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ABSTRACT. Andrews-Dyson—Hickerson, Cohen build a striking relation between g-hypergeometric
series, real quadratic fields, and Maass forms. Thanks to the works of Lewis—Zagier and Zwegers
we have a complete understanding on the part of these relations pertaining to Maass forms and
false-indefinite theta functions. In particular, we can systematically distinguish and study the
class of false-indefinite theta functions related to Maass forms. A crucial component here is the
framework of mock Maass theta functions built by Zwegers in analogy with his earlier work on
indefinite theta functions and their application to Ramanujan’s mock theta functions. Given this
understanding, a natural question is to what extent one can utilize modular properties to investigate
the asymptotic behavior of the associated Fourier coefficients, especially in view of their relevance
to combinatorial objects. In this paper, we develop the relevant methods to study such a question
and show that quite detailed results can be obtained on the asymptotic development, which also
enable Hardy—Ramanujan-Rademacher type exact formulas under the right conditions. We develop
these techniques by concentrating on a concrete example involving partitions with parts separated
by parity and derive an asymptotic expansion that includes all the exponentially growing terms.

1. INTRODUCTION AND STATEMENT OF RESULTS

In the last few decades, there has been an extensive body of research on objects which are close
to modular forms. A major strain here has been Ramanujan’s mock theta functions, which include
g-series such as, with g-Pochhammer symbol (a;q)y, = H?;&(l —ag’) for a € C, n € Ny U {00},

n2

flg) = qu

5 -
n>0 (_QQ Q)n

Although f(q) and Ramanujan’s other mock theta functions are not directly modular, they do have
certain non-holomorphic “completions” that make them modular. This was first discovered through
Zwegers’ work on indefinite theta functions [38] and was unified conveniently into the framework
of harmonic Maass forms as formulated by Bruinier-Funke [16]. Since then, the theory of mock
modular forms has been developed quite broadly and had many applications (see [7] for a review).

The mock theta functions are not the only examples of “modular adjacent” objects discovered
by Ramanujan. A prominent example is the o-function appearing in his lost notebook [34]

n(n+1)

olg) =3 A" (1.1)

= (69,

Most strikingly, it was discovered by Andrews-Dyson—Hickerson [5] and Cohen [17] that o forms
one of the legs in a three-way relationship involving g-hypergeometric series, real-quadratic fields,
and Maass forms. This has since been generalized to many other cases; see [10, 11, 13, 18, 26, 27, 28]
and references therein for further examples. The connection to real-quadratic fields is formed by
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recasting o(q) as a false-indefinite theta function [5, Theorem 1]

olg)= Y (~1)mHg " (1 g2, (1.2)
n>0
lil<n
A false-indefinite theta function is a theta function on a Lorentzian lattice that differs from the
well-known indefinite theta functions of Zwegers [38] by the insertion of extra sign factors, similar
to the relation between false theta functions and classical theta functions.
The connection to Maass forms, on the other hand, was developed by Cohen [17]. He showed
that the Fourier coefficients of o along with those of a “complementary function”

U*(q) — 22 (_1)nqn

-2
= (@a),

form the Fourier coefficients of a Maass form. As in the case of the mock theta functions, it is
then natural to search for a modular framework. A major development in this direction came from
the mock Maass theta functions of Zwegers [39] and the Eichler-type integrals of Lewis—Zagier [24]
that connects false-indefinite theta functions to such mock Maass theta functions.! These are not
modular in general, but become Maass forms for a class of false-indefinite theta functions, to which
o and ¢* belong.

With this understanding, it is natural to ask what insights we can gain out of this relationship,
given the wide-ranging uses of modularity. For instance, one of the major applications of modularity
is to the investigation of the asymptotics of the associated Fourier coefficients. A fundamental
example is the work of Hardy-Ramanujan [21, 22] that established the modern Circle Method.
Their work examines partitions, which are non-increasing sequences A\ = (A1, Ag, ..., \¢) of positive
integers with size |A| :== A1 + -+ A¢. An immediate question is to determine and estimating the
partition function p(n) that counts the number of partitions of size n. Hardy and Ramanujan’s
main result is an asymptotic expansion for p(n), whose first term gives the famous asymptotic

1  ,./2

n) ~ e 3 asn — oo.
p(n) 3

In fact, their work shows much more: by truncating their full asymptotic expansion after < \/n
terms, the formula of Hardy—Ramanujan can be rounded to the nearest integer in order to obtain
the value of p(n). Later, Rademacher [31, 32] refined this work to obtain an exact formula for p(n)
that is indeed convergent and not merely asymptotic. Rademacher’s formula takes the shape

. 2 Ak(n) ™
p(n) = T é .t (@\/2471 - 1) : (1.3)

where Ag(n) is an appropriate Kloosterman sum and I, denotes the I-Bessel function of order 7.
Rademacher’s work and the follow-up work of Rademacher and Zuckermann [33, 37] demonstrates
that the key point behind the proof is that the generating function for p(n) is (essentially) a
modular form of non-positive weight. As a consequence, there are Hardy—Ramanujan—Rademacher
type exact formulas for a wide class of partitions. For example, if 7,(n) denotes the number of
partitions of n into distinct odd parts, the corresponding generating function

Zro(n)qn — H (1 +q2n+1)

n>0 n>0

41 modern language, o and ¢* along with their limits to rationals combine into a holomorphic quantum modular
form. This was in fact one of the first examples given by Zagier [36] in developing the concept of quantum modularity.
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is (basically) a weight zero modular form. This fact leads to an exact formula for 7,(n) of the form

m) (1.4)

7r Ky(n) T
o(n) = (-
ro(M) = 5 ; P (12k:

(see Theorem 5 of [20]) with Kj(n) an appropriate Kloosterman sum. There are now many gener-
alizations of such methods, whereby exact formulas are obtained also for generating functions that
combine modular forms with modular-adjacent objects. Exact formulas are known, for example, in
contexts involving weakly holomorphic modular forms multiplying mock modular forms [12], mock
modular forms of depth two [14], and false modular forms [15]. In particular, [15] gives an exact
formula in a similar combinatorial context for the number of unimodal sequences. The goal in this
paper is to extend these techniques to a new context involving false-indefinite theta functions.

