AN EXACT FORMULA FOR U(3) VAFA-WITTEN INVARIANTS ON P?
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ABSTRACT. Topologically twisted N' = 4 super Yang-Mills theory has a partition function that
counts Euler numbers of instanton moduli spaces. On the manifold P? and with gauge group
U(3) this partition function has a holomorphic anomaly which makes it a mock modular form
of depth two. We employ the Circle Method to find a Rademacher expansion for the Fourier
coefficients of this partition function. This is the first example of the use of Circle Method for
a mock modular form of a higher depth.

1. INTRODUCTION AND STATEMENT OF RESULTS

Studying and understanding the structure of instanton moduli spaces is an interesting and
important problem for both physics and mathematics. Although such spaces are quite intricate
in general, one can go quite a long way in computing certain topological and analytic invariants.
From a physical point of view, such invariants can be probed with topological field and string
theories. This allows one to restrict attention to simpler and more tractable sectors of the
original theory for which these moduli spaces are relevant. The concept of duality in physics
then can lead to interesting mathematical relations between such invariants.

The particular example we focus on in this paper is the topological N' = 4 super Yang-Mills
theory on a complex surface and with gauge group U(N) studied by Vafa and Witten [23].
We call this topologically twisted theory Vafa-Witten Theory. Separating Q-exact terms, the
action grades configurations only by their instanton number. In this way, the partition function
of Vafa-Witten theory contains a holomorphic g-series that counts (weighted) Euler numbers
for instanton moduli spaces, which we denote by fn ,(7), where ;i is the magnetic t’Hooft
flux and 7 € H, the complex upper half-plane, denotes the complexified gauge couplingH The
S-duality of N' = 4 Yang-Mills theory [I8, 20, 26] then implies that such partition functions
should be modular invariant yielding a nontrivial relation between the Euler numbers. In [23],
this reasoning is applied as a test for the proposed duality by studying the partition functions
for complex surfaces such as K3, ALE spaces, and P?.

The relevant partition function for P? and with gauge group U(2) follows from the works of
[12, 27, 28] and is expressed in terms of

ha,a(T)

FoalD) =50

a € {0,1},

We use the notation fn,u(7) for the generating function of Vafa-Witten invariants and define the related
A (T)
n(r)3N >

with that of [7] but differs from that of [I7], where hn,.(7) = {71:;)‘3(;,) is used to denote the generating function of

function hn,.(7) through fn,,.(7) == where 7(7) is Dedekind’s eta function. This notation is consistent

Vafa-Witten invariants.
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1 . . . .
where 7(7) == ¢21 [[°2,(1 — ¢") is Dedekind’s eta-function, q := e*™", and

hao(T) = 3ha(T) where hq( ZH (4n + 3a) q i, a e {0,1},
n=0
with H(N) denoting the Hurwitz class numbers. The first few Fourier coefficients of h, are
given by

1 1 4 3 4 9 9
ho(r) = =35 + 54 +¢° +3q +50" 420" +20° + 20" + 36" + 50" + 200 + 0 (¢") . (1.1)
1s 7 n 1519 23 4 2 31 35 39 43
h(7) = 3q8 + a7 +a7T +207 +qT +3¢7 + 3¢ +3¢1 + 207 +4g7 +O<q4)- (1.2)
The function h, is not modular invariant but one can add a piece that is non-holomorphic (and
simpler) in a way that makes it modular invariant [29] (see equation (2.7) for the associated
modular transformations). To be more precise, one defines

200

~ ~ 17 Yo (w
o) =Fa(r7) = halr) 1 [ (_i(;:i))dw, (13)

> "

nel+7Z
The function fa, is called a mixed mock modular form and is one of the first appearances of
mock modular forms in physics. The theory of (mixed) mock modular forms has developed
within the past two decades following the seminal work of Zwegers [30].
The next obvious generalization is to U(3) Vafa-Witten theory on P? for which the relevant
partition functions are
h3,u( 7)

f3u( ) ,,7( )9 ) NE{_17071}7

where the leading Fourier coefficients of h3 , are given by [13, [15] 16}, 17, [24]

(NI

where

1
hao(T) = §—q+3q2+17q3+41q4+78q5+120q6+193q7+240q8+359q9+414q10+0 (¢'), (1.4)

hs1(7) = ha_1(7) = 3¢5 + 15¢5 + 36¢% +69¢% + 114¢% + 165¢7 + 246¢5 + O (q?) . (1.5)

As in the case of U(2), the function hs, is not modular but can be completed to a modular
object by adding an extra non-holomorphic term [I7] (see equation (2.8]) for the exact modular
transformations) to define

~ . 9[ 192u+3a (3’LU)
hsu(T,7) = h3 u(T) Sl Z / 3 dw, (1.6)
W L (i)

where for EQ(T, —w) we use equation , considering 7 as an independent variable for which
we then plug in —w. Because the holomorphic anomaly (i.e., the 7 derivative) of the completion
Eg’#(T, T) is given in terms of an ordinary mock modular form it is called a mock modular form
of depth two according to the unpublished work of Zagier and Zwegers. The theory of such
generalized mock modular forms at higher depth was developed recently in [I, 9] [14] 19, 25]
via indefinite theta functions for lattices of arbitrary signature. These functions already found
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applications in physics [2, 3] and mathematics [6]. In fact, a key point in the analysis of [I7] is
the fact that h3, can be written explicitly in terms of generalized Appell functions [16] as in
equations (6.10), (6.17), and (6.18) of [17] using which one can also find the Fourier expansion in
and . Generalized Appell functions are particular examples of indefinite theta series.
Using this fact, one can find the modular completion E&N(T, T), rewrite them in the form given
in equation (|1.6) and prove that they satisfy the modular transformations

-~ T LIPN ~ 1 —1 3 TIUY 2~
hg,#(T +1) = 6_2 3 hg,u(T), h3.u <—> = (—i7) Z 6_2 3 hs (T),

T
v (mod3)

consistent with expectations from S-duality.

The goal of this paper is to exploit the modularity of U(3) Vafa-Witten invariants on P? to
develop an exact formula for its Fourier coefficients, which makes its asymptotic form obvious
with all the subleading terms calculable. For this purpose we use the Circle Method, which
was first developed by Hardy and Ramanujan [10, [11] to study the asymptotic behavior of the
(integer) partition function p(n) and further refined by Rademacher [21] to give an exact formula
for p(n). We work with another version given by Rademacher [22] which is very suitable for
understanding the origin of each term in such formulae. For the U(2) gauge group, this problem
was considered in [7] in which the Circle Method was developed in order to deal with mixed mock
modular forms. Our paper naturally extends this and uses the Circle Method for a higher depth
mock modular form, taking as input only the form of modular transformations and completions
and the leading Fourier coefficients of hg .

