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ABSTRACT: Squashed toric sigma models are a class of sigma models whose target space
is a toric manifold in which the torus fibration is squashed away from the fixed points so as
to produce a neck-like region. The elliptic genera of squashed toric-Calabi-Yau manifolds
are known to obey the modular transformation property of holomorphic Jacobi forms,
but have an explicit non-holomorphic dependence on the modular parameter. The elliptic
genus of the simplest one-dimensional example is known to be a mixed mock Jacobi form,
but the precise automorphic nature for the general case remained to be understood. We
show that these elliptic genera fall precisely into a class of functions called higher-depth
mock modular forms that have been formulated recently in terms of indefinite theta series.
We also compute a generalization of the elliptic genera of these models corresponding to
an additional set of charges corresponding to the toric symmetries. Finally we speculate
on some relations of the elliptic genera of squashed toric models with the Vafa-Witten
partition functions of A" =4 SYM theory on CP2.
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1 Introduction and Summary

The context underlying this paper is a three-way relation that was established in the 1980s
between compact Calabi-Yau (CY) manifolds, two-dimensional ' = (2, 2) superconformal
field theories (SCFTs), and modular and Jacobi forms [1-7]. A central object in this story
is the elliptic genus, which is a generating function of a sequence of Dirac indices associated
to the manifold in question. The relation between geometry and automorphic forms arises
because the elliptic genus of a compact CY manifold of complex dimension d is a Jacobi
form of weight 0 and index d/2. The relation with physics arises by thinking of this CY
manifold as the target space of two-dimensional N = (2,2) SCFTs of central charge ¢ = 3d.
The elliptic genus encodes the information about BPS states of this SCFT, and it can be
computed as a functional integral using various physics techniques.



The paper [8] began a systematic study of similar ideas for a class of theories which
generalized the above story. On the geometric side, one now considered a class of SCFTs
corresponding to squashed toric-Calabi- Yau manifolds, a certain deformation of toric CY
manifolds, introduced in [9], which we explain below. The resulting elliptic genera, which
were computed in [8] as a torus functional integral using the gauged linear sigma model
(GLSM) description of the theory, obey the modular transformation properties of a Jacobi
form as expected. The interesting feature is that they explicitly depend on 7, the complex
conjugate of the modular parameter 7 of the torus. The dependence on T is intuitively
understood by the fact that these target spaces are necessarily non-compact and that the
density of bosonic and fermionic states in the corresponding continuum are not necessarily
equal.

This behavior is characteristic of a class of automorphic functions called mock modular
forms [10, 11], which, along with the closely related mock Jacobi forms, have been discussed
with great interest in recent years in diverse contexts [12—-14]. However, the details of the
modular transformation properties of the elliptic genera of squashed toric models do not
quite match the basic definitions of mock modular and mock Jacobi forms and suggest some
sort of a generalization. The precise nature of their modular transformation properties,
beyond the general properties obeyed by the partition function of a SCFT, was left open
in [8]. This is the question that we address and answer in the current paper. The answer
is related to a class of functions, called higher-depth mock modular forms, that have been
formulated recently in terms of indefinite theta functions [15, 16], and further developed
in [17-20]. We show here that the elliptic genera of squashed toric sigma models belong
precisely to this class. In the rest of this introduction we explain some of the details of this
correspondence.

Squashed toric manifolds are an interesting subclass of toric manifolds. Their con-
struction begins by considering a (real) 2d-dimensional toric manifold M;e,, which has the
structure of a d-dimensional torus fibered on a d-dimensional base. The size of this torus
fiber varies along the base and at distinguished fixed points it shrinks to zero size. The
corresponding squashed toric manifold ]\Zor looks the same as the unsquashed M;,, near
the fixed points, but the torus now has a constant size in the deep interior parts of the
manifold. In this paper we study situations in which the initial toric manifold M, obeys
the CY condition. Such manifolds are necessarily non-compact and have an asymptotic
cone-like structure. The squashing deformation reaches the asymptotic region and deforms
it into a cylindrical shape. Although the SCFT corresponding to the squashed model is
anomaly-free, the target space geometry is not Ricci flat, and the sigma model is expected
to be supported by a non-trivial dilaton profile. The simplest example corresponds to a
two-dimensional manifold where we begin with a toric space that is asymptotically of the
form C/Zs, and the corresponding squashed deformation has a cigar-like shape.

Such deformations were studied in [9] using an A" = (2,2) GLSM description [21]. The
GLSM for the undeformed situation has n chiral superfields and n—d gauge superfields, and
its 2d-dimensional vacuum manifold is the toric manifold M. The squashing deformation
adds d compensator-chiral superfields and gauges the d-dimensional flavor symmetry of the



original model which now also acts on the compensator fields as a shift symmetry. The
resulting 2d-dimensional vacuum manifold is a squashed toric manifold. The data that
define the squashed toric model are the original data of the toric model plus the strengths
of the couplings kg, £ = 1,---,d, of the compensators. The squashed models are not
Ricci-flat even if we begin with a toric CY. However, the original CY condition in the
GLSM description ensures the presence of non-anomalous chiral U(1) R-symmetries even
in the squashed models, so that they can flow to N' = (2,2) SC/FES. In the simplest
two-dimensional example mentioned above, the squashed model C/Zs is conjectured to
flow to the SL(2,R);/U(1) cigar coset, where the level k is the effective coupling of the
compensator superfield.

The elliptic genus of these models was computed in [8] using the technique of supersym-
metric localization applied to the GLSM description. The resulting expression Xen(]\zor; T, 2)
transforms like a holomorphic Jacobi form, but it explicitly depends on 7. Its 7-derivative
equals an integral of a function that has both holomorphic agc\i/anti—holomorphic depen-
dence on 7 over a (d—1)-dimensional torus. For the squashed C/Zy model discussed above,
the holomorphic anomaly equation is precisely the one obeyed by mixed mock Jacobi forms.
Moreover, the T-derivative can be identified as coming from momentum and winding modes
of the compensator superfield about the asymptotic cylinder [22]. The elliptic genus of this
model is governed by A; (7, z), the so-called Appell-Lerch sum in two variables [10, 13],
and is equal to the elliptic genus of the cigar theory in accordance with the conjecture. In
the current paper we generalize the above calculation to that of the flavored elliptic genus,
which is the torus partition function with an additionjl/set of chemical potentials {8},
¢=1,---,d coupled to the toric symmetries. In the C/Zs model, we find that these are
governed by the three-variable functions Aj; (7, u,v) introduced by Zwegers in [23], thus
confirming the results of [24] on the flavored elliptic genus of the cigar theory using current
algebra techniques in the cigar SCFT.

The main result of this paper is that the elliptic genera of squashed toric manifolds
of dimension n are precisely modular completions of mock modular forms of depth n.
These are functions that generalize the usual notion of a mock modular form in that
they are modular but not quite holomorphic. We recall that the holomorphic completion
of mock modular forms obey a differential equation which says that their 7-derivative
is an anti-holomorphic modular form. The generalized mock modular forms at depth n
are defined recursively as follows. At depth one they are simply linear combinations of
products of holomorphic modular forms and mock modular forms so that the 7-derivative of
their holomorphic completion is a linear combination of holomorphic and anti-holomorphic
modular forms, and are called mixed mock modular forms [13]. At depth n > 1 the 7-
derivative of the holomorphic completion is a linear combination of mock modular forms
of depth (n — 1) and an anti-holomorphic modular form.

In fact one can be more specific. In the well-understood one-dimensional case, the
elliptic genus can be written in terms of the Appell-Lerch sum A;; as mentioned above.
The functions A; j are examples of another wider class of functions called indefinite theta
series. These are functions which are like the usual theta series, but the associated lattice



has indefinite signature which means that the full lattice sum is divergent. When the lattice
has signature (r, 1), it was shown in [10] that one can define theta series associated to such
lattices by summing over only a cone inside the indefinite lattice. The above Appell-Lerch
sum falls in the class of (1,1) lattices and this leads precisely to mixed mock modular
forms in the sense discussed above. The generalization of this construction to lattices
of arbitrary signature was discussed more recently [15-20] leading to examples of mock
modular forms of higher depth. We show in this paper that the (flavored) elliptic genera of
squashed toric models are precisely of this form, i.e. the elliptic genus of an n-dimensional
squashed toric manifold is built out of indefinite theta functions associated with a lattice
of signature (n,n). In the asymptotic region, this lattice can be thought of as the lattice
of left and right-moving momenta around the n-dimensional torus of the squashed toric
model.

The plan of the paper is as follows. In Section 2 we review the computation of the
elliptic genus of squashed toric GLSMs and generalize it to include chemical potentials for
flavor symmetries. We give an expression for the elliptic genus as an integral of a meromor-
phic function on a d-dimensional torus, and discuss its modular properties. In Section 3
we review the notion of mock modular forms of higher depth, and their construction in
terms of indefinite theta functions. In Section 4 we evaluate the integral expressions for the
elliptic genera and show that they can be written in terms of completions of indefinite theta
functions. In Section 5 we comment on possible relations between Vafa-Witten partition
functions on CP? and the elliptic genera of squashed toric models.

2 Squashed Toric Manifolds and Their Elliptic Genera

In this section we briefly review the notion of squashed toric manifolds and the computation
of their elliptic genera using the GLSM construction [8]. We then present some new results,
generalizing the calculations of [8], on the flavored elliptic genera of these manifolds. These
functions are the result of supersymmetric functional integrals with fields twisted by the
R-symmetry (as in the elliptic genus), as well as by the global toric symmetries of the
manifold. We show that these functions transform like holomorphic multi-variable Jacobi
forms of weight zero. As the first two subsections are purely a review of [8], we will be
very brief and refer the reader to the original paper for a more detailed explanation of the
relevant concepts.

2.1 A Brief Review of Squashed Toric Models

Our starting point is the N’ = (2,2) GLSM description of 2d-dimensional (unsquashed)
toric manifolds. The theory contains n — d abelian vector superfields V,, a =1,...,n—d
with corresponding twisted chiral superfields ¥, and n chiral superfields ®;, i = 1,...,n



with charges Q¢ with respect to the gauge group. Its action is:

n—d

1 no n—d . — 1 _
Sy = 27T/d%c /d40 <;<1>1- exp(%QiVa)Cbi - ; 2632&2&)

n—d
1 2 27
+47T/dx/d0;ta2a+c.c., (2.1)

where t, = r, — i, is the complexified Fayet-Iliopoulos parameter for the vector super-
field V,. The D-terms can be integrated out by setting:

n
Dy, = —€2p,, where pg = ZQ?]@]Q—Q, a=1,....n—d. (2.2)
i=1

The classical vacuum manifold of the theory is given by ! (0) modulo gauge transforma-
tions, which is immediately recognized to be a 2d-dimensional toric manifold, according
to the symplectic quotient construction of toric manifolds [25]. In the quantum theory
this account is modified, and the situation depends on the existence of conserved chiral
R-symmetries. The existence of such symmetries is ensured by the anomaly-cancellation
condition, namely the sum of charges for all the gauge fields vanishes, i.e.

n
Y Qi=0, a=1,...,n—d. (2.3)
=1

In this situation the GLSM flows to a SCFT whose target space is a toric Calabi-Yau
manifold which is in the same Kéhler class as the vacuum manifold (2.2). This will be the
situation for all the models that we consider in this paper.

The toric GLSM defined by the action (2.1) also has a global U(1)? flavor symmetry
under which chiral superfields ®; have charges Ff, {=1,...,d. We perform a squashing de-
formation [9] by gauging this U(1)? symmetry and adding d compensator chiral superfields
Py, ¢ =1,...,d, on which the U(1)? flavor symmetry acts as shift symmetries. Denoting
the new vector superfields by V/, ¢ = 1,...,d, (and the corresponding twisted chiral su-
perfields by ) the action for the deformed theory is obtained by adding the appropriate
canonical kinetic terms:

n—d

n n—d d
= ! 2 4 r) a Oy 71 1 —
Ssquashed = 27r/d x/d Q[Z@ exp( Qv+ Y FVY)o; - 76750 e
=1 a=1 —1 o
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_;%ZQZZEZ_}_;4<PZ+P€+VZ):|+477/dx/d'9az::1taza+C.C..