More specifically, we develop the machinery to find high-precision asymptotic formulas by build-
ing around the example of partitions with parts separated by parity, which were studied by Andrews
[3, 4]. A partition A\ has parts separated by parity if all of its even parts are larger than all of its odd
parts, or if the reverse is true. One may then consider functions counting such partitions, which
could be refined with a number of further conditions. For example, in the notation of Andrews,
pSi(n) counts the number of partitions of n whose even parts are larger than odd parts, and where
odd parts must be distinct and likewise even parts are unrestricted. Many similar functions can be
constructed in this way; the generating functions for these partitions were considered in [3, 4, 8].
We note that of the eight functions that can be constructed from this notation, seven of them
have direct connections to modular forms, as well as to false and mock modular objects, where the
technology for deriving exact formulas is already developed. We focus in this paper on the last
case, namely pS4(n), which is related to false-indefinite theta functions and Maass forms.

In particular, this relation manifests itself by writing the generating function for pSy(n),

(@) == pii(n)g" =1+ q+¢" +2¢° +3¢" +3¢° + 4¢° +5¢" +8¢° +8¢° + - -,
n>0
in the form (see [4, 8] as well as comments in [6])
1 o(=q) , (=¢:—9)
eU( _ _ o)
Q) = (1 n , (15)
o (% ¢%) s 2 2
where o is the function defined in (1.1). In our considerations, we focus on the part of the generating
function FZ} that involves false-indefinite theta functions. More specifically, we decompose

2p0q(2n) =: 2p(n) + ro(2n) + ap(n) and 2pog(2n+1) =:r,(2n+ 1) + a1(n) (1.6)
27ri7')

so that the generating functions of oy and «y are of the form (for 7 € H and ¢ := e

uo(7) _ Zao(n)qmé? UI(T)) _ Zal(n)qn+§7 (1.7)

n(r) = n(r) =

where n(7) = g1 [I,>1(1 —¢") is the Dedekind-eta function and

=Ty o) o))=Y ofel) <o)y

Thanks to the exact formulas (1.3) and (1.4) for p(n) and r,(n), respectively, to study the asymp-
totic behavior of pSi(n), it is then enough to restrict our attention to c;(n) and investigate

up\ ™
770((7)) = ¢ (~1+¢® +¢® +4q" + 4% + 9¢° + 11¢7 +19¢° + 23¢° + 37¢'0 + 44¢* 1 ..) |
U™
771((7)) = ¢ (1+3q + 5¢% +9¢° + 14g* +22¢° + 3145 + 48¢7 + 65¢° +92¢° +126¢'° +...) .
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We relate u; to a vector-valued Maass form and use this connection to prove the following precise
asymptotics that includes all of the exponentially growing contributions to «;(n).

Theorem 1.1. Forn € N, j € {0,1}, and with Aq := —8 and Ay = 48, we have

2L\f

o= 33 LS e E )

(n+A (=0 k=1 0<h<k
ged(h,k)=1

xPV/ (M—tfg(ir\/(wr%) (214—t>)dt+0(n3),

where the multiplier ¥y, (4, £) is defined in (6.3), ®, v is given in (6.6) with 0 < h' <k chosen to
Tk

satisfy hh/ = —1 (mod k), and PV [ denotes the Cauchy principal value integral.

Remarks.

(1) There is a third component uy which is needed to build the full SLg (Z)-orbit of the associated
Maass form. However, the false-indefinite theta function us does not appear to bear any direct
connection to poy. It would be interesting to discover a combinatorial interpretation for the
analogous object involving us. A wersion of this formula also holds for this object; indeed, all
three uj are treated symmetrically in the proof of Theorem 1.1 (with Ay = % .

(2) The error term could in principle be made smaller. However, since uj (almost) transforms with
weight 1 and n has weight %, the overall weight is % and exact formulas from the Circle Method
are not expected. We note that for smaller weights, our methods indeed give exact formulas.

(3) Although our results are stated for the specific false-indefinite theta function and the related
Maass form under study, the same calculations apply to any similar setup.

We can also extract explicit expressions for the leading exponential term in Theorem 1.1.

Corollary 1.2. For n € N we have

An n+Aqg 9
e 24 T T1me — 432 1
ao(n) = + n+A z+on1>,
o) = T (575 + oot 0 40 (07
n+A
- oAy ot ( 1 +237r2—144( LAt 97457r2—19872( LA )—1+0( _§)>
ai(n) = n n n ,
L n+ A \2v3  288v2r ! 55206/3 !

n+Ag

4 2 2
as(n) = e 21 ( 1 . 257° — 72(n+A2)_% L 29297~ — 10800(n+A2)_1 40 (n_g)) .
n+Ay \2v3  144V27 13824+/3

The paper is organized as follows. In Section 2, we review facts on Maass forms, mock Maass
theta functions, and false-indefinite theta functions. In Section 3, we study the false-indefinite theta
functions ug and u; along with their natural companion us and give the modular transformations of
the associated Maass form. In Section 4, we describe the obstruction to modularity as a Mordell-
type integral, which allows one to discern the principal parts near each rational. We use this
representation in Section 5 to bound the nonprincipal parts in preparation for Section 6, where we
apply the Circle Method and prove Theorem 1.1. In Section 7, we employ Theorem 1.1 to show
Corollary 1.2 for the leading exponential term with its general form given in Proposition 7.2. In
Section 8, we conclude with final remarks and point out potential future directions. In Appendix
A, we give some elementary estimates on the Fourier coefficients of false-indefinite theta functions.
Finally, in Appendix B, we study the local behavior of the integral kernel appearing in Theorem
1.1, which in turn determines the leading exponential term given in Corollary 1.2.

