the j/ = 1/2 and

(k +1)/2 terms do not contribute to x3 45 (7).
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on the expression we get.!'! Note that j’ — % factors cancel once we get to ngis; however, we
have included them in the equation (3.12) to get nice modular properties in the z dependent
function we will compute.

Let us start our computation by focusing on

> O L8] (rs0) chf [§] (7 pi ) g2 I HHL2, (3.14)
2peZ
We first note that C2l2’; L2 (1) = (-1)@ Cgfgfa (4] (75 —t). Since ch® [¢] (', p; T, x) is zero
unless p — j' € Z we define n = p — j' + a and the expression in (3.14) becomes
—1)N O (8 —t) B (8] (5 n = ey R T2 (3.15)
nez

or, using the equation (3.8 )for ch® [¢] (5, p; T, x),

~(-3)" 40 ) 2(j'+n—2)/k
abZCQZk a1 (7 —t) q k Yz Oub(T;2) 130 (3.16)
2n+2j5’ l—a 3 yz . .
v -l 1+ (=1)by, ¢" 2 ()

If we introduce variables v, u, w by

2
r=v, t=v-—w, z:u+<1—k>w—v, (3.17)
we obtain
1—a )2 k S l—a k
(_1)ab eab(T;'l)) Zy(zj/_l)/k q(n 2 ) / q(2j 1)( 2 )/
n(r)? i 14 (1) y, g™t 2"
neZ Yv q
a2 +i5* "
w 2
X (“12/k> CQnJrQJ ool (Tw —w). (3.18)
Yv
This is exactly equal to
(~1)® By T (0, u,w)
i 2 2
= (—1)® pkA+Lat (r; 2+ ot <1 - k) tx— t) . (3.19)
The expression B, ’] 7" is defined in Appendix B.4 as
i al 9 5 9 5 - el
B3 (730, 0, w) ab (75 v) Oap (75 1) (99 (0 4 Ta - Tapy W) | (3.20)

n(r)?
where 74, = (a — 1)7/2 + (b—1)/2 and

i’k 2 -/ 1-2/k
i/ gk gk gy
O(riu) = 1= yuq" yo 2k

C’j Lk [1] (5w — ). (3.21)

-
'ukJJ (7—’ v, U, w) — 2n+]

11 The sign difference compared to (2.13) is because we are keeping track of J3 and Js here instead of pr and
pr as we did there.
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Some algebraic and modular properties of %7 j/(T v, u, w) are worked out in detail in Appendix

7]7] (

B. Moreover, as shown in Appendix B.4, BlC T;v,u, w) satisfies analogues of the Riemann

relations for theta functions. This will be an important ingredient in simplifying X%/dis(T).

Moreover, Appendix B.4 tells us that Bféj’j / (T;v,u,w) is an entire function of v, v and w and
kg’
Bllj ! (7_; 0,0, 0) = 5]:1"

To summarize this discussion, our goal now is to compute

1 Z%OS/Z [r ? k— k
4 2
DT e & a0l
r,8€7L2 '=1 j'=0
1 a ™m [ra k:,l7
x5 > (=) n(7>22£4/22 [581(r) By (7:0,2,0)
a,beZo
1 G baal — 2 Zfrm =k, j’ _
X5 S ()T ) 2, (18] (7) By Y (7:0,%,0) (3.22)
a,beZs

using the machinery developed in the appendices. Note that we have redefined 21 + 1,20’ +
1,25 =1 = 1,I',j' compared to the equation (3.2).

GSO Projections: We will start simplifying the equation (3.22) by performing the GSO
projections first, i.e. by computing its second and third lines:

a a+r a—r kg’
5 >0 0] (r50) 6 %52] (1:0) B (7:0,2,0), (3.23)
abEZg
and 1
aabiab 7 [ a+r _ [ a=r kl',/ _
5 D (g [jgts} (7:0) @ [%J (7:0) B2 (7,0,%,0). (3.24)
@,bEZs

Untwisted Sector (r,s)=(0,0):
First we study the holomorphic side, keeping in mind that 611 (7;0) = 0:
(900(7' 0) 6po(7;0) B ”] (1;0,2,0) — 0p1(7;0) Op1 (73 0) Bgil’jl (1;0,2,0)
— 010(:0) 610 (730) B 7 (750, 2,0)). (3.25)
According to the identity (]5:5) of Section B.4 this is equal to
011 (73 2/2) 011 (75 —2/2) BN (7 -2/2, 2/2,0). (3.26)
Similarly, for the anti-holomorphic side we get
011(7%/2) 0n(7: —2/2) By 7 (7 —2/2,7/2,0). (3.27)

Due to the 61 terms, (r,s) = (0,0) contribution to the equation (3.22) behaves as 2222 as
z,Z — 0. Therefore the untwisted sector does not give any contribution to x%/ dis Which we get

after the action of the operator (3.13).
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Twisted Sectors:
We start with the (r,s) = (1,0) sector. From the holomorphic side we get
(910(7 0) 610(750) Bi' (70, 2,0) — foo (73 0) oo (73 0) B3 (:0, 2,0)
— 001(7:0) 001 (750) B (710, 2,0))
= —0n1(r:2/2) 001 (13 —2/2) By (75 -2/2, 2/2,0) (3.28)

using the identity (1/35\1/3) We can similarly employ the identity (ﬁ) and find the contribution
of the anti-holomorphic side as:

— Bor(732/2) Bor (7 —2/2) B (75 —2/2,2/2, 0). (3.29)

The crucial point is that the only nontrivial contributions after the action of

[1«@+@42 (3.30)

211

z=z=0

come from 9? acting on the 611(7; 2/2) 011(7; —2/2) term in the holomorphic contribution. Tak-
ing derivatives and setting z = 0, these two theta functions give %n(7)6. Setting z and Z to zero
for the rest, we get the (r,s) = (1,0) contribution to X3 ;. as

bos 1 =\ k— k
1 ZT4/Zz T (7_)6 klj
3 ZZ 7+ (- (7;0,0,0)
x (7 G01(7: 0) Bou (7 0) B2 (7 o,o,o)). (3.31)
Substituting Z%"“;Z [3] and noting that Bll (T;O,O,O) is 0y j» in the relevant range we can
rewrite this as ot
an(r)* > QY p (ri7/2,7/2,0). (3.32)

LI'=1
We can repeat the same arguments for the other two twisted sectors as well. Using Riemann-
like relations (R8) and (R9) we find the contribution of (r,s) = (0,1) sector to be

k—1

An(r)* > QY p(7:1/2,1/2,0). (3.33)
LU=1

(R15) and (R16), on the other hand, gives the (r,s) = (1,1) sector contribution to be

, 1 r+1
ZQY ’“7“( T; ,T;r ,o). (3.34)
LlI'=1

In summary, the result of this section is that

Xaais(T) = 4n(r)® > Z OFp B (75w, 0, 0), (3.35)

wellz 1l'=1
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where II, = {%, z TTH} We notice that this is exactly x4 (), the holomorphic part of the
helicity supertrace.

4 Connections to Umbral Moonshine

The upshot of the preceding two sections is that for each choice of k and an ADE root system Y
with Coxeter number k, the second helicity trace X3 is the completion of a mixed mock modular
form of weight 2 with shadow proportional to

> Spnl7) Sk () (4.1)

1! €Ly,

The holomorphic part of X3 is a mixed mock modular form of weight two. In Section 2 we found
that the holomorphic part of X3 is given by

s (1) = —1k(Y) Eo(7) + 24 F (1) (4.2)

or by

X3 ( Z ¥ (r5w,w,0), (4.3)

wella

where the latter expression is indeed equal to the contribution to X3 from the discrete characters
of the SCFT as we worked out in Section 3. Although it is not obvious, these two expressions
are in fact identical. We proved their equality in Section 2 by asserting that they are weight two
mixed mock modular forms with equal shadows. That means their difference is a true modular
form of weight two for SL(2,Z), but there are no such forms so their difference must vanish.

We now want to compare our result for x4 to the weight two mixed mock modular forms
that appear in Umbral Moonshine. Recall that in [37] an instance of Umbral Moonshine was
associated to the root system X of each Niemeier lattice with a non-vanishing root system.
The root systems X are uniquely characterized by having components consisting of ADE root
systems with equal Coxeter numbers m(X) and with total rank 24. For each X there exists a
vector-valued weight 1/2 mock modular form HX, r = 1,---m(X) which exhibits moonshine for
a finite group GX = Aut(LX)/Wx where L¥ is the Niemeier lattice associated to X, Aut(LX)
its automorphism group and Wx the Weyl group of X. For each X there exists a weight one,
index m(X) mock Jacobi form given by

V(T 2) ZHX T,%). (4.4)
The first coefficient in the Taylor series expansion of zpffm about z = 0 is given by

X5 =Y HXSp,. (4.5)

r

While the Niemeier root lattices X have an ADE classification, it is distinct from the ADE
classification of the the SCFT in equation (1.2) since a mixture of ADE components is allowed
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for X while the classification of the SCF'T only allows a single, distinct, A,D or E component

12 In comparing our results to those of Umbral Moonshine we will therefore consider only X

which are powers of single A, D, or Y components, namely

X = A A2 A5 AS AL A3, AL, Asy, DS, D, D3, D3y, Doy, ER, E3. (4.6)
To each of these X’s we associate a single ADFE root system Y via X = Yﬁ:g,r;( ™ o that
Y = Ay, Ag, A3, Au, As, As, A12, A2a, Dy, Dg, Dg, D12, Daa, Es, Es (4.7)

respectively. For these cases the results of [37] show that x5 is a weight two mixed mock modular
form with shadow proportional to

D Sk (1) S (T) Q- (4.8)

' €l

Since the shadows of ng and X%/ are equal up to a proportionality constant, Xg( and X%/
must also be equal up to the same constant factor. We determine the constant by the following
argument and then verify this by direct comparison of ¢ expansions. In DSLST the massless
fields consist of rk(Y") fields in a multiplet which is equivalent to a vector multiplet of N = 2
supersymmetry in four dimensions. Each vector multiplet contributes +1 to the second helicity
supertrace, so the leading term in x3 (7) should be rk(Y)q”. On the other hand, the mock
modular forms of Umbral Moonshine are characterized by the fact that the only polar term
occurs in HX for r = 1 with H{X = —2¢~/4(X) £ O(g'~1/4(X)). As a result the leading term
in >, Sy HX is —2 and we therefore deduce that
)= (19)
which can also be verified by comparing the ¢ expansions of both sides using the explicit g-series
for HX given in [37]. For X = A?* with Y = A; and rk(Y) = 1 the relation (4.9) reduces to
that found in [30].

The holomorphic part of the second helicity supertrace x4 can of course be computed for
any single ADFE root lattice Y and will be a mixed mock modular form of weight two, so it
is natural to ask whether there is anything special about those Y which appear in Umbral
Moonshine via Niemeier lattices X. For the Niemeier lattices with pure ADE root systems
built out of a component Y, the rank 24 condition for the rank of the Niemeier lattices implies
that rk(Y) divides 24, and therefore we can write X = Y24/™() We will call such cases the
Umbral Y. For these cases we know that Xé( has a ¢ expansion with coeflicients that are even
integers. From the formula (4.2), we deduce that all the coefficients in the ¢ expansion of X%/
are divisible by rk(Y").

As remarked above, this divisibility can be understood for the coefficient of ¢° since there
are rk(Y') massless states contributing to X%/, but it is not clear why this should be true for the

12 Attempts to combine the partition functions of SCFT’s with different ADE components leads either to
partition functions that do not have integer multiplicities for states or partition functions that correspond to
SCFT’s that do not have a unique vacuum state.
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coefficients of higher powers of ¢ that count massive BPS states. In fact this divisibility by rk(Y")
does not occur for non-Umbral choices of Y. For example, while for Y = As, the g expansion of
X2 is given by:

Xy~ =3-96¢—288¢% —384¢° — 576" —360¢° + - -- (4.10)

where all coefficients are divisible by 3, the g expansion of X§:A7 which is a non-Umbral example
is given by
Xy AT =7 -192¢ — 576 ¢ — 768 ¢° — 1344 ¢* — 1152¢° + - -- (4.11)

where the coefficients 7, 192 are relatively prime so there is no common factor that can be factored
out. More generally, we have X;/:Ak =k—24(k+1)q+0O(¢?), X2Y:D’“ =k—24(k—1)q+0(¢%)
and X§:E7 =T7—172q+ O(q?) and it is clear that the coefficient of the ¢ term does not divide
the coefficient of the ¢! term for non-Umbral Y’s. For the convenience of the reader we give
low order terms in the q expansions of the x4 for the choices of X appearing in the list (4.6) in
Table 2.