(2.4)

The D-terms corresponding to the new gauge superfields can be integrated out by setting

n
D, = —e)?u),, where uj = ZFZ-Z|¢i|2+k:gRePg, (=1,...d. (2.5)
i=1



The vacuum manifold of the deformed theory is then found by setting both D-terms in
(2.2) and (2.5) to zero and modding gauge symmetries out:

pHO/UQ T XU, = (e (2.6)

This has the same symplectic quotient structure as the original toric manifold, and therefore
yields toric manifolds in their own right. The vacuum manifolds of the squashed models
are called the squashed toric manifolds [9].

For squashed models, the base of the vacuum manifold can be parametrized by Rel
with ImP, parametrizing circle fibers over this base (with an appropriate gauge choice).
These fibers have fixed sizes of order /k; in the interior part of the base but can degenerate
to zero size at the boundaries. Importantly for our purposes, the squashed theory has a
U(1)? toric symmetry which acts as translations along these circle fibers.

2.2 Elliptic Genera of Squashed Toric Models

From the physics point of view, the elliptic genus is the partition function of the theory on
a two-dimensional torus with periodic boundary conditions, coupled to a constant back-
ground R-symmetry gauge field Aﬁ. As this is a quantity protected by supersymmetry, one
can compute the elliptic genus using the GLSM description of the previous subsection. This
was done in [8] for the squashed toric model (2.4) using the technique of supersymmetric
localization applied to GLSMs [26, 27].

Localization reduces the infinite dimensional path integral required to compute the
partition function to a finite dimensional integral over the localization manifold, i.e. the
set of solutions to the off-shell BPS equations for the right moving supercharge. For our
model (2.4), the localization manifold is parametrized by the holonomies of the gauge
fields Ve, a=1,--- ,n—d, V%, £=1,--- ,d, along the two cycles of the torus, i.e.,

= fva—ffva, u't = fv’f—Tj[V", (2.7)
A B A B

with all other modes set to zero. The answer also depends on the holonomy of the back-

:jéAR—TjiAR. (2.8)

Due to the large gauge transformation symmetries, the holonomies u?, u¢, and z take values
in B, =C/(Zr + Z).
The final expression for the elliptic genus of the squashed model is [8]

ground R-symmetry gauge field

—~ a2/
Xell(Mtor; T, Z) = / H —£ Hﬁ T,z UK) Xell(Mtor,T z u) (2-9)
Ed

where Yen(Mior; T, 2z, ') is elliptic genus of the unsquashed toric sigma model, and
. s Tk 52 (w22
Hg(T, 2, u) _ k’g Z emeng > (w’r+m+u+ 7 )(wr-i—m-‘ru-‘r 7 ) ’ (2‘10)
m,w EZ



with by = Z?:l Ff. The elliptic genus Xen(Mior; 7, 2, 4') of the unsquashed toric sigma
model is obtained by picking up the residues of the one loop determinant Z;_jo0p (7, 2, u, u'),
calculated for all the fields, at the set of poles Mg
Xell(MtOI‘; T, %, u/) - - Z J%;E{GS(Q(U/*): 77) Zl-loop(Ta Z,U, u/> ) (211)
Ux Em*sjng *
where JK-Res(Q(ux),n) is a residue operation called the Jeffrey-Kirwan residue. Here the
one-loop determinant in question is

. 3\n—d n 19(T—Z+Q"U+F"u/)
7. N — M 137 : - 2.12
1 100p(T,Z,U,U) (191(7-’ Z) z];! 191(7', Qi -u+ F;- ul) ’ ( )

where Q; -u = "0 Q%u® and F; - o/ = Y27 | Fu”. The first factor in (2.12) comes
from (n — d) vector multiplets and the second factor comes from n chiral multiplets.

We note here that the elliptic genus of the unsquashed model yen(Mior; 7, 2,4') is a
meromorphic function of u/. The poles in u' are related to the non-compactness of the
underlying toric manifold. This non-compactness leads to a divergence in the the naive
definition of the elliptic genus, and in order to regulate this divergence, we turn on a non-
zero holonomy u’ of the background flavor symmetry gauge field. Now, the integral over v’
in the squashed model (2.9) smoothens the pole of the unsquashed model, and as as result,
the elliptic genus Xell(Mor; T, z) is a well-defined holomorphic function of z. We refer the
reader to [8] for more details. As we will see below, we can further introduce the chemical
potentials {8y} corresponding to the global symmetries of the squashed toric manifold and
this will introduce non-holomorphicity in the chemical potential.

Modular and elliptic properties:

The modular and elliptic properties of the elliptic genus Xeu(]\zor; T, z) were discussed in [8].
In order to compute its elliptic transformation properties, it is useful to unfold the integrals
over E. for each £ in (2.9) to the entire complex plane:

d d _

_ A2/t _mke 104 bez ) (it 4 bez

Xetl(Mior; 7,2) = (H k‘g)/ H s 72 (u ’“Z)(u ’“Z)Xen(Mtor;T,z,u'). (2.13)
(=1 cd =1

Assuming for convenience that % is an integer for each £,! it is easy to see that, for \, u € Z,

) b2
—2mi($+3°0 1) (AT +2)2)

Xell(j\\jtor; T,Z + AT + :u') = € Xell(j\\jtor; T, Z) . (214)

Under the modular transformations the elliptic genus transforms as

Xell (Mtor;7+ 1&) = Xell (Mtor;T, Z) ;

— 1 z mzz(ng d ;)
Xell(MtorS_;a;> =e’ rin ke

L (2.15)
Xell(MtorS T, Z) ,

f be /K¢ is not an integer, one can change the elliptic variable z to (H‘Z:l k¢) 2’ and consider the elliptic

— 2
transformations 2’ — 2’ 4+ A7 + p. In this case the index of yen(Meor; 7, 2') is ([T0_, k2) (L + 30, Z—Z)



2
with EL = %. The first equality follows trivially from (2.9). To see the second equality we
14

start from (2.13), change variables from u't to “Tw, and then use the modular properties of

Xell(Mior; T, 2, u'), which transforms like a Jacobi form? of weight zero and (matrix) index
d bé /

MOOZQa MEOZMOZZ*g) MN’:Ov Evg = ]-a""d' (216)

The content of Equations (2.14), (2.15) can be summarized by the statement that the

elliptic genus of the squashed model transforms like a Jacobi form of weight zero and index

1

+Y = (2.17)

d
m =
/=1

N QL
5
S

Holomorphic anomaly:
As is evident from Equation (2.9), the elliptic genus Xen(Mior; 7, 2) is not holomorphic in
7. Indeed it satisfies the following holomorphic anomaly equation:

d d
— d2u! ~
&TXell(Mtor; T, Z) = - § (Jﬂg(T, Z, UZ)) Res (Xell(Mtor; T, %, ul)>

i1 JEeD 2 T2 v (uf)=0

= T (£
1 ~

xgaﬂiHi(T,z,u;) |vj(u;):0 . (2.18)

i

Here v;(u') are certain linear combinations of {u}} involving the flavor charges Ff (see [8]
for more details). We will see later that the non-holomorphic behaviour captured by
Equation (2.18) is precisely that of a completed higher depth mock modular form.

Some examples:

In (2.9) and (2.13), we have given two equivalent expressions for the elliptic genus of the
squashed toric models. Below, we will illustrate these two formulas using two simple exam-
ples. We begin with the example of the squashed toric manifold (%2. This is described
by a U(1) gauge theory with two chiral multiplets of charges +1, —1, respectively. The
theory has a U(1) flavor symmetry under which the two chiral multiplets carry charges Fi,
F5, respectively. The elliptic genus of this model is (with b = F} + F3)

~ 77 d*u/ —”—’“(u’+b—z) (U+”—Z) (1, —z + bu)
n(C/Zy;7,2) = k T F k : . 2.19
X H((C/ 2 T Z) /(C T2 c ’ ’191(77()11/) ( )

We can absorb b in the definition of k by changing the integration variable from v — %l:

~ /7 = [ d* —k (g 2) (wyz) Vi1, —2 +u)
n(C/2y;m,2) = k i ) 2.20
xn(C/ BT ) /C T2 © ’ ' Iy (7, u’) (2.20)

where k = b%‘

*We will review the basic notions of Jacobi forms in the following section.



The next example we consider is the case of the squashed toric model El. This model
is described by a U(1) gauge theory with three chiral multiplets of charges 1,—2,1, re-
spectively. It has U(1)? flavor symmetry under which the chiral multiplets have flavor
charges Ff, (¢ =1,2; j =1,2,3). The elliptic genus is

~ ki1k
Xen(Ar;7,2) = = 2/ d*u '/ d?uly xen(A1; 7, 2, ')

b
Z 27r’L(blll)1+b2w2) 6_ LY (w17+m1+u1+%)(w1’r+m1+u1+ 12)

m1,2,w1,2€Z

k b,
« o T (warbmabuh ) (waT 4ma i+ ) (2.21)

where b, = 23:1 Ff and yen(A1; 7, z,u") is the elliptic genus of the unsquashed A; model,
whose explicit expression is

Xel(Ar; 7, z,u") =
O1(1, —z+ v —v1) 01(1, —2 +201)  91(7, —z +v1 —v2) 91 (T, —2 + 2v9)  (2.22)
V1(7,v2 — v1) V1(T,201) V1(T,v1 — v2) V1(T,2v2)

Here 2v1 = (2F) 4+ F») - v/ and 20y = (2F35+ F3) - u

2.3 Flavored Elliptic Genera of Squashed Toric Models

As mentioned above, a squashed toric manifold of complex dimension d is itself a toric
manifold with U(1)? toric symmetries that commute with the supersymmetry. We can
therefore define a refined elliptic genus by introducing chemical potentials conjugate to d
toric symmetry charges. This can be done by coupling the toric symmetry currents jﬁ to
external gauge fields Bﬁ, ¢ =1,---,d. The functional integral will now depend on the

mszf—Tfo, (=1,---,d, (2.23)
A B

in addition to the chemical potential for R-symmetry z which was defined in (2.8).
We define the flavored elliptic genus, with ¢ = €2™7, (, = 2%,

holonomies

XgﬁV(Mtor;Taza {ﬁ}) = TrHRR |:(_1)FqLO qLO C;]O H eXp(Qﬂ-iﬂf/jé)] s (2'24)

(=1

where Hpp is the Ramond-Ramond Hilbert space of the theory, Ly and Lg are the left-
and right-moving Hamiltonians of the (2, 2) algebra, Jy is the left-moving R-charge, and F
is the fermion number operator. The toric charge [ jp is an integral over a spatial slice in
this Hamiltonian description. Note that the total charge [ j, is conserved, but the left and
right moving pieces of the charge are not conserved individually. The chemical potential
associated to corresponding charge (;, therefore, is a priori real. For the purpose of our
calculation, we will keep it complex, but keep in mind that it is one real degree of freedom
i.e. B cannot be varied independently of 3.



We now compute this flavored elliptic genus using the technique of supersymmetric
localization. In the GLSM picture, under the toric transformations all fields are neutral
except Py, on which they act as a shift of the imaginary part of Py, i.e. P, — Py + iy and
Py — P, —ioy, with ay a real parameter. The toric symmetry currents of the squashed
model are given by jﬁ = D,ImP;, where D, is the gauge covariant derivative.

To calculate the flavoured elliptic genus we follow the steps described in [8]. All the
calculations go through as in [8] but now there will be extra contributions to the part
involving zero mode contributions of ImFP,. This is due to the fact that the covariant
derivative of P, contains the background field By in addition to the flavor symmetry gauge
field V,, i.e.,

D.Py = 9,P +i(V, + B). (2.25)

Thus including the contribution of the holonomy of Bﬁ, we find that the flavored elliptic

genus is given by

d
—~ d2u
Xgﬁv(Mtor;Taza {/8}) - / H JH@(T,Z,U%,B@) Xeu(MtOr;T?Zau/) ) (226)
Bf 2 T2

where we have defined the function

Hor 20, B) = ke Z e2ﬂibngf%(w7+m+u+5+%)(w?+m+ﬁ+§+bk€)' (2.27)

m,w €L

From the above expression one sees that the elliptic genus explicitly depends on f,.
We can easily compute its dependence on 3, as follows. Firstly one can rewrite the above
integral (2.26) as follows. Using the elliptic transformations properties of H and xen(Mior),

Hy(r,z,2u+ At +p,B+nm+v) = e_2mb‘()‘+’7)zHg(7', z,u, 3), (2.28)
Xell(Mtor; T, %, u/f + )‘ET + /’Lz) = 627”'2 Zg:l be)\ZXeH(MtOr; T, %, ’LL/) ) (229)
one can write (2.26) as

d d2u/Z _ 7ky

ke 7 (w5 ) (W+B+ )

/
Xell(Mtor; T,Z2,U ) )
T2

X (Mygr; 7,2, {B}) = /
C

4 p=1

d _

A2/t mke (e bex) (i bez

= H kﬁ e "2 (u ke )(U ke ) Xell(Mtor; T, 2, u — B) y
cd p=1 2

4 A%, ~

_ / TT S Har, 2,145) Xen(Miori 7, 2,0 — B) (2.30)
B i T2

where Hy(7, z,u) is defined in (2.10).