4




ACKNOWLEDGEMENTS

The first and the second author have received funding from the European Research Council
(ERC) under the European Union’s Horizon 2020 research and innovation programme (grant agree-
ment No. 101001179). The first and the third author were supported by the SFB/TRR 191
“Symplectic Structure in Geometry, Algebra and Dynamics”, funded by the DFG (Projektnummer
281071066 TRR 191).

2. PRELIMINARIES

We start our discussion with background on Maass forms, mock Maass theta functions, and their
relations to false-indefinite theta functions; see [13], where further details can be found.

2.1. Maass forms. We start by defining Maass forms, whose properties can be found e.g. in [29)].

Definition 2.1. A collection Up,...,Un—1 of smooth functions U; : H — C are said to form a
vector-valued Maass form for SLy (Z) if they satisfy the following properties (with? 7 = 71 4+iry € H):

(1) For M = (%) € SLy(Z) and ¥, a suitable multiplier system we have

N-1
ar+b
(0 = 3wl .
U]<cr+d> 2 M (7, 0) Ue(T)

(2) There exists a constant A := $ — v € C such that A(U;) = AU; for each j, where

02 0?
A:—#(+—>
2 37‘12 67‘22

is the hyperbolic Laplace operator.
(3) The functions U; grow at most polynomially towards the cusps.

From these assumptions it immediately follows that U; have Fourier expansions
Uj<T) — Z aj(Tg;n) 627m'n7‘1,
nezZ+p;
where a;(72;n) has the form

d;(n) /K, (2nlnlrs) it n 0,

aj(te;n) = < bjlog(12)\/72 + ¢jy/72 if n=0and v =0,

1 1

b1y V—i—chQVJrQ if n=0and v #0,

and the coefficients d;(n) are polynomially bounded in n. Here K, denotes the K-Bessel function of
order v. In this paper, we are only interested in Maass forms on SLs (Z) with Laplacian eigenvalue
% and b; = 0, so we have Fourier expansions

Uj(r) = civm+vm Y dj(n)Ko(2n|n|ry) ™™ (2.1)

neZ+p;
n#0
Following Lewis and Zagier [24], we define the differential one-form
) R0 = (050 ) Ro(e)d + U0 () (22)

2More generally for any w € C, we write w; for its real part and ws for its imaginary part.
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where?
NE
Ry(z) := 2
(z—7)(Zz—7)
This one-form is closed since U; and R, have Laplacian eigenvalue i. One can then use this one-
form to relate U; to a family of g-series using an Eichler-type integral. More specifically, one can

define the holomorphic functions u; : H — C through (following [24] as well as [25, Proposition 3.5
for more details and including the constant term)

wn) =2 [T e R ==L+ Y die
T <

Crucially R;(z) is also modular covariant. It has weight (1,0) in (7, z) including a sign factor
appearing in its transformation to keep track of the branch of R.(z) that is exchanged by modular
transformations. Together with the modularity of the Maass form U}, this leads to the holomorphic
quantum modularity of u;. More specifically, for M = (‘; Z) € SLo(Z) and 7 € H with 71 # —g we
have (see e.g. Remark 2.4 and Proposition 2.5 of [13] for more details)

u; (Z:i;) = sgn(cry + d)(er + d) Z:Z:_; Uar(4,0) (W(T) + Z/[&_%(T)) ,

where for j € {0,1,..., N — 1} and p € Q the obstruction to modularity is defined as

o) =2 [ 030 R (23)

with a vertical integration path avoiding the branch cut from 7 to 7.

Remark 2.2. We can analytically continue U, defined by (2.3) for 71 > o to a holomorphic
function Z/{]#Q on the cut plane C\ (—o0, o] by deforming the path of integration and continuing to
the second branch of square-root. This yields to the following transformation for ¢ > 0

us (Zig) (et d) S Wai,0) <w(7‘) vt m) .

£=0

2.2. Mock Maass and false-indefinite theta functions. We next discuss mock Maass theta
functions as defined by Zwegers [39]. These are certain theta functions constructed out of indefi-
nite binary quadratic forms that are non-modular eigenfunctions of the hyperbolic Laplacian with
a controllable modular completion that breaks the Laplacian eigenfunction property. This set-up
is quite analogous to Zwegers’ indefinite theta functions and their non-holomorphic modular com-
pletions that lead to the theory of mock modular forms developed around mock theta functions
and harmonic Maass forms [7, 16, 38]. Mock Maass theta functions provide a natural framework to
understand and generalize work of Cohen [17] on Ramanujan’s o-function. This is done by recog-
nizing the mock Maass theta function associated with the o-function as one of the more symmetric
cases where the difference between the mock Maass theta function and the modular completion
vanishes. Consequently, the resulting mock Maass theta function is a Maass form that is both
modular and a Laplacian eigenfunction. To be more concrete, we consider an even, signature (1, 1)
binary quadratic form?* Q : Z? — Z with Q(n) = %nTAn, where A is an integral symmetric matrix
with even diagonal entries. We also introduce the corresponding bilinear form B(n,m) := n” Am

3Note that throughout we define square-roots using the principal branch of the logarithm.
4Through0ut we write vectors in bold letters.
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and extend @, B to R%. The set of ¢ € R? with Q(c) = —1 breaks into two connected components,
which is also so for the set of ¢ € R? with Q(c) = 1. So if we pick two vectors co, c(J)- € R? with
Q(co) = —1, Q(cg) = 1, and B(co, cg) = 0, the connected components Cg and Cé to which cg

and c(J)' belong to, respectively, are characterized as
Co={ce R?: Q(c) = —1 and B(c, o) < 0}, Cé = {c €R?*:Q(c)=1and B (c,cé) > 0}.