X\n 0 1 2 3 4 5 6 7 8 9
A3 -2 96 192 144 384 240 768 336 768 720
A2 -2 72 216 216 336 240 648 336 816 648
A5 —2 64 192 256 384 240 608 336 768 624
AS -2 60 180 240 420 300 588 336 744 612
A} -2 56 168 224 392 336 672 392 720 600
A3 -2 54 162 216 378 324 648 432 810 648
A3, -2 52 156 208 364 312 624 416 780 676
Ay —2 50 150 200 350 300 600 400 750 650
DY -2 36 192 252 384 372 612 336 768 540
D -2 40 120 248 384 360 616 472 768 704
D3 -2 42 126 168 384 354 618 462 768 696
D%, —2 44 132 176 308 264 620 452 768 688
Doy —2 46 138 184 322 276 552 368 690 598
E§ -2 16 128 216 352 376 648 488 800 648
E$ -2 —6 78 102 246 300 474 384 768 648

Table 2. Coefficient of ¢" in the ¢ expansion of x5 for pure ADE Umbral X

5 Conclusions and Open Problems

In this paper we performed a path integral evaluation of the second heliticty supertrace of the
SCFT describing the holographic dual of ADE little string theory on K3 and showed that the
answer has the form of the completion of a mixed mock modular form of weight 2. We identified
the holomorphic part of the supertrace as the contribution from localized states on the non-
compact, “cigar” component of the SCFT by using a Hamiltonian analysis to sum only over
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these normalizable contributions and showed that this matched the holomorphic part of the
previous computation.

Our results have a very suggestive connection to the mock modular forms appearing in
Umbral Moonshine in that the ADE label Y which are Umbral in the sense that X = Y24/k(Y)
is the root lattice of a Niemeier lattice lead to second helicity supertraces X%/ with special
divisibility properties. In trying to refine this connection the most pressing problem is to identify
the symmetries of the SCFT (1.2) that preserve space-time supersymmetry and in particular
to understand to what degree these extend the known such symmetries that act on the K3
component and have a relation to the Umbral symmetry groups GX.

It is clear that we have not identified a physical criterion that would single out precisely
the Umbral choices of Y. The computation we have done goes through for any choice of ¥ and
we see no sign of any inconsistency or instability of the theory for non-Umbral choices. This
problem also afflicts other related attempts to find a relation between Umbral Moonshine and
explicit non-compact Conformal Field Theories. For example, the decomposition of the elliptic
genus given in the Appendix of [38] in terms of Umbral Jacobi forms 1~ (7, 2) can be extended
to an infinite class of non-Umbral Jacobi forms.

To some degree our results are inevitable mathematical consequences of modular invariance
in the context of non-compact SCFT. It is nonetheless interesting that the precise mock mod-
ular forms appearing have such a close relation to mock modular forms that have appeared in
to context of Umbral Moonshine. Our results makes these mock modular forms manifest in a
physical system. The string theory computation also leads to other findings such as the divis-
ibility condition rk(Y")|24 — this was not guaranteed by modular invariance. The significance
of the divisibility criterion is not entirely clear to us. If one divides x3 by rk(Y)/24 then one
still obtains a possible second helicity supertrace in that it still has integer coefficients in the ¢
expansion of the holomorphic part. The question then is whether it is possible to associate this
supertrace to some physical background in string theory. One possibility is that it should be
interpreted as a possible helicity supertrace of the long sought for theory of a single fivebrane.
The problem with this idea is that it is not clear why a background corresponding to k& fivebranes
in the double scaling limit should factorize in this way.

We noted earlier that one can view the SCFT (1.2) as describing the behavior of string
theory near a singularity C2/I" with I' as finite subgroup of SU(2). We can further view this
singularity as a local singularity in a global K3 manifold which can develop singularities of type
ADFE with rank up to 20. If we do this then we are considering type Il string theory on K3 x K3
with the second K3 factor developing a local ADFE singularity and then focusing attention at
the behavior near the singularity. In the global context this background has a tadpole in the
antisymmetric tensor field B [62] due to a space-time coupling of the form

—/BAxgm. (5.1)

Furthermore, for geometric compactification on an eight-dimensional manifold M the integral
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of Xg is proportional to the Euler number of M,

_ x(M)
/M Xg(R) = on (5.2)

As aresult, for K3x K3 which has Euler number 242, there is a tadpole which can be cancelled by
the addition of 24 fundamental strings tangent to the remaining R (or R x S* is we compactly
the spatial direction as discussed earlier). As we approach a singularity in K3 to obtain the
SCFT used here we lose the global structure and there is no tadpole condition since the flux
can escape off to infinity. Nonetheless, the SCFT we have used does not have a flux of the B
field at infinity and thus we expect that it describes a situation in which the local contribution
to Xg(R) coming from the singularity is cancelled by a contribution from fundamental strings.
It would be interesting to understand the role of these background fundamental strings in more
detail.
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A Definitions and Conventions

We use variables: g = e2™ for 7 € H, y = €™ for z € C, and similarly we use 4., Yz, Yu, ...

2miz L 2mix L 2miu
for <™=, e<™ET ST

., respectively, where z,x,u,... € C.

A.1 Basic modular, elliptic and Jacobi functions

a) The Dedekind 7 function is defined as:

7_) = q1/24 H(l _ qn) — q1/24zqn(3n—1)/2
n=1

neL

Under the generators of modular transformations n transforms as
n(r+1) = ™12 p(7),
n(=1/7) = ™2y (7).

b) The Jacobi theta function 6, with a,b € {0,1} is:

Hab(T; Z) =0 [(g] (T; Z) = Z q(n+a/2)2/2 e27ri(z+b/2)(n+a/2).
neZ

We use the notation 0 [§] (7, z) for a,b ¢ {0,1} as well using the infinite series above.

i) Product formulae and other conventions:

Boo(rs2) = b3(r32) = [ [ (1 = ¢") (1 +ya" V) (L +y~ g1/
n=1
_ Z q 2/2 m
meZ
Oo1(752) = Oa(r;2) = [J(L = ™)1 = yg" /21 =y 1" /?)
n=1
_ Z m m2/2 m
meZ

O10(r;2) = Oa(7;2) = "By 2 T = ¢ (L +yg™) A +y g™ )

n=1
2
_ Z q(m+l/2) /2ym+1/2’

meZ

011(7;2) = —ibi(;2) =i g 3y P (1 = ¢ (A —yg") (1 =y ")

n=1

=iy (~1)mglmHD2yml/2

meZ
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The conventions here for 6y, 6p1, 010,611 are consistent with [55] and the conventions for 6;,
i =1,2,3,4 are consistent with [36].

ii) Transformation under shifts :

-1 -1 ;
b1 (7; et T bz> = IO m (NS Y (02 g (7). (AL10)

We also note the following relations for reference:

Ooo(T;2+1/2) (15 2),

(r:2+1/2) (75 2),
O10(1;2 +1/2) = 011(7; 2),
011(152 4+ 1/2) = —019(73 2). (A.11)

Oo1
o1 oo
11

8y 000(r; 2),

O11(1;2+7/2) = —iq_l/S y_1/2 Oo1(T; 2). (A.12)

VB Y12 010(7; 2),
= —iq Y8y g (75 2),

/2) = —q 8y 2 000 (75 2). (A.13)

V(z) =9(z;7) = 611 (73 2). (A.14)
It obeys the following properties:

1/2

011(m52 4+ 1) = —011(752) and 011 (132 +7) = —q 2y L 011 (75 2), (A.15)

and moreover, z — 011(7; z) is the unique entire function satisfying these two properties up to
an overall multiplicative constant.

011(7; —2) = — b11(73 2), (A.16)
and more generally 0,4(7; —2) = (—1)% 0,4 (7; 2).
iv) Under modular transformations:
011(7 + 1;2) = e™/* 011 (73 2), (A.17)
011(=1/7m;2/7) = e~ 3mi/4 11/2 omiz? /T 011(T; 2). (A.18)
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1

5= 0 (7:0) = in(r)" (A.19)
c) Let
1 1
xo:§($+2+v+u)7 20:§(x+z—v—u),
1 1
0025(1’—24-1)—”), U0=§($—2_1’+U)~ (A.20)

Then, we have the following Riemann theta relations [55].

(R5) : +000800600600 — 001001001601 — O10010610610 + 011011011611 = 2011011011011,

(R8) : —001601600600 + Boobooto1601 — O11611610610 + O106106011611 = —2611611610610,

(R9) : —001001600600 + Oo0o0bo1601 + 0116011610610 — O100100116011 = —2010610011011,
(R11) : —=010010000000 — 0116011001001 + Oo0b00610010 + Oo16016011011 = 2001001011011,
(R13) : —010010000000 + 011611001001 + Oo0600610010 — Oo1601611011 = 2011011001001,
(R15) : 011011000000 — 610610001001 + 001601010010 + Bo0bo0t11011 = 2000000011011,
(R16) : —011611000000 + 010610001001 — 001001610010 + Oo000611011 = —2611611000000-

In these relations, the arguments of the theta functions on the left hand side are (7;x), (7;2),
(t;v), (t;u) in that order, and arguments for the theta functions on the right hand side are
(1520), (73 20), (T500), (T;up) again in that order.

d) Level k Jacobi theta functions 9y, .(7; 2) are defined as

Opp(T32) = Z gy = Z g g2 (A.21)

neZ neZ+r/2k
n=r mod 2k

Note that there is another theta function definition, which is used commonly in affine algebra

characters

O, k(15 2) = Z "y (A.22)
n€Z+r/2k

It is related to the Jacobi theta function as
Vpe,r (75 2) = Op (73 22). (A.23)

In this paper, we exclusively use Jacobi theta functions, 9 ,, even in cases involving affine SU(2)
characters.

We also define a combination that appears often

(73 2) = Vpo(73 2) = Vg (73 2). (A.24)

From the Taylor expansion of the Jacobi theta function we also have the weight 3/2 unary

theta function

190
Skr(T) = %gﬁk,r(r; z) = Z(%n + 1) g 2Rt/ Ak, (A.25)

z=0 nez
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i) Identities:

Dperton (T3 2) = Vg (75 2), (A.26)
Ope,—r (75 2) = Upep (75 —2), (A.27)
Ok (75 2) + V(75 2) = gy, (7/25 2), (A.28)
Skr+2k(7) = Sk (7)), (A.29)
Sk, (T) = = Sk (7). (A.30)
ii) Elliptic transformations:
Vpr(T52 4+ 1) =0 (75 2), (A.31)
O (1324 7) = ¢ Py K0 (7 2) (A.32)
ﬁkr(T 2+1/2) = (—=1)" 9 (7; 2) (A.33)
Opr(T32+7/2) = ¢ ¥ y™ 0 40 (75 2) (A.34)
iii) Modular transformations:
(7 + 132) = €™ /29y (71 2), (A.35)
O (=1/752/7) = V=it 27K/ Z B O (73 2), (A.36)
r'=—k+1
Sk T‘(T + 1) = efrir2/2k Sk r( ) (A37)
Sr(—1/7) = e ™/ 732 Z S Sjor (1)
= k+1
k—1
= (=im)¥? 3" 81 S (7), (A.38)
r'=1
where
k 1 sk 12 . wll k k
Sr(m), = T e /& and Sl,l’) = \/; sin —— = =1 (51(,1') - Sl(,—)l’> . (A.39)

e) Jacobi Forms

The modular and elliptic transformation laws of Jacobi theta functions provide a template
for the definition of the broader class of functions known as Jacobi forms. Following [56] we
say that a holomorphic function ¢ : H x C — C is a Jacobi form of weight k& and index m if it
transforms under the Jacobi group SLo(Z) x Z? as

2
B K . ar+b =z ab
¢(1,2) = (et +d) “exp < 27mmc7_+ d) o <c7'—|— 7 c7‘—1—d> , (c d) € SLy(Z)(A.40)

¢(7,2) = exp (2mim(N*T +2X2)) ¢(1, 2 + AT+ 1), A\ p€Z. (A.41)
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Invariance under the transformations 7 — 7+ 1 and z — z + 1 implies that we can write a
Fourier expansion in the form

o(1,2) = Z c(n,r)q"y" (A.42)

n,rez

and the elliptic properties imply that the coefficients ¢(n,r) depend only on the discriminant
r2 — 4mn and on r mod 2m. A weak Jacobi form is a Jacobi form whose coefficients obey
¢(n,r) = 0 whenever n < 0. In our analysis an important role is played by the weak Jacobi
forms ¢g,1(7, 2) and ¢_o1(7, 2) with (weight,index) of (0,1) and (—2, 1) respectively given by

Ooo(7;2)* | Boi(T32)* | bio(7;2)?
L) =4
©0,1(75 2) <900(T; 0)2  001(7;0)2  O19(7;0)?