Now in the expression (2.30) the chemical potentials S, appear only in xen(Mior),
and this dependence is meromorphic. Therefore if we hit it with a 3,-derivative, integral
receives contributions only from the poles of yen(Mior) and in fact reduces to a residue
calculation [28].

~10 -



Modular and elliptic properties:
Using the same technique as in the unflavored case, we can show that under the modular
transformation, the flavored elliptic genus transforms as

A s +1,2) = X (Vo 7.2),

. o — N (2.31)
Xgﬁw<Mtor§_;7;) =er” MZXSﬁV(Mtorﬂ—’z)'
Here z = (z, f1, ...., Bq4) and M is a matrix with the following entries:
d a2 b
—_ e - = 3 ir -
MOO — 5 +Z77 MOi = Mio = 517 MZ] = O, 1 = 1,...,d. (232)

To derive the elliptic property of the flavored elliptic genus we use the first line of (2.30).
Using the elliptic properties of the xen(Mior; 7, 2, 4') and assuming that {Z—i}, £=1,---.,d
are integers, one finds that

Xgﬁv (]\Zor; T,z + )\) = exp(fQﬂ'i()\T MAT + 22T ]\/Zz)) Xeﬂﬁv(l\zor; T, z) , (2.33)
where A = (\,n1,....,1q) € Z9T!. These are precisely the transformation properties of a

Jacobi form of d + 1 elliptic variables with weight zero and index M.

2.4 The General Structure for Flavored Elliptic Genera

Now, we would like to present the general structure for the integral form of the elliptic
genus (2.26) which will be used in the Section 4.2 to evaluate it explicitly. We find that
quite generically the flavored elliptic genus of a squashed toric model can be expressed as
certain linear combinations of an integral of the following form

N j wkj 3 z a1 z
5 j=1 T i, pTy) ’ '
CcN N

where ,u(j) for j = 1,..., N is an N-component column vector whose entries are functions
of the charges Q)¢ and Ff only, and if we construct the N x N matrix M whose columns
are uU), then it satisfies

MQn = Qn, where Qy == (1,...,1)T e RN*1, (2.35)

As we will explain below, the above equation is a consequence of the fact that Y ;" | Q¢ = 0.

Let us begin with examples. The elliptic genus of the flavored (%2 manifestly has
the above structure, as can be seen from Equation (2.20). To see that this structure also
holds in the case of flavored squashed A; model, we unfold the integral in (2.21) to C2.
Considering only the first term in xe;(A1; 7, 2,u’) (one can draw the same conclusion for
the second term), we get

A um o o) = 252 [ g arge % 0o i) (0 )

2 C

oo o 22 (uptpart ) (wp B ) V2(T, —2 + vz — v1) Va(7, —2 + 2v1)

2
V1(7,v2 — 1) V1(7, 2v1)

(2.36)
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Changing the integration variables as u} = %3’1 and uh = égé, we can rewrite the above
integral as

X{eil?v(gl; T, %, {BD(U

_ / / 32 H k ’191 Z—{—'u(j)Ta’) . 7; (3J+BJ )(3]4-5 + ) '

191 7- 'u,(J) )
(CZ
(2.37)
Here
N _ Fi—F} 2F}+F}
i = <3/1>, Bj = By, nV = <F§b_1F12>> u? = (zpfigz)a (2.38)
2 b2 b2

> k; . . ,
and k; = 75 . Furthermore, if we construct a matrix M whose column vectors are pl9),

then the mf]itrix M satisfies
1 1
M = . 2.39
(1)) (220

Thus we see that the flavored elliptic genus of Ay model can be brought to the form of
(2.34) and (2.35).

To see that these equations are valid more generically, let us begin with the theory
of U(1)"~¢ gauge theory coupled to n chiral multiplets. Then, for generic values of flavor
charges {F!} and complex potentials {u}}, and for the non-degenerate situation® (i.e. the
number of chiral multiplets becoming massless at a given point u, in C"~¢ is (n — d)), the
Jeffrey-Kirwan residue of Zj.jo0p(7,2,u,u') at u = u, in (2.11) is a linear combination of

terms of the following form:*

91(r, =2+ QIG5 + F; - o)

H (T, —2+Q;-u+F;-u) _ H
(7, Qs - Fou I 91 (1, QeGlu't + F: -
ien)\S 11 @t By ien)\S 1(r QfGou + By o)
d — ()T
j=1 ’191(73#(]) 3/)
Here u'f = b 30 [n] =A{1,...,n}, and the n — d element subset S C [n] and the (n —d) x d
matrix G determines the poles in C"~¢ i.e.
ue = Gu', (2.41)
and (for generic values of ')
n—d
Y QGL+F =0, Vi=1,.4d, (2.42)

a=1

3In the paper we will focus only on the case of non-degenerate poles.
4Typically, the residues are evaluated at the the zeros of Q; - u+ F; - u' = 0 mod Z7 + Z which are of the
form u = u.(u’) + ar + b mod Zt + Z where a,b € Q. In the present case we take both a and b to be zero.
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where ; and F;, i € S are charges for chiral multiplets which are massless at u© = u,.
Thus, we see that

d

j 1
ou =g X @G+
j=1

Eie[n]\S
1 1
= 5 y (Q;G§+F;)+b—§;(Q§G§+Ff = }:Ff = 1. (2.43)
N (2
1€[n]\S 1€8

In the last line, we have used the fact that ). ; Q¢ = 0. The above equation is nothing
but the observation (2.35), i.e

MQy = Qn, with Qny = (1,...,1)7 e RN¥L, (2.44)

We also see from the above discussion that the b, dependence completely disappears
from the integrand and its effect is to redefine the variable k; to kj = kj/ b and ; to
BJ = b;3;. In the rest of the paper, we shall rename k: — kj, as the properties of the
elliptic genus, which we will describe in the following sections, do not depend on the fact
that it arose as a ratio.

2.5 A Simple Example and the First Appearance of Indefinite Theta Series

In the simplest case of d = 1, the vacuum manifold (2.6) is the squashed version of the Zs
quotient of the complex plane, denoted by C/Z,. We find according to Equation (2.30)
that the flavored elliptic genus of this model is

2,/ s 12 z T IWRLZ — /
Xﬁﬁv(C/Z 2 fB) = K d“u eff—éj(u +bB+2) (W +b5+2) M (2.45)
e 29 15~y - T 01(7’,2/)

The 8 = 0 elliptic genus of this model was computed in [8] and it was noticed that it
coincides with the elliptic genus of the SL(2,R);/U(1) coset theory, based on which it was
conjectured that ((%2 flows to the cigar. This can be now further corroborated by the
above flavored computation—indeed it agrees with the corresponding expression for the
cigar computed in [24] (with the replacement § — —bf).

The integral (2.45) was explicitly evaluated in [24] and it was shown that the answer
is related to the three-variable Appell-Lerch sum

Ay p(T,u,v) = kaq

neL N <u q"

kn(n+1) ¢ )
v ’ Cu — 627rzu’ Cv — 627rw (246)

as we now explain. Firstly, the function A; ,(7,u,v) does not have good modular trans-
formation properties, but it can be completed® to Aj (7, u,v) which has the modular and

elliptic transformation properties of a Jacobi form of weight one and index (1_/]; 1(/]2). It

5The precise relation of the Appell-Lerch sum to mock modular forms and mock Jacobi forms has been
spelled out in [10, 13, 23].
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was shown in [24] that the flavored elliptic genus of the Zj orbifold of the cigar is related
to this completion as follows,

SL(2,R)y i01(7,2) ~ z
flav ’ )

———= [ U; = ——"A —,2z 4+ kbp) . 2.47
ell ( U(l) / k77-7z7ﬁ) 77(7—)3 17k(7-7k7 Z+ B) ( )
Equivalently by mirror symmetry [9] the left-hand side of this equation can be read as
the elliptic genus of the N' = 2 Liouville theory with coupling constant 1/k. The state-
ment (2.47) can be inverted: the flavored elliptic genus of the cigar theory is given by the
Atkin-Lehner operator Wy, [29] acting on A; x(7,u,v).

Now we note that the Appell-Lerch sum has the following Fourier expansion,

1
Anp(rwv) = 5 37 (san(m +e) —san(—n — ) ) 1T (2.48)

= Im(r
nmeZ

where 0 < & < 1 is arbitrary® and sgn(z) = +1 for # > 0 and —1 for < 0. This can be
recognized as an indefinite theta function of a (1,1) lattice, as we will elaborate on in the
following section. As Zwegers has explained [10], one can add a non-holomorphic correction
term to it in order to obtain a completed function that transforms as a true modular object,
thus giving an explicit construction of mock modular forms. As we will see, the elliptic
genus of the squashed models in all the cases are a generalization of this observation, i.e.,
they are modular completions of some indefinite theta functions associated with an (n,n)
lattice, which are constructions of higher-depth mock modular forms. Towards this end we
turn to a review of the notion of mock modular forms at higher depth and indefinite theta
functions for arbitrary lattices.

3 Mock Modular Forms of Higher Depth

3.1 A Quick Review of Modular Forms and Theta Functions

We start the mathematical part of our discussion with a quick review of modular forms.
The modular group SL(2,7Z) is the group of integral 2 x 2 matrices with unit determinant.
It is generated by the two elements

T = (1 1) and S = (O 1). (3.1)
01 -10

Its role as the group of large diffeomorphisms for two dimensional tori explains its appear-
ance in many applications of string theory and two dimensional quantum field theory.

Modular forms are complex valued functions defined on the upper half-plane, H =
{z € C: Im(z) > 0} that are symmetric under the modular group. More specifically, a
(holomorphic) modular form of weight & is a holomorphic function f : HH — C that satisfies
the following two conditions.

5The answer of course is independent of the choice of ¢.
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e Covariance under modular transformations:

at +b ab
f<c7'+d> = (er+d)*f(r), where (c d) € SL(2,Z). (3.2)

e The Fourier expansion” of f satisfies a growth condition, namely,
f(r) = Z anq", where ¢ = €™, (3.3)
n>0

Very importantly, the set of weight £ modular forms, M}, form a finite dimensional vector
space over C. At this point there are various avenues for possible generalizations. One
possibility is to relax the growth condition as f(7) = >, v ang™ for some constant N < 0,
giving the notion of weakly holomorphic modular forms. Another possibility is to require
the modular transformation property (3.2) not for the whole SL(2,7Z) but for one of its
subgroups. Yet another possibility is to generalize the transformation as

b
Ju <Z:fd> = (er + )" (N, fo(r), for pv=1,....N, (3.4)

where v = (2%) € SL(2,Z) and x(7), is a (projective) representation of the modular
group compatible with weight & and called a multiplier system. Such objects are called
vector-valued modular forms.

A natural source of modular forms is theta series attached to integral, positive-definite
lattices. One way to characterize an integral lattice is to view it as the set A = Z~ where
N is the rank of the lattice and associate an inner product® (n,m) — n-m = nTQm
for n,m € ZY and where Q is an N x N symmetric integral matrix. If we also have
n? :=nTQn € 27 for any n € Z" the lattice is said to be even. We also define the dual

lattice A* C QN by
A = {re Q" :rTQm € Z for any m € A}. (3.5)
We should note that A C A* for integral lattices .