Finally, to parametrize the sets Cg and Cé we select a base change matrix P € GLa(R) such that®

A=P (0 9 P, P ) € Cg, P 0 € Cg (2.4)

and then parametrize Cg and C’é with ¢ € R by defining
ct) =P [P Con and ety = ot (O ot (2.5)
o cosh(t) @ o sinh(?) @ '

Using this setup, we recall Zwegers’ definition of a mock Maass theta function (also see the com-
ments in [13] on the constant term).

Definition 2.3. For j € {1,2} let ¢; = ¢(t;) € Cg and let cj- := ¢t (t;). For any p € A~172/7?
we define the mock Maass theta function ©, by

Ou(r) = sgn(ts ~ 1) Y02 3" (1 sgn(Bln. ex))sen(Bln, e2)) ) Ko(2mQ(n)m)e? @

2
nezZ’+p
n#0
+ sgn(ty — t1)? Z (1 - sgn(B (n, cf)) sgn (B (n, czi))) Ko (—27Q(n)7) 27RMT
neZ’+p
n#0

+ (tg - tl)\/?g%ezz.

The differential equations satisfied by Ky imply immediately that ©, is an eigenfunction of A
with eigenvalue i. Then, as described in Subsection 2.1, we can use the closed one-form defined in
(2.2) to relate the mock Maass theta function ©,, to the false-indefinite theta function

t1—1¢ sgn(to — 1
V(1) = L 25M€ZQ + g(221) Z (1 —sgn (B(n,c1))sgn (B(n, eg))) ¢¥™
neZ+pu
n#0
through the Eichler-type integral
2 100
Du(r) =2 [ (0u) Re(2)] (2.0

In general, mock Maass theta functions are not modular objects. Remarkably, in [39] Zwegers
showed that there is a modular completion for the mock Maass theta function ©, given by
¢
Our)i=ym 3 4o / LB e gy,

neZ+p t

SFor convenience we use the reference quadratic form z} — 23 as in [13]. See the comments there on how this
relates to [39] and why the final condition involving C3 should be added to the first two conditions imposed by [39].
7



According to Theorem 2.6 and Lemma 4.1 of [39], this completion modifies O, as

~

6, =0, + ol — e, (2.7)

where the shadow contributions @Efj V are given by

ol (M) =vm Y (nym) ¢, (238)
neZ2+p
and

J

(@) = { — [ B it Bla,c) B(w,ck) <0,
0 if B(x, c;) B(:l:, cJ.-) =0.

ftoo efﬂB(wﬁ(t))th 1f B(x’ CJ) B (J?, Cj‘) - 0,
€

Here we assume that Q(n) = 0 has no solutions on Z? + p except for n = 0. Due to these
additions, the completion does not in general maintain the eigenvalue property possessed by ©,,
but in contrast it automatically satisfies a modular transformation law. In particular, we have

é“ (a7+b> _ Z ¢M7Q(u,y)@,j(7) for (Z Z) € SLy(Z), (2.9)

ct+d

veA-172/72
where
£2miabQ (1) 5H7Sgn Y if c=0,
YuQ(p,v) = | 27 (4Q () — B(mApw) +dQ(v)) - (2.10)
e 2 if ¢ #0,
meZ2 /c7?

where 0, :=1if p=v in A~172/7? and 0 otherwise. We also require the following lemma from
[39] to determine whether a linear combination of false-indefinite theta functions is a Maass form.

Lemma 2.4. Let Q be the even, signature (1,1) quadratic form Q(n) = %nTAn and gogf} be as in

(2.8) for € Q? and c € Cq. If v € SLa (Z) with vL Ay = A and vCg = Cg, then
P = eli
3. FALSE-INDEFINITE THETA FUNCTIONS AND pgy(n)

We next consider p} and give details on its relationship to false-indefinite theta functions and
Maass forms. Recalling the discussion of the generating function (1.5), we only need to focus on
the coefficients ap and oy in (1.6) and their generating functions described in equations (1.7) and
(1.8). We start our analysis with (1.2) and write it in the following format to clarify its nature as
a false-indefinite theta functions (changing variables n + —n — 1 in the term associated to ¢*"*1!)

. 1 . 1 . 1 Tl+] ”(37L+1)_j2
J(q)—52 (1+sgn<n+]+6>8gn(n—]+6>>(—1) q 2 :

n,jE€ZL

Inserting this expression in (1.8), we then find

1
UO(T) = —5 Z (—1)a+ﬁ Z (1 4 sgn(2n1 + ng)sgn(2n1 _ nz))q12n§72n§’
IOl neZi (5 +5tar5)
1
ui(r) = 5 Z (_1)a+,8 Z (1 + sgn(2n1 + na)sgn(2n; — n2))q12n%f2n§‘
ety neZ+(§+4+35,15%)

8



Now, ug and u; can be expressed in terms of false-indefinite theta functions in the terminology of
Subsection 2.2 with®

A 24 0 . 1 (-1 q e 1 (1
= s = — s an = —

0 -4 RV ! 2T V6 \3
satisfying

Q(Cl) = Q(Cz) = —1, B(Cl,C2) = —10, B(’I’L, Cl) = —2\/6(2711 —{-’rlg), B(’I’I,, 02) = 2\/6(2711 —ng).