We denote the n-th Fourier coefficient of f3,, by as ,(n). More specifically,

3 31
_ n—A . _ —
f3u(T) = nE_O as,(n)¢" =*,  where Ag:= 3 and A;=A_;:= 51

Our main theorem gives an exact formula for the Fourier coefficients, a3 ,(n). To state it, we
need some notation. Let n, :=n — A, Q(x1,x2) = 23 + 2% + 129, and let g, and g; . be
given as

(W) = wgr (23\/7“;]) (1 w?)

with the ingredients defined in equations (4.1)), (4.4), (4.5)), (4.6), (4.7), and (4.8]). Moreover the

generalized Kloostermann sums are defined as

3U}1 3w2

’ 9277“177“2 (w17w2) = Gk,ri,re <ma 2\/§> (1_Q(w1>w2)) y

ot
LIS

—24n,h—(94+8Q(r1,r2))R’
Kk(M7 v; n,T’l,T'Q) = Z C24]§ nuh—(94+8Q(r1,r2)) wh’k(l/?u)'

0<h<k
ged(h,k)=1

with multiplier system 1y, (v, 1) given through equations (2.11), (2.10)), (2.2)), and (2.3 with
no— 1+hh' 27i

M= ( k T) € SLy(Z) for h' satistying hh' = —1 (mod k) and (p, = €m .
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Theorem 1.1. We have

5
™ 6 e Kk(/’h Oa n, 07 0) T 6”.“
ag,(n) = 144 <”u) Z k Ig L

5
97 (6 \1 Ky (p,v;n,r,0) /1 . m/6n, (1 — w?)
-— = it L R At Is d
512 <nu> > > 12 k()] ? w

5 %
3m [ 6\ Ky (p,v5n,71,72)
+ To2i > X 3
1024 ny
v (mod3) k=1 ri,r2 (mod3k)
ri=rz+v (mod3)

. 77\/671“(1 — Q(wl,wg))
X / gk7rl7r2(w1,w2)1§ 2 dwldUJQ.
Q(w1,w2)<1 2

Using the asymptotic behavior of the Bessel functions we obtain the following.

Corollary 1.2. We have, as n — 00,

1 81 2433 3 1
az,(n) = e[ 1 — T+ \2[—* T —i—O(n*%) .
4(6n)2 8m(6n)i 167 T ] (6n)z

Remark. One could determine further terms in the asymptotic expansion of as ,(n).

The use of Circle Method to get an exact formula for Fourier coefficients of ordinary modular
forms requires the precise transformation properties of these modular forms and their principal
(or polar) parts which separate their growing behavior near the cusps. So for our case too, we
start by reviewing modular transformation properties of h3 ;, and other associated functions that
appear in its modular completion. For this purpose, in Section |2, we introduce certain multiplier
systems that appear in these modular transformations and record some of their properties. Then,
in Section [3| we give the modularity behavior of the functions f3, which lets us systematically
work out the behavior of f3, near the real line. Because of depth two mock modularity of
f3,u, certain (one- and two-dimensional) theta integrals appear in the modular transformation
equations. Next, in Section {4, we find Mordell-type representations for these theta integrals
which reduce the 7 dependence of the integrands to exponential functions. This allows us to
split pieces that grow closer to the real line, which can be thought of as principal (or polar)
parts of these contributions. In Section [5] we bound these integrals to find upper bounds on
the error one gets by restricting to the these principal parts. Finally using these ingredients,
in Section [6] we prove Theorem using the Circle Method and find its asymptotics to prove
Corollary [1.2 We finish the paper in Section [7] by giving numerical results.
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2. MULTIPLIER SYSTEMS

We start by introducing two multiplier systems, which we denote by 9 3 and 3 for
M = (‘g g) € SLy(Z). These arise as Weil representations associated with discriminant forms
for A; and A, lattices, respectively. For easy reference, we give explicit formulae for both
multiplier systems and refer the reader to [8] for further details.

Firstly, we define v ps as, with o, 8 € Z/27 ,

jaba? o~ (1—sgn(d)) S8 if c=0,
. le]—1
Yo v (a, B) = ;gnc) Z e;; (a(2j+0)>—28(2j+a)+dB?) if ¢ # 0, (2.1)

Ner

where as usual d,,3 = 0 unless a = 8 in which case it equals 1.
Then, we define, with u,v € Z/3Z,

2w

¢ 5" abu? Sgn(d)_léu v if c=0,
Y3 (s V) = { —sen(o) ’ ) 2.2
( ) ;lcl A3]\4(/’% ) Ifc;é()? ( )
where
le]—1 Oi
Asar(pav) = ) exp ( " (ap® + dv? — 2pw + 3a (§F — jij2 + j3) + 3j1(ap — V))) . (23)
J1,J2=0

Importantly for our arguments, 12 3y and 13 s are unitary. It is enough to verify this for the
generators of SLo(Z), T := (}1) and S = ( o). To state another property that is useful,
define M*¥ = (_“c _db), where we assume from now on that d > 0 if ¢ = 0. Then by directly

inspecting equations (2.1)), (2.2)), and (2.3]), one can see that
¢2,Mﬁ (a,8) = ¢5,M(0@5) and ¢3,Mﬁ (n,v) = %,M(Ma”)a (2.4)

where % denotes the complex conjugate.
Finally we give a lemma that states several (mock) modular transformations.