2 2 2
+ 10y + 1 —1)2(5y2 — 22y + 5
Y y+1l W )(y2 y+5) (A.43)
y y
611(7; 2)?
P-21\T;2) = —
S Tk
—1)? —1)?
_ W ; ) —Q(ny) q+... (A.44)

A.2 SU(2);/U(1) characters

a) Affine SU(2) Characters:
The character of the spin [ — 1 representation of affine SU(2) algebra at level k — 2 is

_ Ona(mi2/2) = Oha(ri2/2) _ Dka(ri2/2)
§271(T; 2/2) —192771(7'; 2/2) 911(7‘;2)

where [ is an integer in the range 1 <[ < k—1. It is an entire and even function of the variable z.

2 (s 2) (A.45)

i) Elliptic transformations:

k—2 k—2
X e+ 1) = () P (s 2), (A.46)
k—2 —(k— —(k— k—2
X (2 ) = g (DA~ (mD/2 0 00 (7)), (A-47)
ii) Modular transformations:
k—2 mil? —T k—2
Xg—l )(T—l- L;z)=e 12/2k o —mi/4 X§—1 )(T; 2), (A.48)
k—1
k—2 riz2(k—2) /27 k) (k—2
Xl(fl )(—1/7';2/7) = ¢mi* (k=2)/2 Z‘g\'l(’l,)xl(lfl )(T; z). (A.49)
r=1
b) Modular invariant combinations:
The modular transformation for 9, involves matrices
1 —— k -2
S(k), _ e~ /k and 7—( /) — i /2k Spp. A50
r,r \/ﬁ r,r ) ( )
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for 7" € Zgj. Both of these matrices are symmetric and unitary.

For each divisor d of k we define 2k x 2k matrices

QUed) _ 1 ifr+7"=0mod 2d and r — ' = 0 mod 2k/d, (A51)
" 10 otherwise. .
These matrices then satisfy
Skt Qkd) gk) — kd)  4nq TEIT QD) (k) — qlk.d) (A.52)
That means, in particular, that the form of Zm,ez% ﬁz’r gzjfl) Uy, is preserved under the
modular transformations. Also, note that Qikr’,d) = an’f’f).

The modular transformations of Xl(ﬁf), 1/9\;6,,4 and Si , on the other hand involves the matrix
S =i(sy-sM).  wr=t.k-1 (A.53)
It satisfies
S(k) (k) Gk Sk) (k) S(k) S S(k) o(k)
N . .
Sy =8y, ST =83, Sy =TS and Y88 =0 (A.54)
r=1
It is natural to define then the (k — 1) x (k — 1) matrices
ngﬁi) = Qik;fl) — ngf?, forr,r' =1,... k—1. (A.55)
From (A.51) we immediately deduce that
Ak,d Ak,d)
QD =i, . (A.56)
Moreover, (Algkrfl) = 0 unless r? — 7'? € 4kZ and this gives
QD gmitr=r)/2k _ ), (A.57)
Finally, using (A.52) we see that
001 k) §) _ (k). (A59)

c¢) String Functions:

The function z — Xl(k) (7;22) satisfies Xl(k) (1;2(2+1)) = Xl(k)(T; 2z) and Xl(k) (1:2(z+ 1)) =
q*kyfzkxl(k)(T; 2z). In other words, under elliptical transformations it transforms like an index
k Jacobi form and hence has a theta decomposition. This follows from the fact that there is a
U(1) symmetry we can gauge in the level k affine SU(2) algebra so that the characters have a
branching relation

Xl(k)(T;Z) = Z cl(fj,)(T) U r(T32/2), (A.59)

rElok
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(k)

). (7) using this decomposition.

From( A.59) and from the properties of Xl(k)(T; z) it is easy to show that

W)=l () =M (1) = e, (7). (A.60)

)

where we define string functions c

Since X[ (72 + 1) = (=1) i) (75 2) and Vg p(7, (2 + 1)/2) = (=1)" Iy (73 2/2)

cl(i) (1) =0 if I —7r # 0(mod 2). (A.61)

d) Supersymmetric Coset:

The supersymmetric coset theory SU(2);/U(1) gives rise to N = 2 minimal models with
central charge
c
G=g=1-2/k k=234, (A.62)

We will need characters in the R and NS sector. There is also a T sector in which the two
supercharges have different periodicity. We use the conventions of [14] where (adding superscript
k to their notation to specify the level)

TR = D e an(T) okt 20k an) (73 2/2K), (A.63)

nEZk_Q

where s = 0,2,1,3 denotes NS sector states with (—1)f = 1,—1 and R sector states with
(—1)F =1, —1 respectively. k=2 () are the SU(2)_o string functions defined through (A.59).

l,r
e (7; z) satisfies the branching relation
k—2 w—z w_=z
Wi, (r77) = ko, (ny 7). (o
TGZQk
Specifically for k = 2, Xl(k_QZO) (1;2) = 1 and this branching relation implies
Xlr:(),s,k:2 (7_; Z) — 5T’S (mod " (A.65)

Finally, we define supersymmetric SU(2);/U(1) characters by combining x»**(7; z) as
OHF (] (r32) = 672 (b (r12) + (~1) b2 (7:.2)) (A.66)

where a = 0,1 denotes NS and R sectors in that order and b = 0,1 states whether the trace
defining the character is taken with or without a (—1)f insertion, respectively. Using (A.63) we
can also write it as

CHF (5] (r2) = ™2 3 (=) 8, o (7) Vo) 2r-h(an—a) (T3 2/2K). (A.67)

nGZQ(k_Q)
Note that from (A.61) it follows that

CUR (4] (m;2) =0 ifl+7+a#0(mod 2). (A.68)
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i) Identities:

Using (A.67) we can show

CHN 18] (132) = (1) CHF (9] (3 —2), (A.69)
ChE e [8](r32) = CHE [8] (3 2), (A.70)
Cr M 81 (r2) = ()P CER [3] (75 2). (A71)

Crvalf] ( hgT Z) = q RSy el BB imab)2 btk OLR (8] (1 2), - (AT2)

ctE <T ot ; 1 n b ; 1) _ ()P (h=2)/8k | (1-a) (k=2)/2k gim(a+1)b/2

x eimO=D(r+a=D/k olk a1 (r. ) (A.73)

cL¥ [1] (75 2) is particularly important for our discussion. It satisfies the branching relation

- 2
x (T;w + ;) 011 (T;w

) Z CUR 1] (13 2) O (T50/2) . (A.74)

r€loy,
Formally Xl(i;,f) (152) = Xl(k_Q) (1;2) and ngl_j) (152) = —Xl(k_Q) (73 2). This in turn leads to
Cr (4] (ri2) = CPF [} (75 2), (A.75)
O [} ri2) = — O[] (732, (A76)
CrH[§](r2) = CF ({1 (m2) = 0. (A.77)

Setting z — 0 in the branching relation (A.74) we get
I 131(730) = i (311 (mod 28) — F—rt (mod 20)) (A.78)

ii) Elliptical Transformations:
Using (A.67) one can easily obtain
CLE[§)(ri 2+ 1) = ™k e CLR [§] (75 2), (A.79)
CLE (8] (ri 2+ 7) = q W22k =Dk ()b OFF) 18] (7 2). (A.80)

iii) Modular Transformations:

Using (A.48),(A.49) and (A.74) one can work out the behavior of C* [1] (75 2) under mod-
ular transformations as

CITME 1] (7 + 152) = emi(E=r2)/2k ¢l M[ [ (7:2) (A.81)
O 4] (-1 2r) =~ 3 SWSEr T (). (A82)
U'=17r"EZsy
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iv) Explicit Expressions:

According to [63] we can write CL* (8] (73 2) as

2 2 0 T3 Z 2 1 1
Cl—Lk 0 (7_’ 2) = ql 1% yk 0 E qk‘n +in 4 -1 (A83
" [O] ) 77 7' 3 e 1+ y—lqkn—i-—“gr 1+ qun+7zgr )

or as

i gk ki k g (e ) 0 (ks Ur) (k)3
O10(kT; 2 — lﬂ 7)bro(kT;z + 5rr)  0(7)?

CEVF 18] (75 2) =

r

(A.84)

whenever [ —1 = r (mod 2). We find then explicit expressions for C- " [¢] (7; z) using equation

(A.72). From these expressions, it is easy to check that z — CL "% [¢] (7 2) is an entire function.

B Appell-Lerch sums

In [43] Zwegers defines a function p(u,v;7) as

elimu (_ 1>n qn(n+1)/2 e2minu

1— qn 627riu
13 .

We will define now a generalization

Definition B.1.

i J '/ lm2+j'n Yk k=2 "

pH (v u,w) = ———— E E < U W ) C’érﬂ [1] (5w — ) (B.2)
911 L L—yughn | yh

rGZk neZ+x

or equivalently

- i'/k n?/k  j'n/k 1-2/k
ukua (730, u, w) = Yo q q Yu Yw Cg 1,k

- q n-+j’ 1 T;w (% B.3

611(7 ,U) nel 1 Yo 4 yzl) 2/k 2 7 [l] ( ) ( )
g » W v, U S : (Z‘ - Z) Ihe superscnipts, k, ] alld j/, are jnteg s a d

k> 2. € 1

We will usually deal with j and j” in the range {j,7' = 1,...,k— 1}, but we will not restrict
them for now, aside from requiring them to be integers, and use the expression above to define
it for general j and 7. An important property is that

(F33 (v u,w) = 0 i § # 5 (mod 2). (B.4)

This follows from the property (A.68) of C%ni ok [1] function. For the rest of this section we will

implicitly assume j = j' (mod 2) if we do not state otherwise.

B3Multivariable generalizations of Appell-Lerch sums which are distinct from those presented here are discussed
in [64].
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Definition B.2. We define

uFD (0, u,w) = Z Q5D 13T (50,0, ) (B.5)
7.7/_1
for d|k and
uY(T;v,u,w Z QY I ’3’9 (T30, u,w) (B.6)
J,3'=1

for a simply laced root system Y with Coxeter number k.

In the following, we will work out some properties for these functions generalizing the
properties of u(u,v;T) as worked out in [43].

2,1,1(

Remark. p TV, u,w) is equal to i u(v,u;7) of [43] and to w(v,u;T) of [65]. This can be

seen explicitly from (B.3) using 02n+1 [1] (5w —v) =i(=1)" (see A.65).