If the inner product is positive definite we can define the theta series @g,p H — C
where ;1 € A*/A and p € A is a characteristic vector®

n Lp?
O9P(r) = Y (-1)Pmerm. (3.6)
nEA+M+%

The positive definiteness of ) is vital in ensuring the convergence of the series. We will
drop p as a superscript if the lattice is even and take p = 0.

It is also natural to introduce elliptic variables to a theta function, i.e., we extend the
theta series to a holomorphic function (9,62 :H x CN — C defined as

@2249(7.’3) — Z q%n2e2m’(5+g)-n' (3.7)
neApu+L

This function is covariant under elliptic and modular transformations.

"The equation (3.2) in particular requires f(7 4+ 1) = f(7) and hence f has a Fourier series.

8From here on, we will treat any element of QV, Z¥, RY, or CV as a column vector.

In an integral lattice, a vector p € A is called a characteristic vector if n2 +n - p € 27Z for every n € A.
Note that if p’ is another characteristic vector then p_Tp/ e A",
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e Elliptic transformations:
Q7 — m- Q7
S P(r,3+m) = (—1) p@)u P(1,3) form e A, (3.8)

@3”’(7’,3 +mr) = (—1)m'1’q_%m26_2m3'm @8’7’(7,5) for m € A. (3.9)

e Modular Transformations:

. P 2
027 (7 +1,5) = ™(H5) @9r(r,3), (3.10)

%" <_1 5) _ G it privt2 S e mire@r (r,5) (3.11)
P ) = by ,3) - .
TT VIAT/A| veAT/A
The equations (3.8), (3.9), and (3.10) quickly follow from the definition (3.7) and one can
prove Equation (3.11) using Poisson resummation. These transformation properties are
the defining properties of (vector valued) Jacobi forms (with a lattice index). The theory
of scalar valued Jacobi forms with scalar index is developed in [30], where a holomorphic
function ¢ : H x C — C (with suitable growth conditions) is called a Jacobi form of weight
k and index m if it satisfies

aT+b z — k 2m’m¢ a
<b(CT—i—d’CT—i—al> = (7 +d)%e +4 p(1,2), where <c

Z) € SL(2;Z), (3.12)

and
o(r,z+vr+p) = g~ 2mim(v>TH2vz) o(7,2), wherev,u € Z. (3.13)

In particular, the theta function of a rank 2k, even, unimodular lattice A whose elliptic
variable is restricted as 3 = Az for some A € A with \> = 2m gives a scalar Jacobi form
of weight k£ and index m. Moreover, thanks to the elliptic transformation property (3.13),
Jacobi forms can be decomposed as

$(r2) = Y. () Ime(r, 2), (3.14)

¢ (mod 2m)

where level m theta functions, ¥, ¢(7, ), are defined in equation (A.4) and hy(7) form a
vector valued modular form of weight k — % and with multiplier system dual to that of
Upm¢(7,2). The decomposition in (3.14) is called a theta expansion and gives an isomor-
phism between Jacobi forms of weight k& and vector valued modular forms of weight k — %
(whose multiplier system is fixed by the index m of the Jacobi form).

3.2 Mock Modular Forms (of Higher Depth)

In many contexts in physics, holomorphic modular forms appear as supersymmetric par-
tition functions. This fact puts quite powerful restrictions on supersymmetric partition
functions because holomorphic modular forms of fixed weight form finite dimensional vec-
tor spaces over C. In the absence of a restriction such as supersymmetry, even if modular
covariance is physically expected, that may only restrict the relevant physical quantities
to be real analytic modular forms. The space of real analytic modular forms is however
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very large compared to holomorphic modular forms and there is not as much mathematical
control over such functions.

A situation between these two extremes happen when the physical theory is super-
symmetric and yet has a continuum in its spectrum which contributes to supersymmetric
partition functions. In certain special examples of such theories, the relevant functions are
in a class of real analytic modular forms called mock modular forms [10, 11] (see [12, 14] for
further details) or a slight generalization called mixed mock modular forms [13]. Examples
include elliptic genus of supersymmetric SL(2;R)/U(1) model [31-33], certain partition
functions of topologically twisted N’ = 2 and N = 4 super Yang-Mills theories [34-36],
and counting function of quarter-BPS states in N' = 4 string theory [13]. Mathematically,
a mixed mock modular form, h(7), of weight & is the holomorphic part of a real analytic
modular form, ﬁ(T, 7), of weight k whose T-derivative satisfies

%ﬁ(nﬂ € P (73 Miyr, ® Mayy,) (3.15)
J

where My, is the space of weight k; holomorphic modular forms (possibly with a multiplier

system and/or on a subgroup of SL(2;7Z)). When Té‘:%ﬁ(ﬂ 7) € Ms_g, the function h(7)

is called a pure mock modular form.

As we will find out, the flavored supersymmetric partition functions of squashed toric
sigma models lie in a more general space of mock modular forms with depth. These spaces
are defined recursively as follows [15]. Denoting the space of mock modular forms of depth
d and weight k by M, ,gl and the space of their completions by M; 4 we define M. ,8 and M. ,8 to
be M, so depth zero modular forms are holomorphic modular forms. Then a holomorphic
function h : HH — C is a mock modular form of depth d and weight k if it has modular
completion h whose 7-derivative satisfies

;’Tﬁ(m) € @ (T;‘f Mg;jj ®m) (3.16)

J
and if d is the smallest number consistent with this property. This definition identifies
depth one mock modular forms with mixed mock modular forms. We can also define
mock Jacobi forms (of any depth) as functions mapped to vector-valued mock modular
forms of appropriate depth under the isomorphism induced by a theta expansion (3.14).
Besides their relevance for supersymmetric partition functions of two dimensional field

theories discussed here, these objects have appeared in various other contexts in physics
and mathematics [37-41].

3.3 Indefinite Theta Series

In Section 3.1, we introduced theta series as a rich source of modular forms. However, the
series as defined in equation (3.7) does not immediately extend to lattices with indefinite
signature. That is because of the exponential growth of the summand for lattice points
along negative directions (or non-decaying behavior along null directions) which renders
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the series divergent. A convergent series can be obtained by restricting the sum (asymptot-
ically) to lattice points along positive directions. One way to accomplish this is to restrict
the series to lattice points in a positive rectangular cone, that is we construct the series

N_

@g,p (C.C%1) = Z 2% H (sgn (¢j -n) —sgn (¢ - n)) (—1)p~nq%n27 (3.17)
neA+p+5 j=1

where the signature of the rank N lattice A is (N4, N_) with Ny and N_ denoting the
number of positive and negative eigenvalues of the matrix @), respectively and

1 if z >0,
sgn(z) = <0 if =0, (3.18)
-1 if z < 0.

Here, ¢; and ¢} are vectors (forming the columns of N x N_ matrices C' and C’) that ensure
convergence by projecting out negative directions.'”

Generically, however, the series in (3.17) fails to be modular invariant. As found out
by Zwegers [10], in the case N_ = 1 (Lorentzian lattices) such theta functions have a
non-holomorphic modular completion and give concrete examples of mock modular forms
as defined in Section 3.2.!'' Non-holomorphic completions in the case N_ > 1 has been
developed [15-20] and yield explicit examples of mock modular forms of higher depth.

Before discussing technical details, let us give some intuition for both the failure of
modular invariance and for the associated non-holomorphic completions of (3.17). As
alluded earlier, the main tool to prove the S-invariance (3.11) of theta series is the Poisson
resummation formula. In the case of definite signature lattices, the S-transformation law
follows from the well known self-duality of Gaussian function. However, in forming a
convergent indefinite theta series in (3.17), we restricted to a proper subset of lattice
points and essentially imposed a hard wall in our setup. When we Fourier transform, this
hard wall is no longer strictly localized. This is why the self-duality property is lost and
the indefinite theta series generically fail to be modular invariant. If we smoothen the hard
walls with Gaussian factors we can recover self-duality and hence S-invariance, provided
the penetration of the lattice sum to the dangerous negative-definite regions is not strong
enough to ruin convergence.

To be more concrete let us get back to technical details and rewrite equation (3.17) as

1
g7 (C,Cls7) = Y oN_ > (=D)Plsgn (=C* - n) (~1)P"gz™,  (3.19)
neAp+2 PC[N-]

10Both for this function and for the modular completion we will discuss next, conditions for convergence
when N_ =1 are developed in [10]. A set of sufficient conditions for convergence with rectangular cones is
given in [16] for N_ = 2 case, which is then generalized in [19] for arbitrary N_. More general conditions
for convergence (also allowing different types of positive cones) can be understood and studied through the
geometric picture of [17, 20]. Further discussions and generalization to tetrahedral cones for generic N_
can be found in [15, 18].

HEor specific lattices and specific choices of cones, these indefinite theta series are modular and do not
require a non-holomorphic completion. The construction in [10] also makes clear when this happens.
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where [n] = {1,...,n}, CF is an N x N_ matrix whose columns are the elements of
{cj:j€ P} u{c;:j€[N_]\ P} For matrices F = (fB - f) and G = (V- g¥)
whose columns are vectors in AQR we use the notation F-G = .FTQ G, i.e. the r x s matrix

whose (i, 7)™ entry is f@ . gl). Moreover, for a column matrix f = (fi,..., f,)7 € R™*!
we define .
sgn (f) = [ sen(f)). (3.20)
j=1

The modular completion is then accomplished by replacing
sgn (—C’P-n) — E© (C’P; 2m9m) (3.21)

where we introduce the boosted generalized error function E® as follows (we will follow
the conventions of [19] except for inverting the signature of the bilinear form). For a
set of r vectors f1), ..., f(") that span a negative definite subspace with respect to the
inner product defined by @ we define the boosted generalized error function E® (F;x) for
F = (f(l) . ..f(r)) as:

EQ(F;z) = E,.(B-F;B-x) (3.22)

where B is an orthonormal basis for the subspace spanned by F, i.e. we have BT QB = —1I,
and F = —BBTQF. The generalized error functions E,. are defined as

E,(M;u) = /d”u’ e mumu) T (u—u)gop (MY, (3.23)
R’V‘
where M € R"™" is a nondegenerate matrix and v € R". Although we chose a basis B in
equation (3.22), the symmetries of r-tuple error functions ensure that the right hand side
gives the same result for any possible basis choice. Properties of generalized error functions
are reviewed in Appendix B.

At this point let us reintroduce the elliptic variable 3 and summarize the modular
completion to indefinite theta series with rectangular cones. We define

(:)ff’p (C, C': T, 5) =

S g X 0PE (ofivam (ns ) ) | gitentenn @y

neAp+L PC[N_]

Provided the vectors in C' and C” are chosen in a way that ensures convergence, this function
is covariant under elliptic and modular transformations.
e Elliptic transformations:

697(C,C"im,3+m) = (~1)™POYP(C,C"57,3) for m € A, (3.25)

(:)8”’(07 C's13+mr) = (—1)m'pq*%m26*2”3'm @g,p(c7 C's71,3) form € A. (3.26)
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e Modular Transformations:

~ ) P2 ~
697(C,C T +1,3) = emi(nts) O%P(C,C'57,3), (3.27)

(:)g’p <C’, C";—l, 3> = 7iN_(_iT)N/2 ™/ i /2 Z e 2T g@p (C,C"1,3) .
TT VIA*/A] ey
(3.28)
In this work we will also need a slight generalization where some of the vectors in C
and C’ defining the cone are null (viewing them as limits of appropriate negative vectors).
In Appendix B, the definition of generalized error functions is extended to the case where
some of the vectors in its first argument are null. It is still required that these vectors
define a negative semi-definite subspace which in turn implies any null vector in this set is
orthogonal to all the others in that generalized error function. We will assume that this is
the case for each matrix C* in the definition (3.24). In particular, if N is a matrix of null
vectors which together with negative vectors in a matrix F' spans a negative semidefinite
subspace, then we view the corresponding generalized error function as

E9((N,F);z) = E9(F;z)sgn(—N -x). (3.29)

We define indefinite theta functions in this case using (3.29) with z = /27y (n + hf—f)
Since the definition of generalized error functions in this case follows from null limits of
negative vectors, the associated indefinite theta functions satisfy all the elliptic and modular
properties given in Equations (3.25)—(3.28)!2.