Lemma 2.1. We have, for M = (%) € SLy(Z) and 3 € C with Im(3) < 0,

ar +b 1
Ja (m’—i—d) = (et +d)? Z Yo (e, B) ﬁg (1), (2.5)
B (mod2)
ar +b 1
192#-‘&3-304 < CT+d> CT+d 2 Z Z ¢2M [0 B 1/]3 M(H, ) 1921/-é—3ﬁ (37—), (26)
v (mod3) B (mod2)
~ (at+b a3+ 3 . ~
ha (CT _|_d c3 _|_d> +d)2 Z wZ,M(aHB) h’ﬂ (T73)7 (27)
B (mod2)
5 ar +b
(CT+d> (ecr+d)® > W v) hay (7). (2.8)

v (mod3)
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Proof. 1t is enough to show the claims for M € {T,S }E| For this purpose and as a reference,
we list the relevant T" and S transformations. In equations and , we have theta
functions whose T transformations immediately follow from their definition as g-series and whose
S transformations are proved in a standard way via Poisson summation and are well-known.
More specifically, we have

Pa (7 +1) = i 9a (7), 2 (-i) _ (_\;%)2 S 1) (),
B (mod?2)

e (B(r+1)) =e 50 (37), 9 (-i) = (_f/%)z S e 0 (31).
r (mod6)

For equation ([2.7)), we use the well-known transformation properties

3
~ ~ ~ 1 —iT)2 ~
ho(r+1) =i Tha(r),  ha (—) __(zin)e ST (1) ha(r).
T V2
B (mod?2)
Finally, we compare equation ({2.8]) to the transformation properties given in [I7]

P Ba (_i) _ (—\%)3 Y e s ().

v (mod3)

~ i 2
hsu(t+1) = 672 5

We also need the modular transformations for the Dedekind n-function:

0 (SE0) = (8 h) iter+apt ao), (29)

where for ¢ # 0, we define

a b (d ) el2((a+d)c bd( ) 36+3) if ¢ is Odd,
dj < ) ‘C‘ T 2 (2']‘0)
c d (Ccl) 612(@0(1 d )+d(b c+3)) if ¢ is even.
Lastly, using equations (12.2]), , and (2.10) we set
X () = i (M) 3 v (2, v). (2.11)
3. THE TRANSFORMATION BEHAVIOR OF THE FUNCTIONS f3
For j,v € Ny, o € Q, define the theta integrals
9, (3w)
Suiolr) = [ dw, (31)
(—i(w+7))2
100 oo ’LU2 ’192u+3a (3’[1)1)
82,1/,9(7_) = Z / / dUJQ dwi. (32)

3
a (mod2) %y 4y —Z w2+7— )2 (—Z (wl +7—))

2Note that the goal of this lemma is not to prove that ¥ ar(a, 8) and 13 s (p, v) are in fact multiplier systems
for SL2(Z). Instead, the aim is to show that these multiplier systems yield the multiplier systems of the (mock)
modular forms we are interested in. Verifying that 1" and S transformations are consistent with the given multiplier
systems is enough to show this claim.
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The following lemma finds the mock modular transformation of f3 .

3

Lemma 3.1. For M = (9%) € SLy(Z) with ¢ # 0, f3,(7)(—i(cT +d))"2 equals

ar +b 9v/3i ar+b at+b
Z X (v 1) <f3’” (c7’+d) - 2\@% Z fa (c +d> b (CT+d)

v (mod3)
9v/3 at +b &, at +b
167T2f<07+d> e <c7‘+d) ’
where
_ ha(T) 1
PO =Sy 1O

Proof. Using (1.6, (2.8)), and the unitarity of 13 as, we find that

h3 () — (eT +d)~ Z Y3 a (v, p) h (aTer)

cT +d
v (mod3)
93 Z 70ha(7, —w)ﬂzugm (3w)dw 53)
S el : : )
2V2m oy L (Hi(w )2
ico E CLT+b —Ww 1921/+3a (3U})

a\ cr+d’ ===
(et +d)” Z 3 ( / ( i ) — dw

v (mo S . at+b 2

@ o (Hi(v+e))

To simplify, we rewrite the first term on the right-hand side of (3.3]). For this, we make the
change of variables w % and use the unitary of the multipliers, (2.4]), (2.6]), and (2.7)), to
obtain that

(I et Y s (g ).

cw+a 8 (moa2) cr+d’

>

Dagsa (37) = (—er + Q) > D Um(Ba) sy, ) V2eza (3 e ) ‘

v (mod3) S (mod?2) —cr+d

Plugging these in and simplifying, we find that (3.3|) equals

oo (a7'+b _w) 9 2030 (3w)

9V 31 +d>
2Bt Y ) Y[ e,
: 27T v (mod3) a (mod2) ~a (-i (w + ZIIS)) 2
Using (|1.3) and (2.9) then finishes the claim. O

4. EICHLER INTEGRALS

In this section, we rewrite the theta integrals, defined in (3.1 and (3.2)), as Eichler integrals.
Throughout the section, we assume that Re(z) > 0 and 4/, k € Z with k > 0.
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4.1. The one-dimensional case.
Lemma 4.1. We have
£ h’+ g Z C h/2/ (w) 7éﬂ_zw2d
i / —_ 12 = r | — € w
15]77% ]{j 3\/6k 12k R gﬁk 2k ’

r (mod 6k)
r=j (mod6)

where, for c € Q and w € C,

sinh (27””)
cosh (2%%) — cos(2mc)’

ge(w) == (4.1)

Proof. Lemma is well-known to experts, however, for the convenience of the reader, we give
a proof. Plugging in definition (3.1]), we rewrite

o (o) - [l L),

zz+w

We next assume that z > 0 and argue via analytic continuation. Letting w = it, using the
identity

727rts
/ —2rw? v T w
e dw = =d
R w — 18 2[ (t+v)2

and inserting the Fourier expansion of 9 ;, we obtain
6

ho V/2i B2 we— 57w
5173.7_%/ <k + ’LZ) = W Cl Z / —im

r (mod 6k) meZ
r=j (mod6) m=r (mod 6k)
Using
Moo
meot(mx) = lim , (4.2)
M—00 r+m
m=—M
we may then show that
< <h/ g ) T Z —h'r2/ “lr? iw+r 4
P el 1ok we cot | w.
I k 3\/6k r (mod 6k) R Gk
r=j (mod®6)
The claim of the Lemma follows, using
in(2 inh(2
cot(z + iy) = sin(2c) _j__ sinh(2y) (4.3)

cosh(2y) — cos(2z)  cosh(2y) — cos(2z)

and the fact that the contribution of the first term vanishes. O
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4.2. The two-dimensional case. The main goal of this section is to write the two-dimensional
Eichler integral as a Mordell integral. Such integrals were first found by Kaszian, Milas, and the
first author in [5]. To state the main result, we define the function gy, : R? — R as follows. Set

sin(27c)
2w ’
cosh (252) — cos(2c)

fe(w) := (4.4)

and write here and throughout this paper, vectors as z =: (21, 22).
If r1,79 Z0 (mod 3k), then we define

Gk (W) = (w% +wh + dwws) (g% (%) 9gr2 (%) —fr (%) fra (%)) ) (4.5)