B.1 Basic Properties and Behavior Under Elliptical Transformations

Proposition B.3. The function i*37' (7;v,u, w) is holomorphic on the set it is defined (r € H,
w € C and v,u € C— (Z1 + Z)). Moreover both u — %93 (130, u,w) and v — P37 (750, u, w)
are meromorphic functions with at most simple poles at u = a17+b1 and v = aoT+by respectively
with a1,a9,b1,bs € Z. In particular, the residue of the pole at v = 0 for the function v —
ki (- B b (G0

PP (T 0, u,w) is —5m i

Proof. That ukJ’j'(T;v,u,w) is holomorphic for 7 € H, w € C and v,u € C — (Z7 + 7Z) is
easy to see from (B.2) using the convergence of the sum over n and also the holomorphicity of
C’j];,fl’k [1](7;2) for 7 € H and & € C. That u — p*97'(7;v,u,w) has at most simple poles on
Zt+7 is immediate from the fact that 6;;(7; u) has simple zeros on Zt+7Z. v — ,uk’j’j/(v'; v, U, W)
may have poles at v’s satisfying 1 — y, ¢~ = 0 for an integer a; (see (B.3)). This happens
on Zt + Z where each location gives a simple pole on these locations unless there is a zero
contribution from the C’J 1k [1] term . In particular, v = 0 pole comes from the n = 0 term of

(B.3). The associated remdue is

1 v ;
li k.g.d! li A Gk 11 (o
Yim v 27 (30, u, w) = 011(75u) vlg(l)(l—e%w) G hilme)
1 G (rw)

Proposition B.4.

(a) Mkyjyjl(T; v,u+ 1, w) = —/.Lk’j’j/(T; v, U, w);

(b) ,U’k7j7jl (7-’ v+ ]_’ U, U)) = —/_,Lk’j’j/ (7—7 v, Uu, ’U)),
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(c) 1H7 (m0, 0w + 1) = — 2™ Rk T (10,0, w),

(d) ,uk’j’j’ (T;v4+71u+T,W) = ,uk’j’jl (150, u, w),

() ko (75 —v, —u, —w) = prF=IA=1 (7:0, u, w).

Proof.
(a) follows trivially from the fact that 611 (7;u + 1) = —011(7; u).
For (b), we first point out that

Coth 1 (msw — v — 1) = —e2mEnH/E CI R[] (ryw — ). (B.8)

The e 2m(2n+3)/k factor is then canceled by e2™'/k produced by yf,'// " and etmin/k produced by
y;(lfwk)n in the sum.

The proof for (c) is quite similar to the proof for (b). C’ ~LE broduces a — e2mi(2nti’)/k

2n+j’
—4min/k produced by yfl,l ~2/K" 0 the sum cancels a portion of this and we are left with

2mij’ [k

factor. e

the phase factor —e as stated in the proposition.

For (d) we simply write

- ik gk n2/k j'n/k 1-2/k\ "
Mky]v] (rso+7u+7w) = ly: _g q q — q2n/k Yu ?102 -
—q- / Yu 011(730) nel 1 —yugq Yo /
y 1-2/k "
- k— k w j— b .
" (Q (k-2)/2 <y) Cobk L1 (rw — v)) . (B.9)
v
By rearranging various factors we get
i’k 2 -/ 1-2/k\ nt1
y%/ gDk g () k(g L / cik 1 rw - v) (B.10)
011(7;u) = 1 -y, gt y$—2/k 2(nt1)+y7 LLIRDY

which is just p#79" (73 v, u, w) after shifting the dummy summation variable n — n — 1.
Finally, p*J:3' (15 —v, —u, —w) is
—i' [k 2/ 1-2/k\ ~"
v,/ g gk (g g
G 2 1\

—5'/k 2/ il 1-2/k\ ™
- yva/ q" /kq ik gy / —y
911(7.;”) = 1 yv—l g y11]—2/k: —2n+j

Co il ] (rv — w) (B.11)

[1] (T30 —w), (B.12)

where we changed the summation variable n — —n on the second line. Using (A.69), (A.71),

1 _ Y q"
and 1—yy gt 1-yug™’

(e) follows.

O]

Proposition B.5.
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(a)

B2 (70w, w) oy LR B (o, w) =

y i'/2

_ 52 v k—2
yuyw

(b)

(k—2)/k (k 2)/2k , k,j,j'+2

(o’ (150, u,w) + Yy, M (30, u,w~+7) =

y i/

a2 v _

g Ik (1 2/k> X§k_12)(7;w+ufv)
YuYw

(c)

k,k*j,kﬂ”(

I (750, 0, w) + g 0, U w) =

y i'/2

— 42 /4k k—2

g (y ylv2/k> X§_1 (75w +u —v)
uJw

Proof.
We start with (a) by writing 597 (7; v, u + 7,w) as
i'/k

2/k j'n/k 1-2/k\ "
Yo q" / q’ qYu Yw i—1,k
cl- N(rw—v B.13
_q—1/2 Y 1911(7_;“) = 1 — yuq® ( y})fz/]g ) 2n+] [1] ( ) ( )

. n —1 1 . .
Using 1_‘;”” =y, (W — 1) we can rewrite this as

1-2/k

1/2 i’k
= yu[ 533 (70, 0, w) = L > gk Yubw C] S (rw—v } B.14
yv /"L ( y Yy Wy ) 011(7’;“) nezq q yll)_Q/k 2n+] [1] ( ) ) ( )

This tells us that we can express the combination

. 1-2/k\T2 y
¢’ /4k (yuyw> {,ulw’] (150, u,w) + yvygqul/zuk”’] (t;0,u+ T,w)] (B.15)
Yo

as
1-2/k

n+j'/2
n Yu Yw i1,
m Z o3 2k (1_2%> Co b 1] (mw — v). (B.16)
Yu

Using (A.70) and separatlng the sum over n € Z as a sum over s € Z and p € Z; by writing
n = ks + r we obtain

1 2/k k(s—i— T+J )
s+2r+] yu yw
911 Z Z " (12/k> Co [ (rw = v). (B.17)
Yu

TGZkSEZ

;Z Ok 2r 47 <T;;(u+(wv)(12/1{:)))0%7“;]’6[“(7';101}). (B.18)

011(T 1L —
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We can extend the sum over Zj to a sum over Zgy using (A.68) as
Z O (732 (w4 (w—v)(1 = 2/k)) | CI7HF [1] (750 — v). (B.19)
911 ez

(k—2

Finally the branching relation (A.74) tells us this is just Xj—1 )(7'; w + u — v) finishing the proof

for (a).

Note that from (A.47 )and part (d) of proposition (B.4) we find a similar identity for
v — v + 7 transformation.

uk’j’j/(T;v,u,w)—i—yuy;lq_l/Quk’j’jl(T'v +7u,w) =

1—-2/k\ (k=3')/2
21\ 2 uwYw
g~ (k=aD7/ak (y yyv ) Xz(gk 32)1(7 w4+ u— )

For part (b) we use ( A.80) and follow a proof very similar to that we had in part (a).

Finally, by part (a)
i'/2
BT (v, w) 4 g <yv> W2 (rw +u— ) (B.20)

is oy Lq 2k 99 (7 v, u 4 7, w). By (B.13) this combination is

k+i")/k 2 7 1-2/k\ ™
Y g kg R (g, ya )
011(7; u) nel I —yug" yi_Q/k 2n+g!

[1](m;w —v). (B.21)

Using (A.71), we see that this is just u**F =%+ (7;0, u, w) proving part (c).
O

We now give a lemma generalizing Proposition 1.4.7 of [43]. It will be an important ingredi-
ent both in working out the modular properties of the u functions defined here and in the proof
of the Riemann relations of Section B.4.

Lemma B.6.

(199 (70 + 2+ 2 w) — @B (0, u,w)

_ in(7)3 Cg,_l’k [1](mw) 611(7;2) b1 (T30 +u+ 2) (B22)
011(7;v) O11(T5u) 611 (T30 + 2) O (Tsu+2) :

foru,v,u+z,v+ 2z ¢ Z1 + Z.

Proof. Let us define

611(7’; v+ Z) 911(7’; U+ Z) [Mk7j7jl(7—; v+ Z, U + 2, U)) - ,uk,j,j'(T; v, U, w)

f(z) = 911(7‘; Z) 011(7’; U+ u+ Z) . (B‘23)
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Using (A.15) and parts (a), (b) and (d) of proposition B.4 it is easy to check that

fz+1)=f(z) and  f(z+7)=f(2) (B.24)
In other words, f(z) is a meromorphic function of z which is doubly periodic.

In fact, parts (a), (b) and (d) of proposition B.4 tell us that [ — p| term alone is a mero-
morphic function in z which is doubly periodic. By proposition B.3

z - [Mk’j’j/(T; v+ z,u 4t z,w) = P (70,0, w) (B.25)

part has simple poles at z = —v + a17 + by and at z = —u + ao7 + be with ay,as,b1,bs € Z (or
double poles if u = v (mod Z7+Z) but we will assume that this is not the case since generalization
of our arguments to this case is straightforward). Moreover, this [u — u] combination has zeros
on z € Z1 + 7.

The theta function prefactor in f(z) preserves the double periodicity and cancels the poles
at —u+ Z7 4+ 7Z and at —v + Z7 + Z. In return, the theta functions in the denominator have
simple zeros at Z7 + Z and at —u — v + Z7 + Z which would be poles for f(z). However, the
zeros of the denominator at Z7 +Z are canceled by the zeros of the [u — p] term on the same set.
In summary, f(z) is a doubly periodic function with at most one simple pole per fundamental
parallelogram (at —u — v + Z7 + Z).

A doubly periodic function with at most one simple pole per fundamental parallelogram is
a constant. Therefore,

011(7;2) O11(T;0 +u + 2)
O11(m;0+ 2) O11(T;u + 2)

1P (150 4 2wz, w) — 1B (0w, w) = g(T;v,u,w), (B.26)

for some meromorphic function ¢(7; v, u, w).

By proposition B.3 the residue of the left hand side of equation( B.26) at z = —v is

1 C ] (rw)

2w On(riu—v) (20
For the right hand side the residue at the same position is
911(971;1(—712)u9111();; u) (21m277(1T)3> 9(75 v, u,w). (B.28)
Equating both expressions gives ¢g(7; v, u,w) and completes the proof. ]
Corollary B.7. Taking z = —u — v in Lemma B.6 gives
19 (7 =, —v,w) = PP (70,0, w). (B.29)
Then, using part (e) of Proposition B.J we get
,uk’k_j’k_j/ (T3 u,v, —w) = ,uk’j’j/(r; v, U, w). (B.30)
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B.2 Modular behavior of i functions

The behavior of p%77" under 7 — 7 4 1 is easy to work out from its definition.

Proposition B.8.

(93 (7 4 10w, w) = e~/ 2wl 0] Ak kG () (B.31)

Proof.
This easily follows from (A.17) and (A.81). O

The transformation under 7 — —1/7, v — v/7, u — u/7 and w — w/7T is not as simple
and we need to develop some tools first for this discussion.

Definition B.9. For 7 € H and u € C we define

627”' kra?—Ankux

hk,r(7—§u) = Z/dx W . (B32)
R

We also define
ﬁk7r(7'; u) = 2 hg (T3u/2) — hig—r(T5u/2)],

_ mikrz?/2 —mk 1 1
= z/dx eTikTa® /2 —mkuz (1 ey eerm'r/k) . (B.33)
R

forr=1,...,k—1.

Remark. For r =1,2,...,2k — 1, the definition here coincides with the definition of h,(u;7) in
Proposition 3.3.6 of [43]. According to our definition we find hy, = hy 254r. Also, we note that
ha(7;u) is exactly h(u;T) defined in Definition 1.1 of [43].

Proposition B.10. u — ﬁk,T(T, u) are entire functions satisfying the following properties:

E

9 -1

—iT

(@) hrp(riu) + (=1) hyp(ru+ 1) = imk(utp/k) /27,

S(k)
7‘7p e
1

p
(b) /ﬁk’r(T; u) + e~ mihu—mikT/2 Bk’k_r(T; u+71)=2 emmiru=mirtT/2k for =1k — 1.

(c) le,r(T;u) = Ekm(r; —u).
Proof.