We next get back to the definition of the holomorphic part of indefinite theta functions
given in (3.17) and extend it to the case in which elliptic variables are turned on. If the
elliptic variable is of the form 3 = 3 + a7 + b with a,b € QY fixed but 3 € C allowed
to vary then by the holomorphic part @S,p (C,C"; 7,35 + ar + b) we mean Equation (3.24)
with its factors as in (3.29) replaced by

Im 3’ Im 3’
E® (F;\/QTQ <n+a+ 1 >> sgn (—N- <n+a+ L >>
T2 T2

~ sgn(—F - (n+a)) sgn <—N- (n+a+ Imﬁ,)) . (3.30)

T2

As an example let us now quickly review the fact that the u-function defined in [10],

1/2
u

191 (T, ’U)

_1\n %(n2 n) rn

:u(uv v; 7—) =
nez - qn Cu

12The convergence of theta series is a delicate issue when null vectors are involved in the construction
of its cone. The N_ = 1 case is treated in [10] and N_ = 2 case with rectangular cones is treated in [16].
Although more generic results are not available in the literature, one can proceed case by case. In our
work we will not be dealing with generic choices of cones, indeed all indefinite theta functions involving null
vectors appearing in the following arise from generalized Appell sums [45] (see Equation (3.36)) for which
convergence is immediate.
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as well as its modular completion can be understood in terms of indefinite theta functions
we have been discussing. For this purpose let us expand the denominator of the summand
in (3.31) and rewrite it as

11 I

(7, v) w(u,v;7) = Z (—1)" q%(n2+2nk+n) ¢n 5+2 5 |sen (k + €) — sgn <—n _ mu>} ’
n,k€Z

(3.32)

where we are free to choose 0 < € < 1. In particular, choosing € = % lets us write the right
hand side of equation (3.32) as an indefinite theta function,

O1(1,0) p(u,v;7) = 9P (¢,d;7,3), (3.33)

where

(o ) - - ()0 () o

Here we remember the definition of the modular completion in (3.24), the replacement
in (3.30) used to get its holomorphic part, and also note that the lattice is unimodular
having only one conjugacy class in A*/A. This form also immediately yields the modular
completion, Qe (¢c,c;7,3), to be

Z (_1)”q%(n2+2nk+n)g}dj+%l [erf (% (k: + 1 + Im (v — U))) 1 sen <n + Im“)] .
nkeZ 2 2 T2 T2

(3.35)
The difference, O (c,d;7,3) — O9P (¢,c;7,3), can be brought in to the form found in
[10] by explicitly performing the sum over n. Before moving on, let us note a few points
that will generalize to other setups relevant for this work.

e Let us first reemphasize the qualitative difference between negative vectors and null
vectors forming the cone. As can be seen in Equation (3.29), to obtain a modular
completion, sign functions associated with negative vectors (denoted by F in (3.29))
should be replaced by generalized error functions whereas sign functions associated
with null vectors (denoted by N in (3.29)) remain unchanged in the completion. This
is exemplified in p-function, for which the cone of the associated indefinite theta
function is formed by one negative vector, ¢, and one null vector, ¢’ given in (3.34).
We see that in the modular completion (3.35), the sign function for ¢ is replaced with
an error function whereas the sign function for ¢’ remains unchanged. The functions
Aj (7, z) defined in [13] are similarly holomorphic parts of signature (1,1) indefinite
theta functions whose cones are formed by one negative vector and one null vector.

e Expanding on this difference for the case of negative vectors, the holomorphic part
obtained by the replacement (3.30) does not have good elliptic transformations be-

Im(TLU) factor. The elliptic transformation equations (3.25) and

cause of the dropped
(3.26) are obeyed by ©9P (¢, c/;7,3) only for those transformations that leave v — u
constant. Instead of defining the holomorphic part by (3.30), one could make a dif-

ferent choice of splitting the completed function into two pieces, in which the analog
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of the holomorphic part retains the F' - Imj’ factor in the sign function on the right
hand side of (3 30). In the case of u-function this would replace the sgn (k + €) term
with sgn(k + + M) This restores the elliptic transformation property at the
expense of holomorphlclty in u — v. Moreover, it produces an apparent wall-crossing
behavior in the © — v variable—which is canceled by an equal contribution from the
remaining terms in the modular completion.'3
e In the case of null vectors, on the other hand, the factor N - Imj3’ that remains in
the holomorphic part after the replacement in (3.30) (which is —Imw in the example)
plays an important role in performing the sum over & in (3.32) to get the denominator
in the summand of (3.31). Note that the absence of a quadratic term in & in the
exponents of (3.32) was the key point in this resummation which in turn was ensured
by the nullity of ¢/. The appearance of N -Im 3’ factors is also related to the fact that
in such cases the ‘holomorphic part’ is in fact meromorphic in the elliptic variable 3'.
e When the elliptic variable v —u is restricted to an element of Q7+ Q, the 7-derivative
of O9P (¢, s 7,3) is of the form (3.15) with k = 1 and only one term that has r; = -1
Here the relevant element of M3 3 is a weight 3 5 unary theta function (stemming from
lattice points in the span of negatlve vector ¢) and the relevant element of M 1 is a

weight ; Jacobi form (a holomorphic theta function in the orthogonal complement
of ¢).

This construction works also for generalized Appell functions defined by [45] and ap-
pearing in partition functions of topological N' = 4 super Yang-Mills theory. Let A be a
rank-m lattice with a positive definite quadratic form Q (k-n = kTQn for k,n € A), and
let mj € A*, j =1,...,n. Then for v € C™ and v € C", these generalized Appell functions
are schematically defined as

1 k’2+R 2miv-k

AQ,mj (7—7 u, U = 27”4(“ Z

3.36
e s (1= gmote?mn) (33

for an appropriate constant R and linear function ¢(u). As in our discussion of the u-
function, the denominator of the summand can be expanded in a way similar to (3.32). This
identifies the generalized Appell function Ag m; as the holomorphic part of an indefinite
theta series on a lattice with Ny = m and N_ = n. This fact in turn yields a modular
completion as in Equation (3.24). This special class of indefinite theta functions will
appear in Section 4 as a building block for the flavored elliptic genera of squashed toric
sigma models discussed in this work.

Finally, let us discuss why indefinite theta functions introduced in this section give ex-
amples of higher depth mock modular forms as introduced in Section 3.2. The 7-derivative
of the modular completion (3.24) can be computed using equation (B.12).'* We will as-
sume that the projection of the elliptic variable 3 to the subspace spanned by the timelike

13This kind of restoration of smoothness in u — v, by canceling contributions in the holomorphic part and
the remaining part, is also observed in physical setups of [42—-44].

! The 7-derivative acting on the sign functions in (3.24) due to the null vectors in C' and C’ give vanishing
contributions as long as the elliptic variable is so that the arguments of sign functions are not zero.
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vectors in C' and C is zero (or is of the form ar + b for fixed a,b € RY). In this case we
use (B.12) to find

;EQ (F;V2mz) =

22 (f92)?/F9D £ pQ (Fujs 0y v/272)

f(] .
Z aro o
(3.37)

As fU) runs over the negative vectors in C' and C’, the contribution from the
(fO) . z)e 2773 (f0) )"/ 10D term can be summed to the complex conjugate of a weight
% unary theta function whereas the contribution from the E? (Fm JGYLGY 27'2:1;) term
yields an indefinite theta function in the orthogonal complement of f) with signature
(N4, N_ — 1). Therefore, comparing with (3.16), indefinite theta series for signature

(N4, N_) lattices generically'® yield depth N_ mock modular forms'®.

4 Elliptic Genera of Squashed Toric Models as Mock Modular Forms of
Higher Depth

Having reviewed the relevant mathematical background, in this section we show that the
(flavored) elliptic genera of the squashed toric models [8] discussed in Section 2 are built out
of indefinite theta series of generic signature and yield higher depth mock modular forms.
It is worth emphasizing that our physical expression derives the completions of these mock
modular forms and hence include both the holomorphic part from discrete states and the
non-holomorphic part due to continuum.

4.1 A Warm-up Example: Squashed C/Zs Model

Before studying the general case, let us review the squashed C/Zs model whose elliptic
genus is known to be a mixed mock modular form (i.e. a depth one mock modular form).
This will illustrate our computation in an easier setting, which in its early stages follows
[46]. We start with the following expression for the elliptic genus:

—_—~— 2 J— s z = — z
. ((C/ZQ;T, Z) _ k/dg,zﬁh(f, z+3) Z o2miwz 5 (stwrtmt £) (FrwTtm )

-

(4.1)

15Special symmetries of the lattice and the positive cone may lead to mock modular forms with lower
depth.

16 Note that even without the restrictions we imposed on the elliptic variable, the modular completion of
the theta function will transform like a Jacobi form. However, it will not be strictly speaking a mock Jacobi
form (with some depth) because it will depend non-holomorphically on components of the elliptic variable
that have nonzero inner product with positive vectors in C' and C’. On components that have nonzero
inner product with null vectors in C and C’, on the other hand, the theta function has a meromorphic
dependence. This meromorphic dependence may then be cancelled if multiplied with a holomorphic Jacobi
form that vanishes on the location of these poles. In our physical setup we will in fact encounter both
behaviors. The elliptic genus is holomorphic in the elliptic variable z for R-symmetry whereas it will
depend non-holomorphically on the chemical potentials §; for toric flavor symmetries as can be deduced
from the building block integral given in (2.34).
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e Let us first perform Poisson resummation over m in the above sum. Writing 3 = s7 + ¢
where s,t € R, we have

Z e2miwz e—%((w+5)7+m+t+%)((w—l—s)?—i—m—&—t—f—%)

m,weZ

\/g Z Cw+k 2mitn (w+s+%)2q§(w+s—%)2, (4.2)

n,wEZ

So at this stage we find yep ((6722, T, z) to be

11

V1(T, —2 + 5T + 1) wti 2wt n)? _k _n)?

krg/ds/dt St e (st ) g (et i) T (4.3)
) ) Iy (T, sT + 1) ooz

e Now let us expand both theta functions. For the theta function in the numerator we are
simply going to use
i(r2) = i 3 (~)mgE(mta) (4.4)
meZ
and for the theta function in the denominator we are going to employ the identity (see for
example [46] for its proof)

1 r+2
- z f z 1, 4.
S~ L ETES) forll <I6l < (45)
rez
where -
ST(T) — Z (_1)m qm(m+2r+1)/2. (46)
m=0

Note that for 3 = s7 +t we have |(;| = |¢|° and therefore the identity holds for 0 < s < 1.
Thus we now have xen ((C /Loy T, z> as

1 1
—~— -1 2 1 ,
v () = Vi (G5 [ o b et gt ot
T
0 rmanZ

% ST(T) qs(r+5) 627rzt(7‘+§) C;U+Z e2mitn q(ers)n (qq)g(w—ks—%y ) (47)

e Now we are perform the integral over t. This imposes m +r +n 4+ 1 = 0 using which we

e~

can perform the sum over r and write yen ((C/ Zo; T, z) as

manZ

1
/ g TS () T g (@S ()
0

e Our next step is to perform the sum over m. We will do this using the following identity
(again see [46] for its proof):

0UTE) N gy b (md)
1 _4-21 qu - T;Z( 1) q CZ S—m—p—l(T)7 (49)
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which holds for any p € Z. This then gives us

77(7—)3 nweZ _Cz 1-¢lgn —n

1
Xell (6/\/22;7',,2) = Vkn <_“91(T’Z)> "G / s (qq) % (wrs=3)" (4.10)
0

e Finally, the integral over s can be taken using error functions:

1

n\2 k .

kTQ/dS % w+37z) \/2?2 ds sgn — Sgn(s _ 1)] e—ﬂkTg(w-i-s—E)
0

:% [erf (m<%—w)> —erf (m<%—w—1>>} . (4.11)
This yields the final result:

—iv (7, 2) e

v (6/Bmz) = = 2 i =
X % [erf (% (% 7w>) —erf (\/% <% —w— 1>>} . (4.12)

The Holomorphic (Discrete) Part of the Squashed C/Z, Elliptic Genus

As 7 — oo we have erf (\/k?TTQ!L‘) — sgn(x), so the holomorphic part of xep (((%;T, z)
is given by

(€T - 05D 5 G L () (-]
(4.13)

Multiplying the numerator and the denominator of the summand by (, ¢", shifting w —
w — 1, plugging in n = kw — v where v € Z, and defining

/2 ify=0,k,

T e (4.14)
0 otherwise,
we can get this to a more familiar form'”
19 kw? 'wa 7
hol (A7 (T, 2) q
v (C/Zasm,2) = e Z Tk D T e (4.15)

wWEZ

which is nothing but the Atkin-Lehner operator Wy, [29] acting on A; ;(7,u,v), as men-
tioned below Equation (2.46).