Then (2.4) is satisfied with P := (2‘0/5 \%) and find from equation (2.5) the parameters

tlzlog(\/g—\/?), tgzlog(\/§+\/§>.

The resulting false-indefinite theta functions are (with 24, 4us € Z)

fu(T) =

h(5
arccosh(5) 37 (1 +sgn(2n1 +na)sgn(2ng — ng)) g2,

neZ?+pu
n#0

(SMEZQ + 5

This produces the following mock Maass theta functions (and modular completions F w by (2.7))

Fulm) = @ >~ (L+sgu(n + no)sgn(2m — nz)) Ko(2m (120} — 2n3) my)e> (127 -203)m

neZ’+p
n#0

\/E Z 1 — sgn(3n1 + n2)sgn(3n1 — n2)) Ko(—2m (12n7 — 2n3) Tg)@QWi(lQn%_Qn%)ﬁ

nGZQJru
n#0
+ arccosh(5) /720,72, (3.1)
which by equation (2.6) satisfy
) 100
fulr) = =2 [ 1) Re(2)).
With these definitions in hand, for j € {0,1} we have
1
b =35 | X = X g |, (32)
,LLESj' ;LES]-_

where

() (50) (32 (2} 5l (3) () (20
() () (33) () () () ()2

We also extend the relation to a third function with j = 2 by setting

82*:_{(152 i) (172 i) (12 4) (172 D} 85_{<112411><£i> <112 3) <11 3>}

We see below that ug is in the SLg(Z)-orbit of ug and u; and it completes these functions to a
vector-valued modular object under the full modular group.

6Here we let Cq to be the set of vectors ¢ € R? with Q(¢) = —1 that have their second components positive and
correspondingly let C’é to be the component of Q(e¢) = 1 vectors with the first component positive.
9



For j € {0,1,2} we also define the corresponding functions

Uj::% > Fu,— > Fu| and ﬁj::% S E- Y Ful. (3.3)

nes; HEST nes; HES
To connect pfy and Maass forms, we show that U; = Uj, which yields the modular behavior of u;.

Proposition 3.1. For j € {0,1,2} we have U; = ﬁj. For any M = (2Y) € SLy(Z), we have

U; (m - b) = ;‘I’M(J} ) Uy(7)

cTt+d

and for T # —%

u;j <Z:i_s> =sgn(cr +d) (er + d) g Uar(4,4) (ug(T) + u&—§(7)> ,

where Z/{j _a is defined as in (2.3) and the multiplier system Wy is given by

Uar(g,0) = Z Yarg(p,v) — Z Vuo(p,v) withv €SS and Q(n) = 12n2 —2n3.  (3.4)
;LES;T HES)

Here the multiplier system ar,q(p,v) is defined in (2.10).

Remark. For modular translation and inversion, i.e., T = ((1) Y and S = (0 _01), the multiplier
system is given by’

Gas 0 0 ) 1 1 V2
Ur=|0 ¢ 0 and Us=g |1 1 -2, (3.5)
0o 0 ¢ V2 —V2 0

27

where here and throughout we define ( := e~ .

Proof of Proposition 3.1. The matrix v = (, 2) is in SLa(Z) with 77 Ay = 4 and vye1 = 2 (so
in particular yCg = Cg). It is also straightforward to show that ~ preserves each Sji (mod 1).
Therefore by Lemma 2.4 we have U; = ﬁj. Since Uj inherits modular transformation laws from
ﬁj, which consequently lead to the modular transformations of u; according to the discussion of
Subsection 2.1, we only need to compute the transformation for U ; following the transformations of
F, . from equations (2.9) and (2.10). We next compute the translation and inversion transformations

~

of ﬁj and show that U; transform among themselves with multiplier system given by (3.5). The
modular translation property immediately follows from
4 (mod 1) if pesSHusy,
Qp) = % (mod 1) if peSusy,
2 (mod 1) ifpesSyus;.
For the modular inversion property, we start with the modular transformations of the completed
mock Maass theta functions given in (2.9), which yields that for any 241, 4pus € Z we have

~ 1 ~ 1 .
(1) = T vsolumlr) whero usglu) = e i),
T vEA-172/72 4V6

"Here the entry of the matrix ¥y at position (j + 1,k + 1) is given by Uas (4, k).
10



Then we have
~ 1 1 n
UJ —; = 5 Z Z wS,Q(IJﬂ V) - Z ¢51Q(“7 V) FV(T)
vEAIZ2/I2 \ pesy pHes;

and the inversion transformation for U ; as described by the multiplier system in (3.5) follows from

+1 if v e ST,

+1 if ve St

_ _ 2 19

Z vsQ(p,v) Z vso(p,v) 4L i ESS:,
uGSS' HES, V2

L0 otherwise,

+1 if v € S,

+1 if veSi

> vsolwv) = Y dsqlp,v 1 ifyest
pest HEST V2

L0 otherwise,

- +

j:% itvesSy,

> vsepv) = Y dsqlm,v) = T ifrest

HeSy HESy L 0 otherwise.