(a) We write g, (7;u) 4+ (=1)" T hpep (50 + 1) as

; i kTa? /2 ,—7k Lk 1 B 1
Z/dx e T e T (1 +( 1)7” e " CE) (1 — ermz—mir/k 1— e7rac+7ri7"/k> ) (B34)
R
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Note that

_ _ ir /k\ K k

1+ (_1)r+1€ ko B _6—7T1+7Ti7’/k 1- (6 matmir/ ) _ Z e—wm+7rir/k p (B 35)
1 — emz—mir/k - 1 — e—ma+mir/k - ’
p:
and similarly
k
1+ (_1)r+1677rkx ra—mir [k P
1 — ema+mir/k - Z (e e ) ’ (B36)
p=1

p = k terms cancel each other and for ?L,w(f; u) + (=1)r*t /f;kﬂn(’i'; u+ 1) we eventually get

k—1

z/dx el kra?/2 e—wku:c Ze—wxp <€—7rirp/k _ ewirp/k) (B.37)
R p=1
o
= QZsin Tp /dx T kT (2= mh(utp/k)e (B.38)
p=1 R

Now we can easily compute the integral to find our result.

(b) We start by noting that

o ikra?/2 —7k 1 _ 1
v / dz ™5 e T (1 — emz—mir/k 1— eTra:—Hrir/k) (B39)
R+4

is simply
e—m’ku—m‘kT/Q hk7k—r(7-; u -+ 7-). (B.40)

e*Tl"L’k"U,*ﬂ"L.kT/2

Using this, we can express /f;kﬂn(T; u) + /ﬁk’k,T(T; u+T) as

. o mikra?/2 —rmkux 1 - 1
t / / dz e € (1 — emz—mir/k 1— emc+m’r/k> : (B'41)
R R+12

This integral can be easily computed as

. i ka2 —rk
omi Res | - ST 9 ¢ Tiru—mir®T /2K (B.42)
z=ir/k 1 — emz—mir/k B . ‘

(c¢) Changing the integration variable x — —x we get

T ) — mikra?/2 —7k 1 - 1
hk,r(T7 U) = Z/dﬁU e LRTE € ur (1 . e—ﬂx—ﬂir/k,’ 1 _ e—ﬂ'x'f‘ﬂ’i?“/k) : (B43)

Using

1 1 1 1
(1_e—w—7r/k - 1) * (1 B W) R ey gy G )

gives us /ﬂm(T; u) from equation (B.43).
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Remark. u — Ek,r (7,u) functions are the only entire functions satisfying parts (a) and (b) of

proposition B.10. To see this suppose there are two entire functions, EI(:Z(T;U) and 7L1(§27)H(T;u)7

satisfying these two properties. Then their difference fk,r (Tyu) = /ﬁ](j?)a

(Tyu) — ﬁ](fZ(T, u) satisfies
]?/W(T; u)—(=1)" ]';M(T; u+1)=0 and ]?/W(T; u) + e~ miku—mikT/2 ﬁc7k_r(7; u+7) =0 (B.45)
forr=1,...,k — 1. The second equation then gives

f/i;g,r(T;U) o 672Triku727rik:7' ﬁc,’r(T; u+ 27_) —0. (B46)

By considering ]?k,r (7; u+m+2n7) with integer m, n and restricting u to a parallelogram formed
by 1 and 27 we see that v — f;,(7;u) is a bounded function which goes to zero as u — ioo.
Liouville’s theorem implies then f, ,(7;u) = 0.

Definition B.11. For u € C and 7 € H, [43] defines

Rpo(rsu)= Y Fm<n+;)E(m+2mmﬁgvﬁy@}am“ﬁ%4mM, (B.47)

n=r mod2k

where B
.m@z2/mw4“ (B.48)
0
We also define
Rk,r(7-5 u) = Rk:,r(7_§ ’LL/Q) - Rk,—r(T; u/2) (B'49)

More explicitly, }/ék’T(T;u) is

( > - X ) [Sgﬂ (n + ;) -k ((n + kuz/Tz)\/TzW)] eI T/2hmminu (B 50)

ner+2k7Z ne—r+2kZ

Remark. For r =1,...,k — 1 we can write EM(T; 0) as
ﬁkm(r;O) =2 Z {sgn (n)— FE (n\/Tg/k)} e i’ T/2k (B.51)
ner+2k7Z

Since E(z) = sgn (z) [1 — ' (3,722) /\/7], we see that
Ry (750) = (k) "2 57 (), (B.52)
where S;T(T) is the non-holomorphic Eichler integral of Sy (), which solves the equation

Sy -
(47r79) /2 ’(;’T(T) = =270 Sp (7). (B.53)
T

It is easy to see from this definition that
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o Ry, (T;u) = Riypyor(m;u) and ﬁbk,r(T; u) = ]/:Ek,r+2k(7'§ u),
o Rip(tiu) = — Ry —r(iu),
e For r = 0 (modk), ]?ik’T(T;u) =0.

Proposition B.12. Forr=1,...,k—1

(a) Ek,r(T; u) = ﬁk,r(T; _u)'
(b) Ry (r3u) + (=1 Ry (r5u+1) = 0.

(C) Elﬂﬂ‘ (T; U) + e miku—mikr/2 Ek,k—r (7'§ U+ 7') =2 e_WiT’u—m‘rzT/Qk.
Proof.

(a) This property follows by changing the dummy summation variable n — —n.

(b) The only term in the equation (B.50) that is affected by the u — w + 1 transformation is

—minu

e , which produces a factor of e~ ™(F+2k2) — (_1),
(c) We write e ™ku=mikt/2 Iy (70 +7) as

( S -0 )[sgn<n+;>—E((n+k(uz+72)/72)m)}

n€k—r+2k7Z  ner+k+2k7Z

x e—wiku—m'kT/Qe—7rin27'/2k—ﬂ'in(u+T). (B54)

Shifting the dummy summation variable as n — n — k we get

(D Bl (o) o o

ne—r+2k7Z ner+2kZ

We can write this expression as

R min?T .
_ Rk,r(’i’;u) + ( Z - Z > |:Sgn (n + ;) — sgn <n —k+ ;>:| e~ ok iU

ner+2kZ ne—r+2k7
(B.56)

[sgn(n + %) —sgn(n—k+ %)] term is only nonzero (and is equal to 2) for integers in the

interval —% <n<k- % and hence it picks the n = +7r term in the sum giving us the

desired result.

Proposition B.13. Forr=1,...,k—1

(a) Ek,r(T +1;u) = e mir?/2k EM(T + 1;u).
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Proof.

(a) In equation (B.50), 7 — 7+ 1 transformation only affects the e~™"*7/2¥ term which produces

a factor of e~ Ti(Er+2kZ)?/2k _ —mir?/2k

(b) Let us define ﬁk,r(T; u) as
~ ~ PNTANES 1
i (m50) = R (riw) + S S8 By, (—; “’) . (B.57)

Our proof will start by showing that Ekyr(T;u) has the same behavior under v — u + 1 and
u — u+ T as /f;k,r(T;u) (see parts (a) and (b) of proposition B.10). Since u — /};km(’l’; w)
are the unique entire functions having this behavior we will finish our proof by showing that
u — }Vlk,r(T; u) are entire functions.

We start with Ekm (7 1) + e~ Tihu—mikT/2 Ehk,r(’i'; u+ 7). There are two contributions to this

object which are

Ryp(rsu) + e ™Rmh 2 By (riut 7) (B.58)
and
2 k—1 ; 2 k—1
emi /e ZS _l U\ | miku—mikr/2 emttut /2 S50 R _lutTy
_,”- 7— T - k—r,p P 7_’ T

(B.59)
The first factor gives 2 e~ miru—mir’t/2k by part (c) of proposition B.12 and the second one is zero

by SA}(CI?TP = (=1)p*! 3&’;} and using part (b) of proposition B.12.

Similarly, we can separate Ekﬂn(T;u) + (—=1)rtt Ek,r(T; u + 1) into the sum of two factors.
The first one is R, (1;u) 4+ (—1)""! Ry (75w + 1) which is zero by part (b) of proposition B.12.
The second contribution is

gmiku®/2r 521 1 u erik(ur?/2r K21 1 u+t1
_-.Z _qyrtt> § (k) .
ZSTP < 7’ T> +(=1) V=it o Srp B < 5 ) - (B.60)

Using (—1)"+! SA(TIZ) =S8™ and then changing the dummy summation variable of the second

rk—p
factor as p — k — p we get
Trzku2/27' k=1 R 1 u 1 u 1
ZS k) |:Rk,p <_ > + eT(’Lk‘U/’T Wzk/QTRkk . <_; -4 >:| . (B61)
V—ir T TT T

The part (c) of proposition B.12 then tells us that the factor in square brackets is just 2 emipu/T gmip? 2kt

This finally gives

S

-1
T (7310) + (= 1) T (3 1) = — Stk) gimk(utp/k)/2r (B.62)

—’LTp 1
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Our final task is to show that v — ﬁk,r(T; u) are entire functions. It is straightforward to

work out
~ k:
i Ry, (Tiu) =iy — —mkug /72 O (=T, 0/2) — Vg —r(—T,0/2)] (B.63)
ou V 7'2
and
6 ~ \/ ZT k(u /4 2| ‘2 1 u 1 u
. 7T T— ’LLT T2|T 19 - _19 _ - .
8uRk’p< ) \/ T ke \ 77 o7 kb=p\7 " oF

Then we rewrite

i O~ ~ 1 u
k k) .
" g B (‘ ) PILR (‘w) (B.65)

PELoy,

as

/ V_ZT 7r (uT—aT)? /7o |T|? u (k)= 1 u
™ / 2| | Z S_np k,p( 27') Z 87‘7_1)19]%71) <T7_2T>

pELoy

Using equation (A.36) this expression is equal to

o ~ em’ku2/27 k-1 N o ~ 1 u

— Ry (13 k) R, (—=:=)=0 B.68

o (T ; P ou ’”’( T r> (0
as was to be shown. O

We finally relate }A%m and /ﬁk,r to the ,uk’j’j/’s modular transformation properties.

Proposition B.14. For j,5'=1,...,k—1 and j = j' (mod 2)

1 - s/ . -/
§ Nk%] (Ta v, u, w) + )ukJﬁ_J’k_] (Ta v,u, w) i|
emi(u—0)? /T o—miw?(1-2/k)/T k-1 / 1 v uw
+ . > SRS W (- 51T
—1T T T T T
p,p'=1
1 k—2 =~
:Z |: X;’—l )(T;U — v+ w) thv(T;u — v+ w(l — Q/k))
(= o w) B (mie— v+ w(1 - 2/k)) |. (B.69)
Remark. We will find it convenient to define
1 -, o,
/J,S}’,]r;f (150, u, w) = 3 [/ﬂ““ (730, u, w) 4 pPrIk=I (T;v,u,w)}. (B.70)
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Since 3\(-];) = (—1)j+1‘5/’\](]2)_p and since we are considering the j = j' (mod2) case (as otherwise

o
pF33" is zero) we have

k—1 k—1

S(k) o(k)  kpp' lovw E) — g(k) S(k) ,p,p’< lvu E)
Z SijS ’lu‘Sym ( ,7_’7_’,7_77_ - S‘%p S] p/u 7_77_77_77_ . (B71)
p,p'=1 p,p'=1
Furthermore, since ch],) Q;ﬁk C]l)k _jy we have
Z ng;,d /AS}’,]I;Z TV, U, W) E Qg’?d 199 (v, uw) (B.72)
J.g'= Jij'=
Using (B.30) we also see that
PSR (730, w,0) = 9 (70,0, 0) (B.73)

Then with this definition, the proposition above can be equivalently expressed as

mi(u—v)2 /7 —miw?(1-2/k)/r k=1 1
k, ) e e k) k) kpp' (LU U W
Msyjmj (Ta v, u7w) + T ppZZISj,p S /Mbylr)np ( P 7_)
1 _ ~
=1 X§.k_12)(7';u—v—|—w) hijr (T30 —v +w(l —2/k))
(= o ) B (ru— v w(1 - 2/)) | (B.74)

Proof. Using lemma B.6 with z — z/7, v = v/7, u = u/7, w — w/T and T — —1/7 we get

/1j7p 7't |Haym A R S Hsym
pp'=

k_lg(k)g(k) [ ,p,p( lurzute E) ’pm( j—’:’z’fﬂ

in(=3)" Ou (=3:2) Ou (— 1 )