If r1 =0,72 20 (mod3k), then we let

L 2 2 ﬂ % _ 3k ( ﬂ)2 wo + %
9 (02 (W) 3= (Wi + w) + dwrwa) go ( K )gﬁ < k ) o 2T ) 9% k
(4.6)
If r1 20,79 =0 (mod 3k), then set
9k,(r1,0) = Gk,(0,r1)> (4.7)

Finally, if 71,79 =0 (mod 3k), then

3k 2 + 5t
gro(w) = (w% +wj + 4w1w2) 90 (%) 90 (%) T rwr <’LU2 + %) 90 <w2]£2> (4.8)

3k ( N w2)2 wy + F
—— w1+ — — .
TWw9 ! 2 go k
Theorem 4.2. We have, with dw := dwidwo

n . 272 —h'Q(r) —272Q(w
82%_&/ (k—i-zz') = _27\/§k2 Z Cage /gkm('w)e 3™2Q(W) oy,

k
r1,r2 (mod 3k) R2
ri=ro+v (mod3)

Before proving Theorem we require an auxiliary lemma. For this, we introduce two
involutions ¢; and ¢ acting on R? that leave the quadratic form Q*(x1,22) = x% + x% — X129
for 1, x5 € R invariant, namely

1 (r1,22) = (—me, —x1) and 19 : (x1,22) — (T2 — 21, x2).

These two involutions are the generators of the Weyl group for the root lattice Ao, which is
isomorphic to the symmetric group S3. We average a function h : R> — C over the orbit of a
point (x1,x2) under the group generated by the involutions ¢; and ¢2, namely
(w1, @) ¥ (=22, —21) > (32 — @1, —21) = (21,21 — T2) > (—22, 71 — T2)
L1

— (I‘Q — 1‘1,1‘2) *L.2> (%1,1‘2).

We then define the average of h as

Za h(m) = é(h(l‘l, I‘Q) + h(—CL‘Q, —xl) + h(CL‘Q — X, —.Tl)

+ h(x1, 21 — x2) + h(—xz2, x1 — x2) + h(z2 — 71, 562))
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Note that
S hiz) = % S (b, w2) + h(—2, —21)) = % S (b, 22) + bz — 21,72))

x X

We also define (excluding 2x9 — z1, 21 — 22 = 0)

e N (w4 wy)?e™57R®)
Flw) = Fla;z) = / (w1 — @222 — 21)) (w2 — (221 — 5'32))dw7

o 3 oo 1 2
—77r:v2w1 —s7(2z1—22)% w2
G(m) = C o) — \2[/ ? /e ? 3 dwadw; .
0

(w1 + 2) (wg + 2)2
These functions agree when averaged.

Lemma 4.3. Let x1,x2 € R with 2x90 — x1 # 0, 221 — 22 # 0, and x1 + 22 # 0. Then we have

S F@) =Y "Cla). (4.9)

€T X
We have, as 22 + 23 — oo,
_2(21'1 — 1‘2)72 if xo,2x1 — xo # 0,
G(z) <} z5° if 221 — 29 = 0,29 # 0, (4.10)
(221 — 2) 72 if x9 =0,21 #0.

Proof. The bounds in (4.10) are direct, thus we only prove (4.9)). Via analytic continuation, it
is enough to show this identity for 2 € R™, which we assume from now on. We first claim that

a \/> 0? 2m2Q* (x)+2mz(z1+22);
S @) =T Y g (e a)en — e e -t

T T
00 oo
% —2r2(za+3)w? 717TZ(211 za+3)2w?
e 2 dwodwq

1 w1 3:0

To prove (4.11]), we use the change of variables wy — *15%2 in the definition of F'(x), to rewrite

F(x) = 1 pemor@ [‘92 ( 2me(ertan)i (5 1))]
4222 52 . ’
where
Fu(3.1) = / 6_%sz%_%sz%—ﬂizt(($2+3)(w1—w2)+2(z1+3)w2)dw‘
(w1 — wa) we
R2=i (2:63196—212 )
Define

82 @ onzQ*(x wz(x1+x
H(t) := [%QZ 2= (@) 2m(ent 2)?’Fm(3,t)]
x 3=0
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We identify #(t) by determining its derivative and its limiting behavior. We first compute

© Fuls.t) = —miz(es +3) / e~ mzwd —hmaud-mizt((@a-s) (i —w2) 12w +9)w) L g

ot wa
3
R2—i (23?196—2:32)
- 271,1-2(1,1 +5) / e*%ﬂ'zwff%ﬂzw%fﬂzt((mfﬁ,)(wl7w2)+2(x1+5)w2) 1 dw. (412)
w1 — Wy

Rei (5,372 )
xr1—I2

Evaluating the integral in w; as Gaussian, one can show that the first term in (4.12]) equals

—iV/B2(es +3)e G 5,0) (4.13)
where
Ga(3,1) = / 6—%7rzw§—7rizt(2x1_a;2+3)w2 @
w2
R—i(le—xQ)

For the second term on the right-hand side of (4.12)) we change variables and take a Gaussian
integral to show that it equals

R 62’({131 + 3)6—%7rz(x1+5)2t2 / 6—%7rzw§—7rizt(2r2—x1+g.)w2 dwy )

R—i(2z2—21)
Note that (4.13) and (4.14)) are mapped to each other when applying the involution ¢; and

changing 3 into —3 and wy into —ws; note that the prefactor ¢272@"(®)+2723(z1+22) jg invariant
under these exchanges. Thus we obtain

(4.14)
w2

82 c *
Hl(t) — 9 /762 [82 Za($2 4 5>e—%7rz(1‘2+3)2t2+27rz62 (w)+27r2(x1+x2)3gm(3, t) . (415)
37 =0
It is not hard to show that

o)
Gz(3,1) = mi(2z1 — 22 + 3)\/%/ o372 (2z1—2243)%w? g,
t
Plugging this into (4.15)) gives that
2
H/(t) = 4\/§7T22 [552 Za(xQ + 5)(21}1 — X9 + 3)6_%7r2(x2+3)2t2+27r2Q*($)+27TZ(.Z‘1+x2)3
T
o
X / e%ﬂz(2x112+5)2w2dw:|
t

3=0
Using that lim; oo H(t) = 0, we then obtain

2
=i [6?32 > (@ +5)(2m1 — wp +5)ePT @ 2m ey
xr
oo oo
X / ezt e / eém(%lx?ﬂ)%gdwzdwl}
t w1