The general transformation with the multiplier system (3.4) follows from S and T'. (Il

4. THE OBSTRUCTION TO MODULARITY

In this section, we derive “Mordell-type” integral representations® for the obstruction to modu-
larity (for ¢ > 0 and 7 > —‘El)

s ()= 2 [ 0B (), (4.1)

which appear in Proposition 3.1, and its extension to the whole upper half-plane (see Remark 2.2).
These are crucial for determining the contribution of the principal parts to the asymptotic growth
of aj (and hence of p&Y), as well as precise bounds on the error term. For this calculation, we follow
(2.1) and denote by d; the Fourier coefficients in the expansion

=z Z d;(n)Ko(2n|n|zp) e2mm1, (4.2)

where j € {0,1,2} and [y := E’ B = 48, Bo = =5 (see Proposition 3.1 and (3.5)). In particular,
there is no constant term in (4.2). The calculatlon of the Mordell-type representation for Z/lj _a (or

rather for the combination u; + U i ) is lengthy, and is broken down into several steps.

4.1. Expanding the obstruction to modularity. We first insert the Fourier expansion (4.2) in
(4.1) for the obstruction to modularity and then simplify it.

Lemma 4.1. Let —% € Q and 7 € H be such that 7 > —%. Then for j € {0,1,2} we have

N _2mian  tK( (27|n|t) i(t+9)
Uj7cci(7')——7r/0 Z dj(n)e” )2 Qﬂn—i_ﬁ &t

nezZ+p; 12 + (T + % + (T +5

[

8This terminology aligns with the analogous integral representation in the world of mock theta functions.
11



Proof. We start by writing (see e.g. proof of Proposition 2.3 of [13])

00 t , d
U,_a(r) = L 4itU; <—d+it> - L@Uj (—d+z’t> at .
% 21 Jo c t—i(r+49) c VI + (r+ 4)°
c

Now we use the Fourier expansion of U; given in (4.2) and the corresponding Fourier expansion

1 ,
—iUj(z) = Z dj(n)((4mnze — 1) Ko(27|n|20) + 47|n|2z0 K1 (27 |n|22) ) e "5

1 [ _ 2midn 1
o)== [T e

neZ+p; 2+ (r+ %)2
; d
x 2mnt + Lﬂ Ko(2n|n|t) + 2x|n|tk, (2x|nlt) | dt,
t—1 (T + E)

which we rewrite as

1 [e.e]

Uy _a(r)=—— S di(n)e "
¢ 0 nEZ—i—ﬁg
t i(r+4) 9 tKo(2r|n|t)
X = | 2mn 4+ < | Ko(2nlnlt) — o _ | dt.
2+ (1 +9) 2+ (r+7) 2+ (1 +9)

For the second term, the exponential decay of the K-Bessel function leads to the uniform con-
vergence of the series on compact subsets of ¢ > 0 (with or without the derivative). So we can
interchange the summation and differentiation and rewrite using (4.2)

00 . ) d
sy =2 [T X e G (27rn s 2)
0 \nezts; 24 (7 +9) 2+ (r+7)

oy (d N
ot J c t2—|—(7'—|-d)2

Moreover, we can separate the integral of the total derivative term and explicitly evaluate it to
zero thanks to the exponential decay of Uj(—g +it) as t — oo and as t — 0". The exponential
decay towards t — oo follows from the absence of constant terms noted in equation (4.2). Then
the modular transformations in Proposition 3.1 imply the exponential decay as t — 0. g

We ultimately want to interchange the order of the sum and integral in the remaining term. The
problem is that the exponential decay of U. j(—% +it) and its first derivative as ¢ — 0T, although
in fact true, cannot be seen in the Fourier expansion. Therefore the interchange of the sum and
integral is not justified, and our next step is to regularize the integral and to separate the component
of the integral that is causing the problem. For this, let

/°° t(i(r+ %) Ko(27|n|t) — sgn(n)tK:(27|n|t))
0

: dt.  (43)
(2+ (- +9)%)°

K(z) :=xK(z), K_a(n):=

‘c

12



Lemma 4.2. Let —% € Q and T € H be such that 71 > —%. Then for j € {0,1,2} we have

271'7,dn

]. d ( ) 27rzdn
U ()= ———— lim K@rlnls) — = 37 dy( K_a(n).
i 2m? (T + E) 007 neZ+pB; " neZ—l—ﬂj e

Proof. We start by rewriting the expression for i _d given in Lemma 4.1 as

b i i(r+4¢
1/1].77%(7):—l 1im/6 S di(n)e " tKU(2”|”|t)) (27rn+(+6>)2> dt.

d
neZ+5; 2+ (74 4)° P+ (r+e

Since for any z > 0 we have (see e.g. 10.37.1 and 10.39.2 of [30]),

[p—
OSK()(.T)<K%(.T): 7€

for t > § we can estimate

6727r|n|t efﬂlnin{ﬁj,lfﬁj}tefﬂnw

< Y
2y/|n|t — 2y/|n|t

where for the second bound we use |n| > min{f;,1—3;} as §; € (0,1). Thus the combined integral
and sum is absolutely convergent and we can switch the order for 6 > 0. So we have

U _a(r) =~ lim d»(n)e—%id”/ EEo(27nlt) ( +(T+))> i

j
neZ+B; SN2+ (7 —|— + (7 +

Integrating the term with 27n by parts using that m(—tKl(Ct)) = CtK((Ct) for C > 0, we find

0 < Ko(2m|nlt) <

mian K 2
U a(r)=—— hm+ Z d;( - sgn(n) 0K (2m|n}) -
e t ) d
+/ S (z <7‘ + c) Ko(2m|nl|t) — sgn(n)tK1(27T|n|t)> dt
é

(2 2)’

Due to the exponential decay of K;(27|n|d) as n — oo, the sum on n can be separated to yield