1" This is slightly different from the Equation 3.9 of [33] due to the ambiguity in defining the contribution
of discrete states that are touching the continuum (equivalently, defining sgn(0) to be —1 would produce
their result). Note that this ambiguity also appears in [33] in the choice of integration contours due to the
poles that are that are touching those contours.
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4.2 The General Case

Our expression for the flavored elliptic genera of squashed toric sigma models leads us to
the following integral (see Section 2.4 for details):

2N T L’“/~.u 2 V(5 LB () 2

CcN
(4.16)

where 7 € H, 2 € C and v € CV, k = (k1,...,kn) and 3 is understood to be a column
vector whose entries are 3),...,3y € C. Here, M is a real N x N non-degenerate matrix
whose columns are 1) and which we assume to satisfy

MQn = Qn, where Qy:=(1,...,1)T e RV*1. (4.17)

Finally, E(u) = M™Tu corresponds to the chemical potentials conjugate to the toric

synrunetries18 .

Before attempting the integral, it will be convenient to introduce some notation.

1 1
di
18 <\/2k1’ N

Using this notation and introducing a new variable 3 :== MT3’ we can write

N mkj (. z 1B (N 2
= (8042 ) (s+5w+ 2 )

K=

> , E=KIMT g=ETe= MTIK2MTT. (4.18)

j=1
= exp <—27; (g’TIC’l +B(w) K+ 22@%16) (K1 + KB (u) + QICQNz)>
2
— exp <_27; GTET +u" €T +2:Q4K) (5 + Eu+ QICQNz)) . (4.19)
2
N 1
Noting that ]1;[1 kj = N (et K2 and changing variables 3’ — 3 = M7}/ in the integral, we
obtain
SeM; T, 2,u) =
N
(det &) 5 / d2N H (1, —2 + 33) - “2( TeT1aTeT +2:Q% /c)(£3+£u+2ICQNz). (4.20)
2N . 191 T 5J
cN =1
Using equation (A.7) we have
V1(7, =2 435 +w;T +my) L O1(T, —2 + 35) (4.21)

Oi(r,35 +wiT+m;) 0 (1)

18 In this section, the variable u is used to denote certain convenient linear combinations of chemical
potentials 8 for toric flavor symmetries and should not be confused with chemical potentials for gauge
symmetries defined in Equation (2.7).
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and hence

feMir ) = (dthg /d2N H [191 T, —z+5j } Z <QNw (4.22)
EN 7=1

191 T 5J m,weZN

X exp (—2:2 (G+u+7w+m)TET +2:Q4K] [EG + u+ wr +m) + QICQNZ]> .

Writing 3 = s7 + ¢ where s,t € [0,1]" we have

feMir20) = detf‘: /dN/dNtH[ﬁl Z+5]T+t] Z CQNw (4.23)

(7, 8,7+t
[01]” 0,1V ’ wez

X exp (—2:2 [(@+7(w+s) +m+1)TET + 22QRK] [E(u+ (w+ 8)T +m +1) + QICQNZ]> .

Using Poisson summation (A.11) for the sum over m with

1 1

A= _—&T¢ and B = —ET[ERe(u) + (w+s)m +1) +2KQnz],  (4.24)
279 2179

we obtain
7'2 N N Vi (1, —2 + 557 + t5) QT g 1p;
M; T, z, = det&|[d d™e N
feM; T, 2,0) ! / / H[ FRE— ZNC
0,1 [0, weZ
o eQm‘nT(t+ L‘T(;”) ) q%pL(er—I";;") )Tg’lpL(er—I";;") ) quR(er%)Tg’lpR(er—I";;") )’ (4.25)

where we defined ‘twisted’ left and right moving momenta that depends on n and w im-
plicitly as in toroidal compactifications of string theory (on a torus with metric g = £7€):

prls) = nt golw+s), pr(s) = n—sg(wts), and py = pr(0).  (426)

At this point we note that

1 _ 1 _
5PL(8)" 97 pL(s) = 5pr(s) g™ pR(s) = n'(w+s). (4.27)
Therefore, the sum over n,w € Z~ in (4.25) basically defines a Siegel-Narain theta function
over the even, unimodular, signature (N, N) lattice U®", for which the projections to the
positive and negative definite subspaces are defined by the matrix £. The lattice U is
defined through its Gram matrix 10

Next we are going to expand the theta functions in the denominator using the identity

1
e = aep Zg (r) for |g| <|¢:| <1, (4.28)
’ rEL
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where S,.(7) = 3.0°_(—1)"™ g™ +2+1)/2 Note that for z = s7 + ¢ with 0 < s,¢ < 1 we

have |(,| = |q|® and the expansion is valid. We will also expand the theta functions in the
numerators as

Di(rz) = i 3 (1) gp(med) (e (4.29)

meZ

This produces the following expression for fi(M; T, z,u):
( ) | de t5|( ) /dN /dNt S () Dm0 p=1(mst2)

01N 0.1V rmnwEZN
x e %i(mi+3) 2mi 2 HS’”J g1 53 5) 2 0L 1 ()

2 2 ¢ Im(wT) T Im(u) Im(u) T —1 Im( u)
QNg pL Tin (+ To )qn (wts+ £ )( q)Qp (+ ) 9" PR (+ ) (430)

Performing the integrals over the variables ¢; imposes m; +r; +n; +1 = 0 using which
we can take the sum over r and get

fk(Ma T, Z,U) =

<T;>%dem () S T[S comatemreem s,

naweZN j=1 | m;eZ

2QN9 'pr 27rmT% an(w'f‘I";(Qu)) /dNS (q ) (S+Im(u))Tgilp (S+Im(u)). (4.31)
0,1
Next we are going to use the identity
0 (T, 100 132 —(m+l
D S gt s ), pez, )
- CZ q meZ
and also note that 7n” Im(u) + TImgT) = nTu. Moreover, we are going to insert
1 .
Dy (—1)Z55 % sgn (s — c) (4.33)

ce{0,1}V

in the integral, this factor gives unity inside [0, 1]N and is zero on the rest of RY. So we
can extend the s; integrals to the whole R using this factor and get

T —1
N —id N nTw 2QN9™ PL 27inTu
kM7, 2,u) = <B) | det & <21(Téz)> Z q NCZ _16 ‘ (4.34)
2 77(7_) nweZN Hj:l (]‘ - CZ qin])
X 5N > 2= 16]/stsgn (s —c) e 2mmpr(st )T pa(e B

ce{0, l}N RN
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Lastly, we will perform the integral over s:
. Im(u) T Im(u)
/st sgn(s)e 2rrapr(stet )T pR(s et 505). (4.35)
RN

Looking at the definitions (4.18), (4.26) and defining A := /27 [S_Tn — 1€ (w +c+ w)}
and X' = /2Es, the integral becomes

N
22 1 NT /
“ dN)\/ 5_1A/ —m(A=A)T (A=A ) 4.36
<TQ> ]deté']/ sgu (E7X) e (4.36)
RN
This integral then yields a generalized error function [16, 19] (see the definition in (B.1))
and we get
2\ 1
— En(ETTN). 4.37
(Tg) derg] N E Y (4.37)
So our final answer is
T - .
—id (7-, Z) N anw C?QNg 'L 627rmTu
SulM;7,2,u) = G N  S—
T n,weZN Hj=1 (1 —Cq J)

X QLN 3 (—)Tm By <5—T; oz [S_Tn - %5 <w te+t Im(u))]) . (4.38)

T2
ce{0,1}V

In fact, it is easy to see that the holomorphic limit of the series, obtained by taking the
T9 — oo limit in the generalized error functions, yields holomorphic parts of indefinite theta
series. That is because in this limit, the error functions reduce to sign functions as in (B.2)
and the second line of equation (4.38) is nonzero only for finitely many w for fixed n (or
vice versa). In the example of squashed A; model we will also check that the completions
of these indefinite theta series agree with the completion given in equation (4.38).

4.3 Details for the Squashed A; Model

In the preceding sections we showed that the computation of (flavored) elliptic genera of
squashed toric sigma models reduces to the evaluation of integrals fx(M; T, z,u) defined in
(4.16). Our final result in (4.38) then yields the answer for the class of theories considered in
this paper and shows that they are built out of indefinite theta series (of generic signature).
In this section, we will elaborate on the example of squashed A; model to illustrate our
result in a concrete setting.

To simplify matters we will focus on a particular choice of gauged flavor charges given in
Table 1 and also considered in [8] as an example, and further restrict to the case k1 = ko = k.
With these choices and setting fugacities for global symmetries to zero we have

Rukirs) — 282 3 V1 T,— — 331+ 53) U1 (T =2 + 351 + 339)
Xell{ 21, 77_2 9 1,/ 1,/ 9 3,/ 1,/
1 7-7 531 T 232) 1 (T’ 241t 232)
% 6*5(5# )GE+E )e*%(?’ +5) (Gt ) (4.39)
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Field | U(1)1  U(1)

01 1 0

103 1 1

®3 0 1
Table 1

Comparing to equation (4.16) we find'® N = 2 and

NI
N[
N[—= ol

Xell(gl,k;T,Z) = 2fx M;7,2,0), wherek = (k,k) and M = (

) . (4.40)

For the values of k and M here and with respect to the notation introduced in (4.17),
(4.18), and (4.26) we have

1 _1
K=—0L, &=V2k| .2
Vok (3

Then, according to our result in (4.38) we find

N[ = N[ =

51 _ 2n
>, g—k(l 1), 2Q§g lpL:w1+w2+TQ. (4.41)

2n
w1 +wa+ 72

~ —i9 (’T, Z) 2 z
Ry kim,2) = 2 “) 2
Xen(A, ki 7, 2) < () n,wze:zz G _cigm 4P

_ 1 D) n1 —n2—2k:(w1—|—cl)
—natep, &7 =/ 5€ :
Z ( ) 2 ( "2k 2 <5n2 e Qk(ZUQ + Cz)

c1,c2€{0,1}

qm w1+n2w2 C

AN

To isolate the holomorphic (discrete) part of this elliptic genus we will use the fact that,
according to (B.2) we have Fo(F;+/2mz) — sgn(FL x) as 79 — oo with sign functions
defined as in equation 3.18. We will give the details for the special case of k = 2.

hol/ X —101(7, 2) ?
Xell (A1,2;7,2) = 2| ——F—5— Z

qnlwl +ngw2 <w1 Fw2+n2
z

n(r)? oz (1 —( q—m) (1 _ Cz—lq_m)
1 ny —ny —4(wi +¢1)

X — -1 c1+ca sgn | 43
4 e cgo 1}( ) & <5n2 —ny — 4(wy + c2) ( )

The second line gives nonzero contributions only when
dwi <np—mno <4dwy;+4 and 4wy < —nq + Sno < 4wy + 4. (4.44)

Writing n1 = 5w + wy + p1 and ny = w; + wy + pa (where we decomposed n as %gw +p)
the inequalities reduce to

0<pr—p2<4, and 0< —p;+5py <4 (4.45)

19Note that dummy integration variables are scaled so that equation (4.17) is satisfied.
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There are seven points in p € Z? that satisfy these conditions. Four of those seven points,

(#) = ©)-0)- () 6)

are on the vertices of the parallelogram shaped region in (4.45) and yield % for the second
line of (4.43). The remaining three points, on the other hand, yield unity:

(w) = () C)- ) wo

, 2
g(p1,p2;7,2) = 2 (_Z 191(7;: Z)) Z gt (2wt
77(7') weZ?