5=0

Plugging in gives (4.11]).
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Setting
27z(x1+x2) > —3rz(xa+3)2w? > — 12201 —2o+3)%w2
Fo(3) = (z2 +3)(2z1 — 22 +3)e 1Rl e~ 2T e 2 172278)7 dwo dwy
1 w1

a direct calculation shows that

oo o0
_3 2402 _1 _ 2
F(0) = 47T222(£L'1 + x2)2x2(2x1 — xQ)/ e 2TFERWI / e~ 2™ (281 =22)W5 oo dhoy
1 w1

o0

2 2 .
_ 7TZ(2.CC1 N 1'2)(4561 + :L,Q)e*%ﬂzl‘% /eéﬂz(2mx2)2w§dw2 + 67271’2@*(3:) _ 2:;@7*(‘22)2672WZQ (z)
1
Noting that Za( —22) =0 and
[(wl + 1‘2)2$2(2$1 — 3:2)] + (x1 + x2)2m2(2x1 —@19) = 3$§(2:p1 — .262)2,
T1—>T2—T1

(w2 — 21) (w2 + 421)] | sy oy, T (T2 — 221) (22 + 421) = —4(221 — )2,

yields, after a change of variables,

“ 71‘\/3 o oS e—%nzz%wl Ooe—%wz (2x1—x2)%ws
Z F(x) = - 3mzas (2w, — o 2/ / dwadw (4.16)
0

vw +1 Vws +1

xr x w1

) Ooe—% 2(23?1—1‘2) 9
—2(2x1 — x9) / dw+ — .
Vw41 Tz
0

Using integration by parts twice, we obtain that (4.16) equals

ﬂ_\[ 76 nga:gwl 76—§ﬂz(2$1—x2)2w2 p
3 wgdwl
2 = 7720 (w1+1)5w (w2+1)5
1

) ooe—2fer*(z)wd 2 2 Ooe—Qﬂ'zQ* :c)wd )
m/<w+1>2“’ 21— ) / vt

0
Employing Za(Qa;l — 29)? = 2Q*(x) and integrating the third term by parts it is not hard
T
to see that the contribution of the second line vanishes. Finally, making the change of variable
wj > %, gives the claim. O
It is also convenient to define a regularized version of the function F'
_2
e = [
r2 (w1 —1(2x9 — 1)) (W — (221 — x2))

where for a function f : R? — R, we set

/regf(w)dw - 1/}}@ (F(wr,ws) + f(—w1,ws)) daw.

R2 2

dw,

Clearly, for 221 — x9,2x9 — x1 # 0, we have that F'8(x) = F(x). Moreover, the function F*®
has removable singularities at 2z; — 22 = 0 and 2x9 — 27 = 0 so it extends F' to these values.



AN EXACT FORMULA 13

Lemma still holds true at 2x1 — z9 = 0, 229 — x1 = 0, or o1 + x5 = 0 by continuity with F
replaced by F'8. This can be proved using Lebesgue’s dominated convergence theorem.
We are now ready to prove Theorem [4.2]

Proof of Theorem[{.Z Starting with the definition of &, ,_w and changing variables w;
b} k

. h h/ .
iwj — 7, we rewrite £, %(; +iz) as

00 1 () 1 W y
B / 3 / 3 Z ¥ 2v43a <3 (lwl - >) 19% <Z'UJ2 — ) dwadwy . (417)
0 (w1+z)§w1 (w2—|—2>§ a (mod2) ¢ k k
Using
'n,2 n2
19% (1) = Z g% and Q92u-g3a (37) = Z q3T
nea+27 nEa—f—%”-ﬂZ

a (mod2)

_ Z Z C;Ch/(3n%+n§)€f%ﬂn§w17%ﬂ’n§wg. (418)

o (mod2)n;ca+ 2 +27Z
no€a+27

Changing variables to m; = % and mg = n1 so that m; runs over § +Z and mg runs over

o+ 2 + 27, we rewrite (4.18) as
Z C—h,Q (m — m§w177(2m1 m2)2w2 — Z C_h/Q* Z 677m2w177(2m1 m2)2 wo

mlE +7Z mlE%+Z
ng—%-&-Z mo€—%¥+Z

using that the set over which m, and mq are summed as well as the root of unity inside are both
invariant under the involutions ¢; and t2. We now interchange in (4.17) the outer sum with the
integrals and find that

W Q) §

m1 €Z+
mo GZ**

This interchange is legal due to Fubini’s Theorem because the double series on the left-hand

side of equation (4.19)) is absolutely convergent when the integrand in the definition of G(m; z)
is replaced with its absolute value. Using Lemma then gives

h . K Q*(m) re
527%7%/ <k+zz>: Z Cp Z F™8(m; z).

m €Z+
mo EZ—f

Again using that the double series outside is absolutely convergent we can change variables
to n1 = 2mo — my and ne = 2m; — ma so that ni,no run through integers satisfying n; =
ny + v (mod3). Note that ¢; corresponds to k1 : (ny1,n2) — (—n2,—nq1) and 1y corresponds
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to kg : (n1,m2) — (N1 + ng, —ng). Thus the averaging sum over (mi,mgy) becomes averaging
(n1,n2) over the orbit
(n1,m2) ™5 (=n2, —n1) ¥ (—n1 — ng,n1) 5 (—n1,n1 + na) o (R, —my — no)

lﬁ—1> (m + na, —ng) lK—2> (nl,ng).

Noting that the integrals corresponding to (n1,n2) and to (—ng2, —nq) are the same, we obtairﬂ

h — 2 —h'Q(n) s 2 —272Q(w)
8271/7_7 <k —i—zz) =35 Z Cage / (w1 + wo)“e” 3

k 2
ni,no€ZL R
ni=nz+v (mod3)

1 1 1
X ( . - + = . + = . ) dw.
(twy + ny) (fwg +n2)  (iwy —ny) (lwa + 11 +n2)  (fwy + 1y + n2) (iwg — na)

We then write n; = r; +3km; where r; runs modulo 3k and pick a particular order for the sums
over m; that makes the individual terms convergent to obtain that

h/ . —h/Q( ) e 27z 2
5271/’_%/ </€ +Zz> 3\[ Z Cgk r /R2 e 3 Q(w) (w1 + w3)

r1,72 (mod 3k)
r1=rg+v (mod 3)

Crj(w)dw,

Mw

<.
Il
—

1
C = i
'r,l(w) Ml,]\l/gl—mo Z Z zwl +7r1+ Bkml)(sz + 79+ 3]{37712) ’
Mo

mi1=—M; mo=—

1
C = i
T’Q(w) Ml,]\l/glaoo - Z _Z (z’wl —-7ry — 3km1)(iw2 +7r+re+ 3k(m1 + Tng))7

1
C = 1 .
T’g(w) Ml,]\l/glﬁoo Z Z (iwl +7ry+1ro + 3k(m1 + mg))<iw2 —7ro — 3km2)
= =—DMa

Using (4.2), we obtain

w2 1wy + 71 twg + 71
Cri(w) = o2 cot (ﬂ13k1> cot <7T23k:2> .