Llj,_é(T) S lim+ Z d;( —Es gn(n) o Bl 2
< T §—0 neZtB; 52 + (T"_%l)
. Z » Mldn/oo t (i (1 + 2) Ko(27|nlt) — sgn(n)tK:(2n|n|t)) &t (4.4)
é

(2+ (- + ff)Q)g

We now focus on the contribution of the second line and make the change of variables as ¢ +— ﬁ

nezZ+p;

to rewrite the integral as

L (e )

(e ))

13



Because we assume 7 > —%, we can bound

1 1 1
<

%+(T+4)2‘_‘<ZQ+(T1+ ) —T2>+227'2(7'1—|— )‘_27‘2(7‘14-%).

c

Thus for § > 0, we have the estimates

o d d 0o
/ it (T+C)K0(27Tt§)dt < 7+ ¢l 3/ tKo(27t)dt,
TG | Gt

0o 2 o
/ 2Ky (2mt) Sdt| < 1 3/ t2 K, (27t)dt.
(e t) |Gl

Therefore, the integral (4.5) is uniformly < 5 for 6 > 0. Together with the bound [d;(n)| < \/W
from Corollary A.3, we then find that the sum over n in the second line of (4.4) defines a function
of § that is continuous for § > 0. So the limit § — 0" can be separately taken for this term by
simply setting § = 0. The desired result then holds thanks to the fact that for 7, > —% we have

1 1
lim+ = = - g
TS (rrd)t T

Our next goal is to let § — 07 in the first term of Lemma 4.2. We see below that this limit is
obtained by setting § = 0 (noting that lim, ,o+ K(x) = 1) and taking the sum symmetrically. Here
by a symmetric sum over a discrete set S, we mean

We first show that the first term of Lemma 4.2 is convergent with § = 0.
d ( ) _ 27idn
* (N )e c
Lemma 4.3. The series Z s convergent for any c €N, d € Z, and j € {0,1,2}.
n
neZ+p;

Proof. For M € N, we consider the partial sums

Z M_ (4.6)
neZ+p;
—c(M+1)+8;<n<c(M+1)—1+48;
By Corollary A.3, the summand vanishes as n — 400 and up to O(c) terms on the boundary, the
limit M — oo of the partial sum (4.6), if it exists, is equivalent to the convergence of the symmetric
sum in this lemma and the value of the limit M — oo gives its value. We start by changing variables
asn=cm+r+p; withme{-M—-1,...,M} and r € {0,1,...,c— 1} to rewrite (4.6) as

M
72 27r1d(,,,+BJ Z d](cm+T+B])
a1 m+ Lcﬁj

M
1 e S (Glem AT B)  diCetnt DA+ f))
m+ =E m+—

m=0 C
14



where we change m — —m — 1 for the sum over —M — 1 < m < —1. Now we use summation by
parts to the sum over m and obtain

Mol Zdj(cn+r—{—ﬁj) Zdj(-C(TL-Fl)‘F’I“‘FBj)
n=0 n=0

BB e ) (e =) (o)

M
1
+Wzodj(cn+’l“+ﬁ]) CTB] Zd n+1 —|—’I“+B]) (48)

By Corollary A.2, for m > ¢ we have (note that 0 < Lﬁj <1)

nz%d cn—l—rﬂ—ﬁ])—cﬂﬂc(m—l—r—z&)+O(cg\/ﬁ), (4.9)
nz:%dj(—c(n +1) + 7+ B)) = el <m + Hﬂ) +0 (ci\/ﬁ) : (4.10)

with the implied constants on the error terms independent of j and r. In particular, for M > ¢ the
second line of equation (4.8) is bounded as

O(c%\/ﬂ>

O(c%\/ﬁ)

T_B' —0 as M — oo.
M+——

cjrec+ cjre+

M +

We next consider the summand on the first line of (4.8) for m > ¢ and estimate it as
r+6; 3 3
et e (1- 270 ) o(cvim) CND

9 . + _— T — . —_r — . :
(m+1+—rtﬂj)<m+1+ 'ﬂfﬂ]) (m+—7+cﬁf)< +1+'tﬁj> <m+70 'C BJ)<m+1+70 'c ﬁj)

So overall the summand is < m ™2 as m — oo and hence the sum on the first line of equation (4.8)
is convergent as M — oo. This proves the required convergence. ([l

Given the convergence of the symmetric sum of Lemma 4.3, we now take the limit § — 07 in
the first term of Lemma 4.2 and show that this symmetric sum is the resulting limit.

Lemma 4.4. Force N, d € Z, and j € {0,1,2} we have

_ 2midn _ 2midn

lim, GE" © 1orinls) = Y dy{n)e” =
=0 neZ+p; n neZ+p; n

d (n) 27r7,dn

Proof. We define b(n) :=

Z b(n)K(2m|nl|d), B:= Z b(n), and B(z Z b(n

n€Z+p; n€Z+pB; n€Z+PB;
In|<z

for n € Z + 3; and

Our goal is to prove that lims_,o+ Bs = B. The first step towards that is the identity

B;s = 27T(5/ x)Ko(2mdz)dz, (4.11)



where Ko(z) := —K'(z) = 2Ko(x). To prove (4.11), we split B(z) = Bl(z) + B¥(x), where

Bl(z Z b(n) and Bz Z b(n

neZ+p; neZ+pB;
0<n<lzx —x<n<0

By Corollary A.3, we have BlY(z), B (z) <« \/z, so we can split the right-hand side of (4.11) as
27r5/ B (z)Ko(2r6z)dx + 2#5/ BB (z)Ko(2r02)dz. (4.12)
0 0