TR b (R ) (5 ) o (-5 )
1 S 1 w 1 w
—1,k k—p—1,k
2 S e frn(22) s area(L) om
pp'=1

The first factor

. 1 3 1.z 1. vtutz
in(=1)" 6 (—1:2) fn (+ T )1 . (B.76)
O (=73 7) 011 (=75 %) O (=7 455) O (=75 4F2)

can be rewritten using 7 and 611’s modular transformation as

, 3
o —Tmi(u—v)2/T tn (T) 611 (T; Z) 611 (T; vtuA Z) B.77
e 011 (T;0) 011 (T5u) 011 (50 + 2) 011 (Tyu+ 2) (B.77)

We can rewrite the second factor,

kz; [Cp Lk (‘if) + O <—i; f)} (B.78)

l\.’J\»—l
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using equations (A.70), (A.71), (A.82) and properties of 3\5’?, and Sﬁ’?, to get

p,p'=1
S A [ (k) 1 w 1 w
= p=1k 1 p—1k 1
= 5 , 18.77p |:Sj/ p/ _S]/ p/:| |:Cp/ [1] <_7" 7_) - C_p/ [1] <_7- 7_>:|
pp'=
i gt [ 1w (k) 1w
_ p—1.k 1 . p—1,k 1
5% 2 Wsharn(57) - ()]
1 miw?(1— T i—1, j—1,
p O O ] () — CT ] (7 w)|
1 miw?(1— T j—1, —j—1,

Combining these two factors and using lemma B.6 once more we see that the left hand side of
equation (B.75) is equal to

— V/=ir e T grint(1-2/k) 7 [M P (10 + 2,0+ 2, w) — phR (T;vfu,w)}. (B.80)

Therefore,

mi(u—v)2 /7 —mwiw2(1-2/k)/7 k=1
kg’ (150, u, w) + ¢ ¢ Z St k) ’p’p(

Hsym T j.p 9’ p Psym

ﬂ\»—l
RS
alES
N

) (B.81)
p,p'=1
depends on u and v only through v — v. Let us call it %Hk’j’j/ (T5u —v,w).

Looking at its definition in equation (B.81), u — H*%'(7;u — v, w) can have poles only at
u € Z7 + 7. However, since HFJ:J' (T;u — v, w)’s dependence on u is only through v — v, it can
not have any poles at all. Therefore, z — H5d' (15 z,w) is an entire function. We will now find
two properties for H koj»d! (73 z,w) which will turn out to characterize these functions completely.

The first one of these two properties is

. . oy e y —5'/2
¢TI R (1 2 ey w) o+ HI (2, w) = 7 (gl ) D (2 w)
N2 _ —(k=3")/2  (p_2
g4k (yzyi] 2/k) N (e tw). (B82)

To see this, let us use the definition of %Hk’j’j/ (1;u — v, w) as given in equation (B.81) to write
%Hk’j’j/ (Tsu —v+T,w) as

em'(u—v—l—T)z/T e—ﬂiw2(l—2/k Jr k=1 1

Msifjrilj (T; v, U+ T, w) + —ir ] p/ MS}’III)I’IP ( T
pp'=1

(B.83)
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The first factor, uf}’,{hj, (T;v,u + T,w), is equal to

i'/2
_ 1 _.» Y k—2
a2y | = W (v, w) + 5 g T (111%) W (w4 u— )

YuYw
. y (k—=3")/2
(Il a1\2 v k—2
+5a (k—3")%/4k <12/k> X;(f - )1(7 w—l—u—v)] (B.84)
YuYw

by part (a) of Proposition B.5. Then, using part (b) of Proposition B.4 we see that
1 v u 1 v uw
k.p,p’ .2z 2N = ke e
Hsym ( 7’ 7‘+1 7') Hsym ( 7"7"7"7')' (B.85)

7T7:(U7U+T)2/T

Finally, using that e = ¢ 2y 1y, e (W=0)/T e rewrite %Hk’j’jl (T;7+u—v,w) as

i'/2
_ 1 e Y k—2
9"y, lyv[ ph (rivuw) + 5 g (1112/k> i (mw =)

1 y (k—3")/2
(a2 v _
+54 (e=g")"/ 4k () x,giﬁ)l(f;eru—v)

T e ) 30k, 1 v o w
i Vo MZ:;S T L

Combining the first and fourth terms contained in the brackets as — %H k33" (134 — v,w) and
replacing v with v + z we get to the statement of equation (B.82).

The second property we would like to use is

HR39" (12 41, w) + HY9' (13 2, w)
k-1

—Xg . )(T;Zer Z A(k oTik(zw(1=2/k)+p' /k)? /27

+ x](f ]2)1(7'; z+w)

Zé\]gkj p mk(z—i—w(l—Q/k)""P//k)Q/QT. (B.87)

m

To see this, we will again use the definition of %Hk’j’jl (T;u — v, w) from equation (B.81) to write
%H’“J’j/ (t;u —v+1,w) as

emilu—v+1)?/7 —miw?(1-2/k)/r kL K 1vautl w
bl (rivsu+ 1w) + - D S Sy iy ( )
p'=1

—iT A R

p7
(B.88)
The first factor psy ’jn’f (t;v,u + 1,w) is simply equal to — ,uS}’,]m] (1;v,u,w) by part (b) of Propo-

sition B.4.
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The second factor is more complicated and we should be very careful applying part (a) of
Proposition B.5. 4,y (mod2) factor in

PP (0w — 1 w) ey PP (o w) =

p'/2
_ /2 / yv k—
q Pk qp /2 <1_2/;€> X1()—12) (T; wWHU—V— T) 5p,p/ (mod 2) (B89)

YuYw

is especially important. Using equation (A.47) we can express this as

o2/ (72

_ —(k—=p")2 uYw k—2

Yo U 1 q1/2 q (k—p")*/4k ( y > Xl(cfpf)l(T; w4+ u— ’U) 5p,p’ (mod?2) | - (B90)
v

If we substitute v — v/7, u = u/7, w — w/T and T — —1/7 we get

Mk,np/ <_1. vu +1 w) _ e—ﬂi/T€—2m’(u—v)/T |: . Mk,p,p’ <_1; 37 E) w> + em’(kz—p’)2/2kz7—
T T T T

)y )
T T T T

mi(u—v+w(l— —p')/7 (k= lwtu—v
x emiu—vtw(1=2/k)(k—p)/ x,i,f,)l <_7';7_> 5p7p’(m0d2)] (B.91)

Using this expression in (B.88) together with equation (B.71) we find %Hk’j’j/ (T5u —v+1,w)
to be equal to

i(u—v)2 7'2,k)/7k—1
kil 6m(u ) /Te miw?(1-2/ k) a(k)  kpp 1_ VU w
- Msyjmj (i, w) = —iT lejvp Sj’,P/ Hsym < TP ;)
p,p'=
i(u—v)2 —rmiw2(1— k—1
N emi(u—v)? /7 —miw?(1-2/k)/7 S.\(k) g(ff)/em(k_p/f/gm emi(u—v+w(1-2/k))(k—p') /7
i ip <3P
p,p'=1
k—2 1 w+u—v
X Xl(c*pf)l <_TS T) Op,p’ (mod2) (B.92)

We recognize the first line as — % HF-3:3' (T;u — v, w). At this point we replace u with v + z and
change the dummy summation variables in the second line as p —+ k — p, p’ — k — p/. Since

3}2_17 = (—1)3'“8/’\](.? ‘SA’J(,ICL_p, = (—l)j/HS},k;, and since we are assuming j = j' (mod 2) we find
HR3 (112 41, w) + H' (1 2,w) (B.93)
to be

9 omiz? /T g—miw?(1-2/k)/7 k1

— gj(,’i;) ‘SA}('ZC,;/ omip'? 2k jmi(ztw(1-2/k)p' /T

pp'=1

X XS:Q) <—i; 2 :_r z> Op,p/ (mod 2)- (B.94)
We can rearrange the exponential factors to get
2 — &) &) rik(zw(1—2/k)+p' R)2/27  —mi(k—2)(z4w)2/27
S Sy e e

\/TiTp’pZ;l Jp <3'p

x Xz(,k__lm (—i; L :_r Z) Opp/ (mod 2)- (B.95)
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Next, we use 20,/ (mod2) = 1+ (—1)PH7, ‘S/’\J(k) 3\](,’6),(—1)7"*'73, = SW

D i k_jmé/:,(fk)v/ , and equation
(A.49) to find

—JP

+ 80 gk

mik(z+w(1—2/k)+p' /K)2 /21 (k) . (k
i S | € (z+w(1-2/k)+p'/k)?/ 3(7

a —2
pr)xr_l )(T;w+z).

LY [ssh ,

Jp “ghp

(B.96)
Summing over p first, then over r finally proves (B.87).

Equations ( B.82) and (B.87) completely determine H*7" (7; z,w) because any entire func-
tion of z satisfying these two equations should be equal to H koj»d! (1;z,w). To prove that,
suppose there are two entire functions gi(z) and gs2(z) obeying them. Then their difference
f(2) = g1(2) — g2(2) is an entire function satisfying

fR)+fz+1)=0 and f(z) 4+ e 2= f(5 4 7) = 0. (B.97)
Then for arbitrary integers m and n we get
Flzo +m7 +n) = (—1)mHnemimiTEITImE £ (50, (B.98)

Varying zg over 0, 1, 7, 1 4+ 7 parallelogram and m and n over all integers for equation (B.98) to
see that f(z) is a bounded function and hence has no z dependence at all by Liouville’s theorem.
Letting m to infinity in (B.98) shows that it is in fact zero.

As our final task let us define

. 1 _ ~
GFII (1 2,w) = 3 XyilQ)(T; z+w) hy (152 +w(l —2/k))
X (72 w) By (75 2+ w(1 — 2/K)) (B.99)
for j,7'=1,...,k—1and j = j/ (mod?2). Since z — G¥J7' (1,2, w) is an entire function, our

proof of (B.14) will be complete if we can show G*97' (1; z, w) satisfies equations (B.82) and
(B.87). This, in turn, follows from equations (A.46), (A.47 )and parts (a) and (b) of Proposition
B.10. U

Theorem B.15. We define a completion for uf}’,ﬁf, = % [,uk’j’j/ + uk’k*j*k*j/] functions as:

o 10 4o e 1
[T (1, u,w) = i{uk’“ (T30, u,w) + pkHr=d+=d (T;v7u7w)j| - Zéj,j’ (mod 2)

x [} (0 = v+ w) Ry (riu— v+ w(1 = 2/1))
+ x,ﬁ'i}i)l(f; w—v+w) Rypjo(m5u—v+w(l—2/k) |. (B.100)
for T € H and u,v € C — (Z1 + Z). Then this function satisfies:

(a) [Lk’j’jl(T + 1; v, u, w) _ e—m'/4 em’(j2_j/2)/2k ﬂk7j’jl(7'; v, 1, ’LU).

k-1
S g ~kpp (L VU WY riu—n)?)r miw?(1=2/Rk) /T kg (o
(b) lejyp Sj’,p’/‘ ( )T \/?e e o (T30, u,w).
pp'=
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Proof. (a) This part quickly follows from equation (A.48), Proposition B.8 and part (a) of
Proposition B.13.

(b) Let us define

s 1 - 5
FRIT (10, u,w) = Z‘Sj,j’(moﬂ) [X§ 1 )( Tsu—v+w) R jy(miu—v+w(l—2/k))
+ 2 (ru— v+ w) Ry (rsu — v+ w(l —2/k)) } (B.101)

Our statement will be proven if we can show that

mi(u—v)2 /7 —miw?(1—2/k)/r k-1
PR3 (750, u,w) + e B S S, et (-
s Uy Uy —ir 7P

qm

RS
RES
N
~—

p,p'=1

1 _ ~
 (mod2) [ X(,’f_12)(7—;u —v+w) by (T5u—v+w(l—2/k))

=%

A (Fu = v w) B (riu— v+ w(l = 2/k) | (B.102)

That is because if this is the case, the right hand side of equation (B.102) will cancel the error
term that comes from the S transformation of pk5d" 4 pk-k=ik=i" part of k-7’ (see Proposition
B.14).