To compute Cy 2, we observe that

C’I‘,2(w) = CH}th}QOHl (?"),1 (w)

3 Each of the three terms in the parenthesis naively gives equal contributions as they seem to be related by
a change of dummy variables for the double sum. This however leads to a wrong result; because if the terms
are separated, one only gets conditionally convergent double series. The ordering in the double sum that gives
convergence should be picked to be the same for each of the three terms and that ordering is not necessarily
compatible with the change of variables required to show that the contribution from each term is equal.
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Thus these terms yield the same contribution to the overall sum. For C; 3, we split

1
(iwq + r1 + ro + 3k(my + m2))(iwy — r9 — 3kms)

1 1 1
=\ - + - - ,
<1w1 +7r1+ 1o+ 3k(m1 + mz) 1MWy — Ty — 3km2) Z(’LU1 + wg) +r1 + 3kmq
to obtain that

Cr3(w1,w2) = —Cpyop (r),1 (W1, W1 + wa) — Cp 1 (w1 + wa, —w2).

For the contribution from the first term, we change variables (w1, ws) — (—w1, w1 +ws) and for
the contribution from the second term, we change variables (wq,ws) +— (w1 + wa, —ws) yielding

that 5271/7_% (%’ +iz) equals

272 —h'Q(r)
27+/3k? 2 o

r1,r2 (mod 3k)
ri=ro+v (mod 3)

reg . .
x/ (w] + w3 + dwyws) cot WM cot Ww e 372QW) oy,
R2 3k 3k
Next, using (4.3), we rewrite
iwy + 1 iwy + sin (%5 ) sin (*532) — sinh (*5g" ) sinh (*532)
cot WT cot (7 3% = I (2mw Oy I (2mws 27Ty
(cosh (%53%) — cos (%)) (cosh (532) — cos (%572))
sinh (5 ) sin (%5¢2) +sinh (35;2) sin ()
(cosh (25) — cos (%55-)) (cosh (%552) — cos (%532))
The contribution of the imaginary part to the integral vanishes (it is odd under the change of
variables (wy,wy) +— (—w1, —wsy) and the rest of the integrand is even) and we find that

W 272 K Q(r)
£ ( T ) _ S G Fr)
2,v,— 7 2 3k ) )
, k 27\/31{; r1,r2 (mod 3k)
ri=ro+v (mod3)

where we define
Aty =y [ 3 (r (F) 72 () 02 () 02 (7))

x (w} 4 w3 £ dwiw,) e sma(witwitwiwa) gy,

If 1,79 # 0 (mod 3k), then the two terms that contribute to the sum can be separately inte-
grated and are equal to each other, so we obtain the claim, changing w; into —w; for the minus
sign.

Next suppose that 71 =0, 72 # 0 (mod 3k). In what follows, we add and subtract terms which
allows us to separate several terms that are well-behaved near w; = 0 and can be integrated
individually. By definition

1
Fi(0,79;2) = B /R2 eiéﬂz(w%“"g)go (%) 9z (%) Z (4wiws £ wi £ w3) eF 3T oy
+
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The term 4wjws + w} contributes, again changing w; into —w; for the minus sign,

wiy (W2 - ZrzQ(w)
/11@2 w1 (4dwa + w1)go ( ’ )93—% ( . )e 3 dw. (4.20)

In the term from +w3, we write

w(5)=(0(2) ) * o

The first term has a removable singularity and contributes, changing w; into —w1, for the minus

sign
/ 0 <w1> 3k g2 (@) e 3m2Q(W) oy (4.21)
R? k mwy ) "3k \ k

3k we write

Twy?

oz (7) = (2 (7) -oa ("5 7)) +oa (*57),

Ge(z) = 2%g.(x).

The first term contributes, again changing w; into —w; for the minus term

3k? -1 w2 wy + % —272Q(w)

Using w? + w3 + wiwy = (w2 + %)% + 2w}, the contribution from the final term can be written

as
3 w
% 71 ——wzwl (/ :I:GTQ <w2 3 > e—ng(wzzt;)szJZ) dws.
2 R + k

The integral on wy vanishes as may be seen by changing variable ws +— wy + w1 in the integral
for the minus sign. Combining gives the claim. The case 1 Z 0, 7 =0 (mod 3k) is completely
analogous.

Finally, we assume 71 = r9 = 0 (mod3k). The term coming from 4w;ws contributes, again
changing w; into —w; in the term with the minus sign

4/}1&2 wi1wW2go <lz ) 90 (?) e~ 3m2QW) oy

In the contribution from w2, the function ws — w3go ( ) has a removable singularity and the
exact same proof as in the case 11 = 0, 72 Z 0 (mod Sk) works for handling gg (wl). In the
contribution from w?, we switch roles of w; and wsy. This gives overall

In the term from

where

gk(w)e*%“Q(“’)d'w,
R2
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where

Gr(w) = dwywago (%) 9o (%) + k2Go (%) (go (%) - 711) (4.23)

2 (0(2) -0 (1E)) () (m(3) - 2)

Twy k k
3k3 wy wy + F
(00 e(57)
O

Simplifying gives the claim.

5. BOUNDS FOR EICHLER INTEGRALS

In this chapter we find bounds for the Eichler integrals (3.1)) and (3.2)) using the representations
from Lemma [£.1] and Theorem For this, we split off “principal part contributions”.