Therefore, defining

w w P2
qpl 1+p2 2(2

X (1 _ Cz_l q_5w1—w2—p1) (1 o Cz_ q—wl—wz—pz) ) (448)
we find the discrete part of Xeu(.&l, 2;7,2) to be
~ 1
+9(2,1;7,2) +9(3,1;7,2) + g(4, 1; 7, 2). (4.49)

The sum in (4.48) can be brought into the form of a signature (2,2) indefinite theta
function by expanding the factors in the denominator as

9(p1p2i7;2) =2 (WY > i[sgn(—rﬁel)—sgn <5w1+w2+p1+1m(z)>]

3
77(7—) w,reZ? 2

I
X [sgn (—rz + €2) —sgn (w1 + wg + p2 + H;_(Z)H 3w1+2w2+ﬁ+r2+p2
2

5w? 2w wa+w3+r1 (5wi +wsa)+r2 (w1 +wa)

e (wi+r1)+p2(w2trz) (4.50)

)

X q

where €1, €2 € (0,1) are arbitrary. In fact, it will be convenient to define

h(p1,p2;7,2) =
2 (W>2 Z 1 [sgn (—4r1 + p1 — p2) —sgn <5w1 + wy +p1 + Im(z))}
n(r)? oo d .
X [Sgn (—4rg — p1 + 5p2) — sgn (wl +w2 +p2 + In;iz)ﬂ Zwit2watritratpe
X q5w%+2w1w2+w§+r1(5w1+w2)+7‘2(w1+w2) q101(w1Jrrl)erg(wngrg)7 (4.51)

which is essentially (4.50) with e; = 2572 and ep = 5p2;p1 . The upshot is that h(p1, pe; 7, 2) =

g(p1,p2; 7, 2) for p1 and ps chosen as in (4.47), while the points on the boundary combine
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to

h(070; T, Z) = [9(07(); T, Z) + 9(17 I;T, Z) + 9(57 Ly, z) + 9(67 2, z)] ) (4‘52)

| =

so that
Xl (A1, 27,2) = R(0,0;7,2) + A(2,1;7,2) + h(3,1;7,2) + h(4, 1;7,2) . (4.53)

More importantly, the series in h(p1,p2;7, z) can be realized as the holomorphic part
of an indefinite theta function. For this purpose, let us introduce the lattice A ~ Z* and
let us define

w1 10251 0 P1 — D2
~ w9 ~ 2211 z 1] —p1+5p2
= , = , = , d =—
=0l YTl s 00l 2T o and - ulp) =7 4,
ro 1100 0 P1 — 9p2
(4.54)
Then taking @ to define the quadratic form on A, we have
1. 1 p~
§n2 =3 TQn = 5w? + 2wywy + w3 + r1(5wy + wo) + ro(wy +ws), wu(p)® = 0, (4.55)

w(p)3 =p2z, n[3+ pp)7] = (2Qwi+2we+ri+r2)z+[p1(wy + r1) + pa(we + r2)] 7. (4.56)

In particular, note that u(p) € A*. We will define an indefinite theta function on A via a
rectangular cone defined by vectors

-1 1 0 0
a=|, a=|00 &= &= (457
-2 10 0 1
These vectors satisfy
A= -8 &= -40, F =0, & =0, (4.58)
CleCa =8 =00 =07=0 &7 =0cd=—4 (4.59)

Note that null vectors ¢} and ¢, are orthogonal to every vector in this set except for ¢; and
Ca, respectively, as was required in Section 3.3.2! Finally noting that

~ [~ Im
c1- <H+M(P) + Ti”) = —4dr1 +p1 —pe,

~ I I
R <”+M(p)+m(3)> = bwy +wz +p1+ m(z),

T2 T2

~ [~ Im
2 - <n + pu(p) + 7_23)> = —4ry — p1 + 5p2,

- Im Im(z
e (7 )+ ) = g (4.60)

20For example, the expression for g(5,1;7,2) can be made similar to that of g(0,0;7,2) by shifting
w1 — wi — 1 and 71 — 71 + 1 after which which we essentially have ¢(0,0;7,z) but with e; — e — 1.
Repeating this for (p1,p2) € {(1,1), (6,2)} and noting that sgn (z+¢€) + sgn(z+€e—1) = 2sgn(z) for
e € (0,1) yields equation (4.52).

*IThese vectors also obey the convergence conditions stated in Section 4.3 of [16].
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we write h(p1,p2; 7, 2) as

2 (FAEDY S @) s (4 (7400 + 20 )]

n(r) 4 2

neA
~ i~ - I o~ -
X [sgn (o - [n+ pu(p)]) —sgn <E’2 . (n + u(p) + H;iﬁ)))] e2mis (A+p(p)) q%(nﬂL(p))Q'
(4.61)

We can use this representation to obtain the modular completion E(pl,pg;r, z) for
h(p1,p2; T, z), using the replacement given in (3.21):

- —i91(7,2)\ 2 1 -13\  [r [2r —2re — p1 + 3p2
h ;P25 T, =2|——3— n [E YAy
(p1,p2; 7, 2) ( n(r)3 > Z 4172 11 8 \ —6r1 —2ry +p1 + p2

w,reZ2

I _
—sgn (w1 + wo + po + H;_(z)> erf ( 41710 (7“1 + Pl 1 p2>)
2

I 4 5p9 —
—sgn <5w1 + w2 +p1 + n;(z)) erf ( —7;-2 <—7"2 + 7]924 p1>>
)

Im(z) Im(z)
+ sgn w1+w2+p2+7_7 sgn | dSwy + wa + p1 + - }
2 2

qpl(w1+7'1)+P2(w2+7’2)_ (4.62)

« <2w1 +2wa+r1+r2+p2 5w 2w we w341 (5wi +wa ) +re (w1 +ws)
4

q

Since in Equation (4.53) we have written X}elﬁl(glﬂ;ﬁ z) in terms of h(pi,pe;T,z) the

modular completions should also satisfy the same relation, i.e. we should have
Xen(A1,2;7,2) = h(0,0;7,2) + h(2,1;7,2) + h(3,1;7,2) + h(4,1;7, 2). (4.63)
A direct proof of this equality is also possible starting with the expression of Xeu(fxl, 2;7,2)
given in (4.42).22
Before concluding this section, let us give an alternative expression for xen(A1,2;7, 2)

by noticing that we can combine the sum over A and the sum over P as a sum over a new
lattice A generated by A and j(2,1).?3 In particular, we pick the following basis for A:

—1/4 0 —1/4 0
1/4 1 1/4 0| ~
A= A = L N = ;A= e A, 4.64
' ~3/4 >~ o ’ 1/4 “~ o (4.64)
—1/4 0 —1/4 1

22 A quick sketch of this proof is as follows: One starts by rewriting the sum over n,w € Z* in (4.42) as a
sum over r,w' € Z* where n = tgw’ +p, w=w +r and with p running over the set (g), (%), (1), (1)
Then let us use Xen(Ai,2,p1,p2; 7, 2) to denote the contribution to xen(Ai1,2;7,2) from a certain p. Now

hol

we note that x’'(A1,2, p1, p2; 7, 2) = h(p1, p2; 7, z) and hence try to prove
Xell(gl727plap2;7—a Z) - X}f;ﬁl(g1727plap2;7—7 Z) = E(plap2;7—7 Z) - h(p17p2;7—7 Z)

Now note that in equation (4.42), the shift w — w—c would allow us to cancel the factor in the denominator.
This replacement however is not legal because the sum over ¢ can not switch places with the sum over w
due to divergence issues. In the new equation we are trying to prove we can however generate factors free
from this divergence issue by using equation (B.9).

2%We have 24(2,1) = u(3,1) (mod A), 3u(2,1) = pu(4,1) (mod A), and 444(2,1) =0 (mod A).
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so that an element of A is written in the form Z?:l n;\; where n; € Z for j = 1,2,3,4
specifying an identification of A with Z*. Mapping the information in (4.54) and (4.57)
(and removing tildes to denote the component vectors in this basis) we find

2 =110 0 ni w1 = _%’
Q= _11 3 8(1) , 3(2) = S , ni= Zi where ZQ:SEEH% (4.65)
0 100 0 yz wy = _narns’_i_ na,
-1 1 -1 0
c1 = g , Cg = :;1 , O = (1) , Ch o= 8 (4.66)
-1 9 0 1
With these definitions we can finally state the discrete part of the elliptic genus as
, 2
X‘};ﬁl(:&l,Q;T, z) = 2 <_Z:(1T()T:;Z)> ev (C, C';T,g(z)). (4.67)

Note that the lattice A with @) as its quadratic form is even and unimodular. The completed
elliptic genus is similarly

—1 791 (7’ , 2 )
n(r)?
The fact that A is rank four and 3(z)? = 222 implies the completed theta function trans-

, 2
forms like a weight 2, index 1 Jacobi form. Combined with the prefactor ( M) which

n(r)?
is a weight —2, index 1 Jacobi form,?* the representation in equation (4.68) tells us that the

~ 2 ~
Xell(A1,2;7,2) = 2 < ) ev (C, C’;T,;j(z)). (4.68)

elliptic genus Xell(;&la 2; 7, z) is the completion of a depth two mock Jacobi form of weight
0 and index 2, consistent with our general discussion.

In conclusion, in this section we have given several equivalent expressions for the elliptic
genus of squashed A; model (at k1 = ko = 2 and for the charge configuration given in
Table 1) in (4.42), (4.63), and (4.68). We have also given expressions for its holomorphic
(discrete) part in (4.49), (4.53), and (4.67). In particular, we can compute its leading
Fourier coefficients using these expressions:

< 1 3 1
X (A1, 27, 2) = (1 + 261) + <6 -5 -2 2433) g+0(¢%).  (4.69)

The function Xgﬁl(;‘il, 2; 7, z) has a theta decomposition

2

X?ﬁl(gla 2; T, Z) = Z h,u(T) 192,;1(7-7 Z) s (470)
p=-—1

24Note that the zeros of 91 (7, z)? cancel the double poles of @% (C,C’;7,3(z)) on Zt 4 Z. These double
poles stem from the two null vectors ¢ and c5 defining the theta function.
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with

hoi(r) = ha(7) (4.71)
ho(T) = 1+ 6q+ 34¢% + 144> + 534¢* + 1776¢° + . .. (4.72)
1 3 25 683
hi(t) = q_l/8 St — 18  — —¢t —1270¢° + . .. (4.73)
2 27 2 2
ha(r) = ¢"/? (=2 — 4q + 12¢° + 120¢° + 594¢" +...) . (4.74)

Finally, at z = 0 we expect to recover the Witten index, which should be g-independent.
Indeed we have checked that X}elffl(gl, 2:7,2=0) = 2 to O(q'*) precision. (In fact one can
deduce that this is the correct value of the Witten index directly from the expression (4.39),
which reduces to a Gaussian integral at z = 0.) We note that this is also in agreement with
the Witten index of the unsquashed A;. The squashing deformation thus does not change
the Witten index even for this non-compact model, in spite of quite drastically changing
the boundary conditions, similar to the observation in [8] for the compact case.

5 A Possible Relation with Vafa-Witten Partition Functions on CP?

In this paper we discussed a class of two-dimensional GLSMs whose target space is a
squashed toric CY of complex dimension n. We found that the elliptic genus of these
models are built out of the modular completions of indefinite theta functions associated
to lattices of signature (n,n). In this manner every squashed toric CY is associated to a
particular mock modular form of depth n, thus generalizing the classic relation between
CY manifolds and modular forms discussed in the introduction.

In fact, mock modular forms of higher depth also arise in another interesting physical
context, namely in the discussion [40, 45] of partition functions of twisted NV = 4 super
Yang-Mills theory (Vafa-Witten (VW) theory [34]) on CP2. The twisted super Yang-Mills
theory has different topological sectors which are labelled by the value of magnetic 't Hooft
flux. For gauge group U(N), the 't Hooft flux on CP? takes values in Zy. The partition
function contains, as a factor, the generating function of X(Mj,,) which is the Euler
characteristic (or rather a related rational invariant) of the moduli space of instantons
with instanton number m and 't Hooft flux j.

In this section we comment on a potential relation between these two apparently dif-
ferent physical phenomena. For N = 2 we have a precise mathematical relation between
the two functions described above. For generic N, the main new point is an observation
about the similarity of the modular structure of the elliptic genera computed in this paper
and the U(N) VW partition functions on CP?.