We start by writing Z A(k) a2 <_
pp'=1
’

k—
gk) k) | S(k)  S(k)
Z [ va ], p/ + Sk_jzp Sk_jlzp,] X T T

_ 1l u—v4+w\ = 1 v—v4+w(l-2/k
—l—ngk_;_)l <—§> Ry j—p (‘7_; ( / )> ] (B.103)

(k_2)< 1 u—v—i—w) ~ < 1 u—v+w(1—2/k)>
- - Rk,p’ .

p—1 =

OO\)—‘

T T T

We have used 29, (moa2) = 1 + (=1 W+’ and §(~l;) 3\](.2,(—1)134@/ _ :S\(k) p§( ) to obtain this
( 2) }A%

form. Changing the dummy variables p,p’ — k —p,k —p for the x; e
(=1)77" factor to give

kk—p term yields a

mod2 lc) k) ’\(k) a(k)
Z [ J,p Skfj,p Sk—j’ﬂp’}
k 1l u—v4+w\ = 1 u—v+w(l—-2/k
[X;(; 12) <_T§ 7_> Ry <_T5 7_( / )> ] (B.104)

Using equation (A.49) then and combining exponential factors we can rewrite

eTl'i(’U,fv)Q/T e*ﬂ’i’wQ(l*Q/k)/T k-1

o1
SH&W pron <_ ~ru E) (B.105)
T T T T
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as

emik(u—vtw(1-2/k))? /27 [ (k—2) N 1 u—v+w(l—2/k)
— X1 (T5u—v+w) Z Sy By <—; >
4y/—iT o T T
k—
k—2 1 u—v4+w(l—-2/k
X v+ w) Z o By (—T; T( / )>] 01,4’ (mod2)-  (B.106)
Using part (b) of Proposition B.13 this is equal to
- 5. e - .
— FRIT (750, 0, w) 4 2200 (4 42 [ Xg»k_lz)(T; u—v+w) hyj(ru—v+w(l—2/k))
2 (s — v w) By (Tsu— v+ w(1 - 2/k) | (B.107)
proving equation (B.102). O
We also define
15D (10, u, w) Z Q”/ 1 ’“ (T30, u,w) (B.108)
Jj'=1
for d|k and
Y (130, u, w) Z QY G B k33" (750, u, w) (B.109)
Ji'=

for a simply laced root system Y with Coxeter number k. We notice that because of the

ﬁgkj,d ) = Q,(Ck C]l)k j+ property and because Q( D = 0 unless j = j' (mod2), these combinations

have simple forms such as

k—1
1 ~
iy (mv,u,w) = @Y (150, u, w) — 5 Z Q’fj, ng 1 )(T;u —v+w) Ry y(tiu—v+w(l—2/k)).
J,j'=1
(B.110)
Lastly, © = v and w = 0 case is specifically important for this work. We note that
(k=2) . oy _ Sky(7T) 5o —1/2 ax
X1 (1:0) = MR and Ry j(7;0) = (7k) Sk (7). (B.111)
Corollary B.16. For 7 € H and z € C — (Z1 + Z) we have
~Y o . _ Y.
@t (152,2,0) =p' (152,2,0) — 77(7' Sk] (1) (B.112)
7] -
1
Y
= T;2,2,0) — Q i+ Sk, S B.113

J»J' €ZLak

which obeys:

(a) ¥ (7+1;2,2,0) = e/ @Y (73 2, 2,0).
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(b) [LY(— %;f,f,O) =—v—ir [LY(T;z,z,O).
(€) [(r+ DI 7¥(r +152,2,0) = [n(r)]* A¥(7:2,2,0).
(@ -1/ @ (= 25.2.0) =72 )P 7Y (7:2,2,0).

Proof. These properties quickly follow from modular transformation properties of n(7), Theorem
B.15 and equations (A.57) and (A.58). O

B.3 Decomposing g1

In this subsection we will prove the identity

1 k(Y
oo [~ Ezn 0+ L Y W mww0)] = 0 g ), (B

we€lls

where IIy = {3, 7, 752} and g1, p—2,1 are the weak Jacobi forms defined in (A.43), (A.44). At
k = 2 with Y = A; this reduces to the relation given in [65], [66] and employed in [30] (eqn.

A.24) for the evaluation of the helicity supertrace.

Our proof is an easy application of the Lemma B.6 which gives

,ukhj’j/ (7_; w,w, 0) - Mk7j7j, (7—; 2% O)

_in(0)? G M E1(0) 0n(msw — 2) Ou(rsw + 2) (B.115)
011(75 2)? O11(75w)? |

k—1
for each w € II. Since Cg,_l’k [1]1(7;0) = 4d;; in the range j,j' =1,...,k — 1 and Zﬁ}/] =
j=1

rk(Y'), we can rewrite the left hand side of the equation (B.114) as

rk(Y) O11(1;w — 2) 011 (15w + 2)
E B.11
well 011 (7; w)? (B-116)

which is just rkl(;/) ©0,1(T; 2).

We can also generalize this identity by replacing p¥’s with x*% functions. Similar argu-
k—1

ments apply to this case; the only change is replacing rk(Y") with Z ngj,d) which is just % —d.
j=1

We get

1 k_d
. 3 k,d . § k,d . _ d .
(70—2,1(7—72) 77(7—) - :U’( )(T,Z,Z,O) + g :U‘( )(Taw7w70)i| - 12 900,1(Ta Z)' (B117)

wella
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B.4 Riemann Relations

We start by defining

B (730, u,w) = ' I (750 + Tap, 1+ Tapy w) (B.118)

where 7, = (a — 1)7/24 (b—1)/2, k > 2 is an integer, j,7' = 1,...,k — 1 and a,b € {0,1}.
Using equation (B.7) we find

B (730, u,w) = — i G [1] (rw). (B.119)

Since C;/_l’k [11(730) =i (67 (mod2k) — O—j7.j (mod2k) ), in the range j, 7' = 1,...,k—1 (and also
for j/ =0 or k as we will need in the main text) we get

In this section we will prove some identities which are similar to the Riemann relations
satisfied by theta functions. In particular, we will show that

Ooo(T; ) Ooo(T; 2) Bgéj’jl(T; v, u,w) — o1 (752) Op1 (75 2) Bgij’jl(T; v, U, W)

— 010(1;2) O10(T;3 2) Bféj’j,(T; v, u,w) + 011(752) 011(T; 2) Bfij’j,(T; v, U, W)

= 2011(7;20) 011(T; 20) Bﬁj’jl(T; V0, UY, W), (B.121)
where
1 1
$0:§(1‘+Z+’U+u), zozi(x—i-z—v—u),
1 1
vozi(m—z+v—u), UO=§(ZL‘—Z—U—|—U). (B.122)

We will use Lemma B.6 to get

Mk’j’j/(T; U+ Tapy U + Tap, W) — ,uk’j’j/(T; v, U, W)
in(r)® C% V(1] (riw) Oab(730) Oap(Tiv + w)
_ _ (B.123)
011(7;0) O11(75u) Ogp(T50) Ogp(T5 1)

If we use this on the left hand side of (B.121), we find

- ab\T; L) Uap\T; 2 i T,0,U, W
1 a+b9 0 Bsb]]
a,b=0,1

pF33" (7: 0, u, w)

= ()P Z (=1)¥ 0, (73 ) O (75 2) O (75 0) By (73 10)
a,b=0,1

i IR 3] (5

+
011 (7;v) 011 (T3

l:; Z (_1)a+b9ab(75 x) Oap (75 2) O (750) Ogp (750 +u) . (B.124)
a,b=0,1
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Using the Riemann theta relation (R5) this is equal to

2 pkodd' (150, u,w)
n(r)?

611 (75 20) 011(7; 20) 011 (73 v0) 611 (75 10)

20 O34 (1] (1 w)
J’ 1 ?
0 : 0 : 0 ‘vg — )6 : B.12
Br1(m0) O (7310 1(7320) 611 (73 20) 611 (73 v0 — V) O11 (7500 + w) ( 5)

which we can rearrange as

011(735v0) 011 (73 u0)
n(r)?
in(r)® LV (3] (1 w) 11 (m3 w0 — v) 011 (73 (v0 — v) + u + v)
911(7’ ’U) 11(7’ u) 911(7‘ Uo) 911(7’ ’U,O)
)
(

2011(1;20) 011 (75 20) B33 (750, u, w)

_|_

(B.126)

Noting that ug = (vo —v) +u, vo = (vo —v) + v and employing Lemma B.6 once more we obtain

011 (73 v0) 011 (73 o)
n(7)3

2011(1520) 011(7; 20) ,uk’j’j/ (13 v0, ug, w) (B.127)

which is just
2011(1;20) 011(73 20) Bfi“ (73 v0, ug, w) (B.128)
as we wanted to show.

Shifting z, z in equation (B.121) by various factors of £1/2,4+7/2,+(1 4 7)/2 we obtain

(R5) = +000600 By; o — 001001 B; o7~ HloeloBk’j’j/ + 61101, B 59" = = 2011011 By} s

(BS) : _0019013 P + Booboo By o — 9119113 90 4 010010 B - —2011911B1éj’j/a

(R9) : —001001 By "+ 600000 By s 911011B1(’]’ — 010010B%; kgg' _2910910353,3"7
(R11) : 0100106 — 011011 BG7 + 000800 Y™ + 001001 By = 20016001 BY7
(R13) : —010010B057 + 011611 B + 600800 B — 001601 B = 261101 B,
(R15) —011011 B o7 — 9100103 7 +901901B 97y 000000 B1 7 kg = = 2000600 B ; had'
(E\l/ﬁ) : _011911307 7+ 010010 By; o 901901316 S 90090031im = —2011911Boéj’j/.

In these relations, the arguments of the 0,,’s and B, ’“ on the left hand side are (7;2), (7; 2),

7.7 7.7

(T;v,u,w), in that order, and the arguments for Gab s and B, on the right hand side are

(1520), (75 20), (750, ug, w), again in that order.

References

[1] A. Strominger, Heterotic solitons, Nucl. Phys. B343 (1990) 167-184.

[2] C. G. Callan, J. A. Harvey, and A. Strominger, World sheet approach to heterotic instantons and
solitons, Nucl.Phys. B359 (1991) 611-634.

[3] C. G. Callan, J. A. Harvey, and A. Strominger, Worldbrane actions for string solitons, Nucl. Phys.
B367 (1991) 60-82.

~ 54—



[4]
[5]

[6]

[17]

[18]

[19]

C. G. Callan, J. A. Harvey, and A. Strominger, Supersymmetric string solitons, hep—th/9112030.

A. Losev, G. W. Moore, and S. L. Shatashvili, M & m’s, Nucl. Phys. B522 (1998) 105-124,
[hep-th/9707250].

M. Berkooz, M. Rozali, and N. Seiberg, Matriz description of M theory on T**} and T**5,
Phys. Lett. B408 (1997) 105-110, [hep-th/9704089).

N. Seiberg, New theories in siz-dimensions and matriz description of M theory on T**5 and T**5
/ Z(2), Phys.Lett. B408 (1997) 98-104, [hep-th/9705221].

A. Giveon and D. Kutasov, Little string theory in a double scaling limit, JHEP 9910 (1999) 034,
[hep-th/9909110).

A. Giveon and D. Kutasov, Comments on double scaled little string theory, JHEP 0001 (2000)
023, [hep-th/9911039].

O. Aharony, A Brief review of ’little string theories’, Class. Quant.Grav. 17 (2000) 929-938,
[hep-th/9911147].

D. Kutasov, Introduction to little string theory, Lectures at the Spring School on Superstrings and
Related Maiters, Trieste, April 2001., pp. 165-209, 2001.

R. Dijkgraaf, E. P. Verlinde, and H. L. Verlinde, BPS spectrum of the five-brane and black hole
entropy, Nucl.Phys. B486 (1997) 77-88, [hep-th/9603126].

R. Dijkgraaf, E. P. Verlinde, and H. L. Verlinde, BPS quantization of the five-brane, Nucl. Phys.
B486 (1997) 89-113, [hep-th/9604055].

D. Israel, C. Kounnas, A. Pakman, and J. Troost, The Partition function of the supersymmetric
two-dimensional black hole and little string theory, JHEP 0406 (2004) 033, [hep-th/0403237].