5.1. The one-dimensional case. Define, for b > 0,

% h, 7 27 ) — W2 2\/% w 77rw2
r=j (mod®6)

Lemma 5.1. We have, for b>0, h',k € Z, k > 0, and Re(%) >1,

2mb nd . B
€ z 517].77%/ <]€ + Z) = gl,j,—%’,b <k} + Z> + O(lOg(k‘)),

where the error term is independent of h' and z.
Proof. We compute

27b hl Z h/ Z
ez & =+ )=-& . |=—+-

1»]’77 k

9mbRe(1) 1 — W\ | —irRe(1)w?
<e z %Z ’ngLk <ﬂ)‘e 6 =)%Y dw.
=0 | >2v/3b

We first bound the contribution from r # 0. Using that, for 0 < ¢ < 1,

ge(w)] < £ 4+ 1
gelw c 1—¢

it is not hard to see that this contribution is O(log(k)).

For r = 0, we require that
lwgo(w)| < 1+ |w|, (5.2)

to show that this term contributes O(1). Combining gives the statement of the lemma
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5.2. The two-dimensional case. Define, for b > 0,

L w2 W) .
faga\F T2) T ’ ~22Q(w) gy
271/7_%717 <kf + Z> € 27\/§k2 Q(ngk) C?)]C /gkﬂn(w)e 3 w
1,7 mo -
ri=ro+v (mod 3) Q(w)<3b

Lemma 5.2. Forb >0, i,k € Z, k>0, and Re(1) > 1 we have

2mb noi N noi 9
€ z 52,V7—h—/ <k‘ + > = 52’1/77%/71) <k + Z> + O (log(k) ) )

z z
where the error term is independent of h' and z.

Proof. We first bound
= Wi * n'd
o Gy (k " Z) Gt <k - z) ’
2 / |grr (w)]e~ 37R(2)Q0) gy,

r (mod 3k) Q(w)>3b

Using polar coordinates, it is not hard to show that, for ji, jo € Ny, we have
/‘wl‘j1’w2j2€—§7rRe(i)Q(w)dw < e—QWbRe(%)'
Q(w)>3b

We now first bound the contribution from 71,79 # 0 (mod 3k). By (5.1) and the fact that f.
is maximized at w = 0, one may show that this contribution is O(log(k)~).
We next consider the case 71 = 0,72 # 0 (mod 3k). For this, we split g (o) as in (4.20),

[@21), and (@:22). We first bound (@20), using (5.1) and (5.2),

wy w2 [wr] k, _&
’w1(4w2+w1)go(k)ggi(k>‘<<k<1+ ’ )(\w1|+\w2\)<r2+3k_r2 :

For (4.21]), we use the bound

3
go(w) — P <1, (5.3)

oz () (0 (5) )| < (7 s ) 8

For (4.22]), we use Taylor expansions, to bound

and estimate

1 B wy 9 9 1 1
Tor] ‘Gc(’wg) G <w2 t5 )’ < (w] + w3 + |wal) <02 + a—oe c)2> .

Thus we may estimate

k3 [y wy + YL 2 k2
G (M2 — G, (22 2 | o2 LK)
w9 (7) —03 (57| = (ot ww o (g +
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Therefore

w1 b K
o)) < (14 50l ol (2 +

+ (wi + w3 + |wal) ]124-1672
’I"% (3]{}—’/“2)2

and we obtain the overall contribution as O(log(k)). The case 71 # 0 (mod 3k), r2 =0 (mod 3k)
is done in exactly the same way.

We finally consider the case r1 = 79 = 0 (mod3k). Using the splitting as in (4.23) and
employing (5.2]), we may bound the first term of G against

w2 (g ol (L Twel )
<+k T

Overall this term contributes O(1).
The second term of Gy, is estimated against, using (5.2 and (5.3))

pelwal () fwal )
T G

Overall this term contributes O(%) The fourth term is handled in exactly in the same way.
The third term of G may be bounded by

w2 U]2+% 2
Go (?) — Gy (k < K2(1 4 i),

kS

w1

again using Taylor’s Theorem. Thus overall this term contributes O(1). The fifth term is handled
in exactly the same way.
Combining gives the claim. O

6. THE CIRCLE METHOD AND THE PROOF OF THEOREM [I.1] AND COROLLARY [[.2]

6.1. Proof of Theorem [I.1l We follow the version of the Circle Method due to Rademacher
and refer the reader to Chapter 5 of [4] for basic facts on Farey fractions and the Circle Method.
The starting point is Cauchy’s Theorem, which yields

i+l ‘
asu(n) = / fg,u(T)e_an”TdT,
K3

where the integral goes along any path connecting ¢ and ¢ + 1. We decompose the integral into
arcs lying near the root of unity C,?, where 0 < h < k < N with ged(h,k) = 1, and N € N
is a parameter, which then tends to infinity. For this, the Ford Circle Cy j denotes the circle
in the complex 7-plane with radius ﬁ and center 2 + 2. We let Py := U%EFN Chx(N),
where Fy is the Farey sequence of order N and Cj ,(N) is the upper arc of the Ford Cir-
cle Cp from its intersection with Cj, , to its intersection with Cp, r, where % < % < Z—;
are consecutive fractions in Fy. In particular Cp (N) and Cp1(N) are half-arcs with the
former starting at ¢ and the latter ending at ¢ + 1. This is illustrated for P in Figure
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FicUrRE 1. Rademacher’s integration path Py for N = 4.
We obtain

N
asu(n) = Z / f3,u(7)6_2m"“7d7. (6.1)
k=1 0<h<k
ged(hky=1 CnrV)

Next, we make the change of variables 7 = % + li—g, which maps the Ford Circles to a standard
circle with radius % which is centered at z = % The image of the arc Cj, ,(N) is now an arc on
the standard circle from 27 to zo, where

k2 kky k2 ko

] = z9(h, k) := —1 .
Ewrhle eI s R C

Z1 = Zl(h, k‘) =

We also combine the half-arcs Cp (V) and C;1(N) into an arc in the z-plane from z1(1,1) :=
Lo to 2(1,1) = 1+1iN by shifting the C} ;(N) half-arc as 7 — 7 — 1. Note that on the disc
bounded by the standard circle we always have Re(%) > 1. Moreover, for any point z on the

chord that is connecting z(h, k) and z2(h, k), we have |z| < kT‘/i and the length of this chord

does not exceed %
Equation (6.1]) then becomes

z2

N . .
{ —2min,, (4% h iz
0437”(71) = E ﬁ /e f‘(k"'k?)f&‘u <k + k‘2> dz. (62)

21

Now, as N — oo the path of integration gets closer to the point z = 0 for each term. Using
modular transformations one can control the way the integrand behaves as this happens. In

particular, we use the modular transformations M = }Z *Hg =) with ' satisfying hh' =
—1 (mod k). Under this modular transformation we hav ‘Z:Ifl = % + L. Using Lemma we