We begin with the Vafa-Witten partition function on CP? for the U(2) gauge group.
Based on the work of Yoshioka and Klyachko [47, 48], the relevant partition functions Z;(7),
j=0,1, are [34]

oo 3 o

? " n T) = n — n—1
U(T)anon(Zln)q and  Zi(7) n(T)G;H(AL g1, (51

Zo(r) =
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where H(n) for n > 0 are Hurwitz-Kronecker class numbers, i.e. the number of SL(2,Z)-
equivalence classes of positive integral binary quadratic forms of discriminant —n, weighted
by the reciprocal of the number of their automorphisms, and H(0) = —1/12. It was then

25

shown in [49] that these generating functions® are given in terms of derivatives of the

Zwegers p-function [10] defined as

eTiu (_1>nem'(n2+n)7+27rim)

p(u,v;7) = 5 r0) Z [P s u,v € C. (5.2)
nez
The relation is as follows
1 1 d 1
O(T) ,,7(7_)6 275 dz <q Cz % z T, 2 z, 4T ZZO?
1 1 d 1
7 = — —_ <2 —T,= — T —2;2 ) 5.3
1(7) n(r)6 2mi dz "\ T T T T T ET)) (5:3)

Now we note that the py-function can be written in terms of the Appell-Lerch sum (2.46)

for k = % as
(w057) = —— A1 (ru o+ D) (5.4)
iT) = T =). .
pY, s 291(7', ’U) 17% B 2
In Section 2.5 we explained the relation between the Appell-Lerch sum A ;, and the elliptic

genus of the squashed 6/\2/2 manifold, or equivalently, that of the SL(2,R) 1 JU(1) cigar
coset theory (or its mirror N' = 2 Liouville theory). Putting these two relations together,
we can recast the observation (5.3) as a relation between the elliptic genus of the squashed
C/Zs/cigar/N = 2 Liouville and the U(2) VW partition function.

From a physical point of view, the VW theory can be thought of as arising from a
fivebrane in string theory wrapped on CP? x T2 [50]. The VW theory appears as the
effective theory when the 72 is small, and the VW partition function is supposed to equal
the modified elliptic genus of the (0,4) supersymmetric effective 2d theory on the T2
The details of this effective 2d theory are not currently understood (beyond calculations
protected by ario\galies). Our above observation suggests that the 2d theory is closely
related to the C/Zy/cigar/N = 2 Liouville theory with k = %. (There are additional ¥y
and 7 factors in Equations (2.47) and (5.4) which point to additional degrees of freedom
apart from those captured by the cigar.)

From the geometric point of view, it is tempting to conjecture that the Euler charac-
teristic of the moduli space of instantons of U(2) theory are related to certain topological
invariants of the C/Zy/cigar/N = 2 Liouville theory for some deeper reason. A geometric
relation may begin with the fact that instanton moduli spaces are toric manifolds, and per-
haps a certain regularization of these manifolds required to define the Euler characteristic
effectively squashes the manifold. Some support for this comes from the fact that the rela-
tion (5.3) can be refined further. The work of [49] shows that the generating function of the

5Tn [49], there is an extra term in the expression for Zo(7) compared to Equation (5.1), which reflects the
ambiguity in defining the Euler characteristic of the moduli space of instantons when the 't Hooft flux and
the rank are not relatively prime [40]. This extra term breaks the covariance of the vector-valued partition
function Z;(7) in (5.1) under the full SL(2,Z).
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Poincare polynomial P(t) of the instanton moduli space is given in terms of the p-function.
Equation (5.3) is the limit of this relation as ¢ = —1 for which the Poincare polynomial
reduces to the Euler characteristic.

Another, more speculative, idea is that of a holographic relation in the context of NS
fivebranes in string theory [51-53]. The cigar/N = 2 Liouville theory is known to capture
the near-horizon geometry of wrapped NS fivebranes. The VW theory would then be
viewed as a boundary theory and some twisted version of the cigar theory as the spacetime
hologram. In this regard, we note that at k = %, the central charge of the cigar/N = 2

Liouville theory is
2

c = 3(1+%) = 15, (5.5)
which is the central charge for the critical superstring theory with the two-dimensional
target space being the cigar coset [54]. It would be really interesting if all these field theory
phenomena has some holographic interpretation in terms of a string theory observable on
this pure cigar target space.

Finally, we note that for generic N, Vafa-Witten partition functions on CP? are ex-
pressed in terms of generalized Appell functions [45] (see Equation (3.36)). These are
specific indefinite theta series for which a subset of the vectors determining its rectangular
cone are null vectors. In Section 4.2 we found a similar structure for the elliptic gen-
era of squashed toric models. Given that these generalized Appell functions are the key
parts determining the (mock) modular behavior of both the VW partition function and the
squashed toric model elliptic genus, it would be interesting to look for a GLSM description
of the 2d, N = (0,4) effective theory of wrapped branes using ingredients similar to the
ones used in squashed toric models.
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A Definitions and Conventions

2miT

For 7 € H we will use 71 := Re(7), 72 := Im (7) and ¢ := e*™". For an elliptic variable

z we use the notation (. := e*™*. We are also use the fundamental parallelogram E, =

{st+t: 0<s<1, 0<t<1}. For a column vector u € RNV*1 we define

N N
sgn (u) = Hsgn (uj) and Hu = Huj (A.1)

We now list some of the basic modular objects we need in our exposition.
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(i) The Dedekind eta function is defined as

n(r)=¢" JJ[(1-q") = ¢/ (-1 "GV, (A.2)
n=1 nez
It satisfies
n(r+1) = e/Mp(r) and  n(-1/7) = e AT 2p(r). (A.3)

(ii) The level m theta functions are defined as

mn? ~2mn
U (T,2) = Z q 2mn. (A.4)
neZ+r/2m

(iii) The Jacobi theta function 9 (7, 2) is defined as

di(r,2) = ig"SCP [ —g)(1 =g - g™ (A.5)
n=1
= i Y (1)) e (A.6)
meZ

The Jacobi theta function is an odd function of its elliptic variable, ¥1(7,—z) =
—81(7, 2), and transforms under elliptic transformations as

D1 (7,2 +ar + B) = (=1)*F R Y1(7, 2) for any «, 5 € Z. (A.7)

z

Under modular transformations we have
N(r+1,2) = emi/4 (T, 2) (A.B)

and
01 (=1/7,2/1) = e ST/ M/ Y, (1, 2). (A.9)

One final property that will be useful for us is

1 0

1
— = 9
D (7,0) = 5 o di(r2)

5 = in(r)3. (A.10)

z=0

We also use Poisson summation in our discussion. For convenience we give its statement

for Gaussian functions:
1

T T T 1—1
E exp (—mm” Am —2miB'm) = —— E exp (—m(B+n) A" (B+n)),
meZN ( ) det neZN ( )

(A.11)

where A is an N x N positive definite matrix and B is an N component column vector.
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B Generalized Error Functions

Generalized error functions, first introduced in [16], are important ingredients in the con-
struction of indefinite theta series. In this section we introduce their definitions and review
some of their properties following the conventions of [19] (except for changing the sign of
the bilinear form for boosted error functions).

Let M € R"™ " be a nondegenerate matrix and let v € R™!. The ‘r-tuple error
function’ E,.(M;v) is then defined as

E.(M;v) = /drv'e—ﬂ(v—v’)T(u—”/)sgn (MT’U/). (B.1)
RT‘

For generic v, we have
E.(M;v) — sgn (MTv) as |v] — oo. (B.2)

We also define the ‘complementary r-tuple error function’ (which is piecewise smooth) as

i\" . . e*T{'éT372ﬂ"L’3T’U

R"—iv
When r = 1 we have Fj(1;v) = erf(vy/m) and M;(1;v) = —sgn (v) erfc(|v|y/7), which in
particular satisfy F1(1;v) = sgn (v) + M;(
Ba (357" (3)) and 2o ((h5) 7"
as defined in [16], respectively.

1;v). For r = 2, the generalized error functions
(2

. )) reduce to Fs (a;v1,v2) and My (a;v1,v2)

Orthogonal transformations leave these functions invariant, i.e. for A € O(r;R) we
have
E,(AM;Av) = E,(M;v) and M, (AM;Av) = M,(M;v). (B.4)

We also define boosted generalized error functions for a quadratic form (z,y) — x -y =
2T Qy, where z,y € R", by

EC(Fiz) = E,(B-F;B-z) and M@ (F;z) = M,(B-F;B-z), (B.5)

where the columns of F' = ( O (r)) € R™ 7" span a negative definite subspace with
respect to the quadratic form defined by @ and B € R™*" is a matrix whose columns form
an orthonormal basis for the subspace spanned by the columns of F, i.e. BTQB = —1I, and
F = —BBTQF. As in the main text, we use the notation F - G := FL'QG € R™* for any
F € R and G € R™"™5. Moreover, we call a vector f € R™ positive, negative, or null if
f2>0, f2<0,or f2 =0, respectively. Note that thanks to equation (B.4), the right hand
sides of definitions in (B.5) are independent of the choice of basis B.%6

We also introduce the following notation:

o [ = (f(l) e ﬂ”) € R™*" is a matrix whose columns form a dual basis to those of

F' in the subspace they span. In other words, F-F= —1I, and F = —BBTQI?’. We
have FF = —B(BTQF)~T.

26We will take E9 and M© to be unity when the set F is empty.
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e For S C [r] == {1,...,7} we define Fi to be the n x |S| matrix whose columns are f()
with j € S and ordered in increasing j order. We similarly define ﬁs as the matrix
whose columns are f(j) with j € S.

e F's| ¢ is defined by orthogonally projecting the columns of Fg to the subspace orthog-
onal to that spanned by Fg/. The columns of Fg, g are fU) — Fg/(Fg - Fg/) ™' Fgr - f0)
with j € S.

With this notation at hand, the generalized error functions satisfy the following prop-

erties (see [19] for the proofs of these facts).

i) E9 (F;z) and M@ (F;x) are invariant under permutations and positive scalings of the
columns of F'. Also they are odd under sign flips of these columns.

ii) If F is the disjoint union of two sets of columns, F; and F,, which span orthogonal
subspaces with respect to (), we have

E@ (F;x) = E? (Fy;2) E9 (Fy;z)  and M@ (F;z) = M@ (Fi;2) M@ (Fy;z). (B.6)

iii) The complementary error function M@ (F;z) is exponentially suppressed (uniformly)
along the directions spanned by F':

|M@ (F;z)| < rlemE0) B2), (B.7)

iv) We have the following decompositions (generalizing E1(1;v) = sgn (v) + M;(1;v)):

MQ (F;z) = Z sgn (ﬁ[r]/s-x> E@ (Fs;x) (B.8)
SClr]
and
EQ (F;z) = > sgn(—Fysis-z) M? (Fg;z). (B.9)
SClr]

The decomposition in (B.9) together with equation (B.7) implies generically (that is except
on some lower dimensional subspaces)

E? (F; \x) — sgn(—F-z) as A\ — ooc. (B.10)

v) The generalized error function E€ satisfies a second order differential equation called
Vignéras equation:
(27270, — 0T Q7 '0,]) E9 (F;z) = 0, (B.11)

where 0, = (0y,, ... ,axn)T. This differential equation ensures a self-duality property for
EQ (F;x) under Fourier transform [55]. This is precisely the point that allows the replace-
ment of sign functions by generalized error functions in (3.21) yield a modular invariant
object. Another key property that ensures convergence after this replacement (subject to
some conditions on the vectors forming the positive cone) is the decomposition in (B.9)
together with the inequality (B.7), which implies that the difference between the sign func-
tion product and the generalized error function consists of exponentially suppressed pieces
along negative directions.
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vi) In computing the anti-holomorphic dependence of the completed indefinite theta func-
tion it will be useful to note

d @z ) D)0
:L"T&,;EQ (F; 1‘) = =2 Z f—e (f ) 1 f EQ (F[r}/{j}L{j}; l’) . (B.l?)

= —f0) . f0G)

Let us finally relax the definition of boosted generalized error functions by allowing
null vectors in F' (as limits of negative vectors). We will still require that the subspace
spanned by the vectors in F' to be negative semi-definite. That constrains each null vector
to be orthogonal to any other vector in F. So using the factorization property (B.6) and
remembering that for a negative vector n, E (njz) = erf (—y/an - x/y/—n-n) becomes
sgn (—n - x) in the limit n-n — 0 we define

E9((N,F);z) = E9(F;x)sgn(—N -z), (B.13)

where N is a set of null vectors which together with negative vectors in F' span a negative
semidefinite subspace with respect to the inner product defined by Q.
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