T. Eguchi and Y. Sugawara, SL(2,R) / U(1) supercoset and elliptic genera of noncompact
Calabi-Yau manifolds, JHEP 0405 (2004) 014, [hep-th/0403193].

C.-M. Chang, Y.-H. Lin, S.-H. Shao, Y. Wang, and X. Yin, Little String Amplitudes (and the
Unreasonable Effectiveness of 6D SYM), arXiv:1407.7511.

O. Aharony, M. Berkooz, and N. Seiberg, Light cone description of (2,0) superconformal theories
in siz-dimensions, Adv. Theor.Math.Phys. 2 (1998) 119-153, [hep-th/9712117].

O. Aharony, M. Berkooz, S. Kachru, N. Seiberg, and E. Silverstein, Matriz description of
interacting theories in siz-dimensions, Adv. Theor.Math.Phys. 1 (1998) 148157, [hep-th/9707079].

N. Arkani-Hamed, A. G. Cohen, D. B. Kaplan, A. Karch, and L. Motl, Deconstructing (2,0) and
little string theories, JHEP 0301 (2003) 083, hep-th/0110146].

O. Aharony, M. Berkooz, D. Kutasov, and N. Seiberg, Linear dilatons, NS five-branes and
holography, JHEP 9810 (1998) 004, [hep-th/9808149].

N. Itzhaki, J. M. Maldacena, J. Sonnenschein, and S. Yankielowicz, Supergravity and the large N
limit of theories with sizteen supercharges, Phys.Rev. D58 (1998) 046004, [hep-th/9802042).

H. Boounstra, K. Skenderis, and P. Townsend, The domain wall / QFT correspondence, JHEP
9901 (1999) 003, [hep-th/9807137].

K. Sfetsos, Branes for Higgs phases and exact conformal field theories, JHEP 9901 (1999) 015,
[hep-th/9811167].

H. Ooguri and C. Vafa, Two-dimensional black hole and singularities of CY manifolds, Nucl. Phys.
B463 (1996) 55-72, [hep-th/9511164].

— 55 —


http://xxx.lanl.gov/abs/hep-th/9112030
http://xxx.lanl.gov/abs/hep-th/9707250
http://xxx.lanl.gov/abs/hep-th/9704089
http://xxx.lanl.gov/abs/hep-th/9705221
http://xxx.lanl.gov/abs/hep-th/9909110
http://xxx.lanl.gov/abs/hep-th/9911039
http://xxx.lanl.gov/abs/hep-th/9911147
http://xxx.lanl.gov/abs/hep-th/9603126
http://xxx.lanl.gov/abs/hep-th/9604055
http://xxx.lanl.gov/abs/hep-th/0403237
http://xxx.lanl.gov/abs/hep-th/0403193
http://xxx.lanl.gov/abs/1407.7511
http://xxx.lanl.gov/abs/hep-th/9712117
http://xxx.lanl.gov/abs/hep-th/9707079
http://xxx.lanl.gov/abs/hep-th/0110146
http://xxx.lanl.gov/abs/hep-th/9808149
http://xxx.lanl.gov/abs/hep-th/9802042
http://xxx.lanl.gov/abs/hep-th/9807137
http://xxx.lanl.gov/abs/hep-th/9811167
http://xxx.lanl.gov/abs/hep-th/9511164

[25]

[26]

S. K. Ashok and J. Troost, Elliptic Genera of Non-compact Gepner Models and Mirror Symmetry,
JHEP 1207 (2012) 005, [arXiv:1204.3802].

A. Cappelli, C. Itzykson, and J. Zuber, The ADE Classification of Minimal and A1(1) Conformal
Invariant Theories, Commun.Math. Phys. 113 (1987) 1.

S. Cecotti and C. Vafa, On classification of N=2 supersymmetric theories, Commun.Math. Phys.
158 (1993) 569644, [hep-th/9211097].

E. J. Martinec, Algebraic Geometry and Effective Lagrangians, Phys.Lett. B217 (1989) 431.

C. Vafa and N. P. Warner, Catastrophes and the Classification of Conformal Theories, Phys.Lett.
B218 (1989) 51.

J. A. Harvey and S. Murthy, Moonshine in Fivebrane Spacetimes, JHEP 1401 (2014) 146,
[arXiv:1307.7717].

T. Eguchi, H. Ooguri, and Y. Tachikawa, Notes on the K3 Surface and the Mathieu group May,
Ezper.Math. 20 (2011) 91-96, [arXiv:1004.0956].

M. C. Cheng, K3 Surfaces, N=4 Dyons, and the Mathieuw Group M24, Commun.Num.Theor.Phys.
4 (2010) 623-658, [arXiv:1005.5415].

M. R. Gaberdiel, S. Hohenegger, and R. Volpato, Mathieu twining characters for K3, JHEP 1009
(2010) 058, [arXiv:1006.0221].

M. R. Gaberdiel, S. Hohenegger, and R. Volpato, Mathieu Moonshine in the elliptic genus of K3,
JHEP 1010 (2010) 062, [arXiv:1008.3778].

T. Eguchi and K. Hikami, Note on Twisted Elliptic Genus of K3 Surface, Phys.Lett. B694 (2011)
446-455, [arXiv:1008.4924].

M. C. Cheng, J. F. Duncan, and J. A. Harvey, Umbral Moonshine, arXiv:1204.2779.

M. C. N. Cheng, J. F. R. Duncan, and J. A. Harvey, Umbral Moonshine and the Niemeier Lattices,
Research in the Mathematical Sciences 1:3 (2014) [arXiv:1307.5793].

M. C. N. Cheng and S. Harrison, Umbral Moonshine and K8 Surfaces, arXiv:1406.0619.
E. Kiritsis, Introduction to nonperturbative string theory, hep-th/9708130.

J. Troost, The non-compact elliptic genus: mock or modular, JHEP 1006 (2010) 104,
[arXiv:1004.3649].

T. Eguchi and Y. Sugawara, Non-holomorphic Modular Forms and SL(2,R)/U(1) Superconformal
Field Theory, JHEP 1103 (2011) 107, [arXiv:1012.5721].

S. K. Ashok and J. Troost, A Twisted Non-compact Elliptic Genus, JHEP 1103 (2011) 067,
[arXiv:1101.1059].

S. Zwegers, Mock theta functions, arXiv:0807.4834.

D. Zagier, Ramanujan’s mock theta functions and their applications (after Zwegers and
Ono-Bringmann), Astérisque (2009), no. 326 Exp. No. 986, vii—viii, 143-164 (2010). Séminaire
Bourbaki. Vol. 2007,/2008.

K. Ono, Unearthing the visions of a master: harmonic Maass forms and number theory, in Current
developments in mathematics, 2008, pp. 347-454. Int. Press, Somerville, MA, 2009.

C. Kounnas, Four-dimensional gravitational backgrounds based on N=/, ¢ = 4 superconformal
systems, Phys.Lett. B321 (1994) 2640, [hep-th/9304102].

— 56 —


http://xxx.lanl.gov/abs/1204.3802
http://xxx.lanl.gov/abs/hep-th/9211097
http://xxx.lanl.gov/abs/1307.7717
http://xxx.lanl.gov/abs/1004.0956
http://xxx.lanl.gov/abs/1005.5415
http://xxx.lanl.gov/abs/1006.0221
http://xxx.lanl.gov/abs/1008.3778
http://xxx.lanl.gov/abs/1008.4924
http://xxx.lanl.gov/abs/1204.2779
http://xxx.lanl.gov/abs/1307.5793
http://xxx.lanl.gov/abs/1406.0619
http://xxx.lanl.gov/abs/hep-th/9708130
http://xxx.lanl.gov/abs/1004.3649
http://xxx.lanl.gov/abs/1012.5721
http://xxx.lanl.gov/abs/1101.1059
http://xxx.lanl.gov/abs/0807.4834
http://xxx.lanl.gov/abs/hep-th/9304102

[47]

[48]

[49]
[50]

[51]

[52]

[53]

ool o o
o N & o

I. Antoniadis, S. Ferrara, and C. Kounnas, Ezact supersymmetric string solutions in curved
gravitational backgrounds, Nucl. Phys. B421 (1994) 343-372, [hep-th/9402073].

A. Giveon, D. Kutasov, and O. Pelc, Holography for noncritical superstrings, JHEP 9910 (1999)
035, [hep-th/9907178].

E. Witten, On string theory and black holes, Phys.Rev. D44 (1991) 314-324.

S. Elitzur, A. Forge, and E. Rabinovici, Some global aspects of string compactifications, Nucl. Phys.
B359 (1991) 581-610.

G. Mandal, A. M. Sengupta, and S. R. Wadia, Classical solutions of two-dimensional string theory,
Mod.Phys. Lett. A6 (1991) 1685-1692.

T. Kawai, Y. Yamada, and S.-K. Yang, Elliptic genera and N=2 superconformal field theory,
Nucl. Phys. B414 (1994) 191-212, [hep-th/9306096].

S. Murthy, Notes on noncritical superstrings in various dimensions, JHEP 0311 (2003) 056,
[hep-th/0305197].

L. Alvarez-Gaume, G. W. Moore, and C. Vafa, Theta Functions, Modular Invariance and Strings,
Commun.Math. Phys. 106 (1986) 1-40.

D. Mumford, Tata lectures on theta 1, volume 28 of progress in mathematics, 1983.
M. Eichler and D. Zagier, The theory of Jacobi forms, vol. 55. Birkhauser, 1985.
S. Murthy and D. Zagier, In progress, .

L. J. Dixon, M. E. Peskin, and J. D. Lykken, N=2 Superconformal Symmetry and SO(2,1) Current
Algebra, Nucl. Phys. B325 (1989) 329-355.

K. Sfetsos, Degeneracy of string states in 2-D black hole and a new derivation of SU(1,1)
parafermion characters, Phys.Lett. B271 (1991) 301-306.

D. Israel, A. Pakman, and J. Troost, Eztended SL(2,R) / U(1) characters, or modular properties
of a simple nonrational conformal field theory, JHEP 0404 (2004) 043, [hep-th/0402085].

A. Fotopoulos, V. Niarchos, and N. Prezas, D-branes and extended characters in SL(2,R) / U(1),
Nucl. Phys. BT10 (2005) 309-370, [hep-th/0406017].

S. Sethi, C. Vafa, and E. Witten, Constraints on low dimensional string compactifications,
Nucl. Phys. B480 (1996) 213-224, [hep-th/9606122].

F. Ravanini and S.-K. Yang, Modular Invariance in N = 2 Superconformal Field Theories,
Phys.Lett. B195 (1987) 202.

S. Zwegers, Multivariable appell functions, preprint (2010).

T. Eguchi and K. Hikami, Superconformal Algebras and Mock Theta Functions, J.Phys. A42
(2009) 304010, [arXiv:0812.1151].

T. Eguchi and K. Hikami, Superconformal Algebras and Mock Theta Functions 2. Rademacher
Ezxpansion for K8 Surface, Commun. Num. Theor.Phys. 3 (2009) 531-554, [arXiv:0904.0911].

— 57 —


http://xxx.lanl.gov/abs/hep-th/9402073
http://xxx.lanl.gov/abs/hep-th/9907178
http://xxx.lanl.gov/abs/hep-th/9306096
http://xxx.lanl.gov/abs/hep-th/0305197
http://xxx.lanl.gov/abs/hep-th/0402085
http://xxx.lanl.gov/abs/hep-th/0406017
http://xxx.lanl.gov/abs/hep-th/9606122
http://xxx.lanl.gov/abs/0812.1151
http://xxx.lanl.gov/abs/0904.0911

	Introduction and Motivation
	The holographic dual of DSLST
	ADE DSLST
	The helicity supertraces, their completions and their shadows

	Evaluation of the BPS index via characters 
	Connections to Umbral Moonshine
	Conclusions and Open Problems
	Definitions and Conventions 
	Basic modular, elliptic and Jacobi functions
	SU(2)/U(1) characters 

	Appell-Lerch sums
	Basic Properties and Behavior Under Elliptical Transformations
	Modular behavior of mu functions
	Decomposing phi01
	Riemann Relations