4The Ford Circles are mapped to the Im(7) = 1 line under this transformation.
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obtain that f3 u(% ) equals

' . 9[ B . ¥ )
Z @Dh,k(l/v#) <f3,1/ (k‘+i) 2\[; mz foz ( Z) 12u+3a7— <k+i>

v (mod3) od 2)

ot (4 )y (0 )) (63

We now approximate all ¢g-series and Eichler integrals by their principal parts and show that

the introduced error is neglectible. For this, we use (1.1)), , (1.4), and (1.5 to note that

1 _s 1 _s _

fio(r) = 9d ® faa(m) = f3_1(r) =0, f5(r)= ¢ % () =0, fP(r)=qs,

where FP denotes the principal (or polar) part of a g-series F. We obtain, plugging (6.3) into
(6.2) and using Lemmas and

azu(n) = L1(N) + F(N) + 73(N) + E(N),

W“N
wlco| o

oolw

where
. N “2 s
1 7 3 Z_ | o
§ Zkii Z CS 3h'—8nyh wh,k(O,u)/szm” 2T dz,
k=1 0<h<k 4
ged(h,k)=1
F(N) = — 3V3 ik; Z - —3h'—8n,h
= S /o 8k
8V 0<h<k
ged(h,k)=1
3 2mn * 3 7’)
X v, zaedHiz € s | —+—-)dz
V(§d3)whk M/ v ’Lé(k ?
F(N) = 9\/§Z Y k’ig 3h —8nyuh
k=1 0<h<k
ged(h,k)=1
3 2y ox W i
X (v, 226 Pe2E i | —+ — ) dz,

and where the error term £(INV) satisfies
E(N) < N—3 log(N)2.

In particular, limy_,oc E(N) = 0.
In each of the integrals, we now write

AT 60

where C denotes the entire standard circle traversed in a clockwise direction. Note that when
integrated over an arc in the standard circle, on [0, z1] and [22,0] the same bounds hold as for
the non-principal parts (note that the length of such arcs is < %) Thus, letting N — oo,

ag,#(n) = A+ S+ S,
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where .7} is obtained from .#;(N) by only taking the first term in (6.4)) and then letting N — oo.
We next rewrite the integrals over C in terms of the Bessel functions. For this, we define, for
m,n >0, ¢ R,

2mnz | 2mm
Tnmii ::/zze W2 T .
C

We make the change of variables z — % and use the following representation for the I-Bessel

function
(5)" [etiee 142
I.(x) = ~2/_ t=r et gt
w@) =55 /c_m ¢

with ¢ > 0, Re(k) > 0. This yields

/+1
4
%m%,%m@J:) Qﬂ<ﬂfm>.

Plugging this into .#; gives the statement of the theorem.

6.2. Proof of Corollary To prove Corollary we require the following Bessel function
asymptotics (¢ € % +7Z), as x — o0,

Iy(x) = \/‘;Tx (1 - ‘M;f Lio <;2>> . (6.5)

Because of (6.5]), the & = 1 terms give the leading exponential behavior. The corresponding
generalized Kloostermann sum is simply

1
Ki(p,vin,ri,re) = o1 (v, p) = %Cg .

We now investigate the asymptotic behavior of the . seperately starting with .#;. Using (6.5])

gives that, as n — oo,
=———e¢ 1-— +0(—-)]). 6.6
24\/6n2 m/6n n (6:6)

Next we estimate .5 using the leading term in (6.5))

27 _1 —2uv -1 * T/ 6n(l—w
7= e 000 X 42"/ (1= w?) 7 i, (w)em Vo=,

v (mod 3)

Using the saddle point method and the fact that g7 ,(0) = 2—\?5,,70 we obtain
81
Am S (10 (i),
327 (6n)4
Next we approximate

7 _512\9fn3 < O <"_%>> ) %O:dg) G

D DR e R

r1,r2 (mod 3k)
r= 7"2+V mod3)
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= %67,,0 we obtain

(1+0 ().

Again using the saddle point method and the fact that g7 ,.(0)

27\/§ e’ 6n

S =
37 956m2n2

Combining all three terms proves the claim.

7. NUMERICAL RESULTS ON AN EXAMPLE

In this section, we give numerical data for the Rademacher expansion of as,(n) given in
Theorem Denote the contribution of the first line of ag,(n) expansion by A;(N), the
second line by A3(N), and the third and fourth lines by A3(N) with the sum over k£ taken from
one to N in all cases. In Tables [I] and [2| we take the n = 5 case as an example and display how
A1 (N) + A2(N) + A3(N) approaches to a3 o(5) = 1512 and a3 1(5) = 40881, respectivelyE]

N=1 N =2 N =3
A (N) 21840.0401 ... 21843.2723 . .. 21843.0363. ..
Ao (N) —32806.5410... | —32811.3140... | —32810.8548. ..
A3(N) 12478.4547 . .. 12480.0457 . .. 12479.8193. ..
Ai(N)+ Aa(N) + A3(N) | 1511.9538... 1512.0039. .. 1512.0008. ..
TABLE 1. Numerical results for az0(5) = 1512.
N=1 N =2 N =3
A (N) 221918.638. .. 221910.095. .. 221910.095. ..
As(N) —255562.432 ... | —255548.451 ... | —255548.537 . ..
As(N) 74525.064 . .. 74519.364 . .. 74519.440. ..
AL(N) + Ay(N) + A3(N) | 40881.270... | 40881.008... | 40880.998...

TABLE 2. Numerical results for ag1(5) = 40881.

Our results in Section [6] give upper bounds for the error in A;(N) + Az(N) + A3(N) by

O(N_% log(IN)?) for fixed n. This should be compared with the O(N_%) error that one would
have in the case of an ordinary modular form of the same weight. Despite that, our numerical
results suggest that A;(N) 4+ Aa(N) + A3(N) converges faster than A;(N) due to cancellations
between A;(N), Az(N), and A3(N). It would be interesting to go beyond numerical analysis,
understand whether this is in fact the case and whether there is another representation of the
Fourier coefficients that can make this behavior obvious.

5The computation of A;(N), Az(N), and As(N) requires O(N), O(N?), and O(N®) computations involving
modified Bessel functions and their integrals, respectively. Also note that the leading term (N = 1) can be
computed in constant time and our discussion on the asymptotic expansion shows that the error is exponentially
suppressed as n gets larger.
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