Both integrals converge due to the exponential decay of Ky(x) as  — oo. Focusing on the first
integral of (4.12), we note that Bl!(z) is zero near = 0 and has jump discontinuities at Bj + No
(recall 0 < B; < 1). Noting BN (n + 8; — 1) = B (n + ;) — b(n + ;) we rewrite this integral as

n+53;

270 Z BM(n + B —1) / Ko(2mox)dx

n>1 ’n+6j_1
=> <B[1] (n+83;,—1)K(2rd(n+8;—1))—BU (n—i—ﬁj)K(Zﬂé(n—l—ﬁj))—I—b(n—i—ﬁj)lC(27r5(n—|—Bj))>.
n>1
The first two terms telescope to yield BI!(3;)K(2783;). Together with the third term we then find
276 / BU(2)Ko(2mdz)dz = Y b(n)K(2x|n|d).
neZ+pB;
n>0
The analogous result for BI?(z) then proves the identity (4.11).
Now note that because lim,_,q+ K(z) = 1 and lim,_,o, £(z) = 0, we have
2775/ Ko(2mox)dx = 1.
0
Hence by equation (4.11)
Bs; — B = 27r5/ B)Ko(2mox)dx.

Since B = lim, o B(z) for any € > 0 we can choose X, > 0 such that |B(z) — B| < ¢ for all
x > X.. Then we have (noting that Co(z) > 0 for z > 0)

Xe o)
|Bs — B| < 2775/ |B(x) — B|Ko(2mdx)dx + 2mde Ko(2méx)dx.
0 X.

Letting Ko max := max{Ko(x) : x > 0} (note Ko(z) — 0 as z — 0" and as 2 — oo) and bounding

oo o0
276 Ko(2mox)dx < 271'5/ Ko(2mox)dx =1,
X 0
we find that
Xe
|Bs — B| < 27T5’C()7max/ |B(x) — Bldx + ¢.
0
If ¢ is sufficiently small, then the first term is smaller than e, which concludes our proof. ([l
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For use in Section 5, we next examine how large these symmetric sums can get.
Lemma 4.5. Force N, d € Z, j € {0,1,2} we have, with the implied constant independent of d,

_ 27midn

*d c
>y dj{n)e™ = .
n

neZ+p;

Proof. We follow equation (4.7) and start with

__ 2midn c—1
N dj(”)ic:ize 2””(%)2( Cm+7‘+5y)_dj(—c(m“)“"*@')).

m + r43; m+ c—rc—,é’]-

neZ+pB; r=0 m>0

We split the sum over m into a sum over 0 < m < ¢ and a sum over m > c+1. Applying summation
by parts on partial sums of the contribution from m > ¢+ 1 and noting the bounds in (4.9) and
(4.10) we rewrite this as

1 el mid X
*26_26 ) (M + L4+ I3+ Iy + I + I + Ir)
¢ r=0
where
. “ dj(em+r+ B;) Ig::—zc:d]( (m—i—l)—l—r—l—ﬂj) L= Yov_odilen 41+ B))
D P 1y
r+5
I - S o di(—e(n+1) +r+5;) I Z Do od(cn+r+,83)—cdjrc(m+ J)
) 5 S di(—e(n + 1) + 7+ 8;) - J(m+7ﬁ)
6= — : )
m>ct1 (m + 70_2_5‘7) (m +14p 7)
j 1
I =l e <1 ol 5J)
m>ct1 (m+1+r+ﬁj) (m—i—1+c - '8J>
with the involved series convergent. The lemma follows if we show that I; = O(c) for j € {1,...,7}

with an implied constant independent of r. For I, I, this follows from Corollary A.3. For I3, Iy,
we use (4.9) and (4.10), respectively, with m = ¢ and note that |¢/;, .| < 1. The bounds on Is, Ig
also follow from (4.9) and (4.10), giving

Il sl < ez Y m7 <
m>c+1

Finally we bound |I7] < 1. O

We now arrive at the following midway point to our desired Mordell-type representation.

Proposition 4.6. Let —% € Q and 7 € H be such that 71 > —g. Then for j € {0,1,2} we have

27midn

1 * d(n) 27r1dn
U _a(r) = Y AL A Z d;( K_a(n).
i 27‘(2 (T+E) NEZ'Fﬁj n nEZ—‘,—B] ‘c
17



4.2. Mordell type representation of the modular transformation. We next rewrite /C ( )

In Proposition 4.6 we restrict to m, > —% because we are using the principal value of the square roots
appearing in the definition of K_a(n). Our rewriting below naturally continues the obstruction to

modularity to the entire H as stated in Remark 2.2. Here we require the sine and cosine integrals
Si(w) := / SH;( )dt for w € C, Ci(w) := —/
0 w
Then for w € C\ (—o0, 0], we set
. . ™ . . . ™ .
f(w) := Ci(w) sin(w) + cos(w) (5 — Sl(w)) ,  g(w) := —Ci(w) cos(w) + sin(w) <§ — S1(w)> .

Lemma 4.7. For v € H with 71 > —g and n # 0 we have

K,a(n) = sgn(n)f<27r]n <r + i)) +ig (27T|n| <T + i)) - W

. . . . . L d
Proof. Using (4.3) and making the change of variables u = 27|n|t we have, with w := 27|n|(T + %),

< * wlKi(u
ICT%(n) :iw/o (K()()du—sgn( )/0 (Kl()gdu,

u? + w?)?2 u? + w?)2

cos(t)

dt for w e C\ (—o0,0].

Such integrals can be expressed in a couple of different ways (see Section 3 of [24]). We start with
6.565.7 of [19], which gives (for Re(a) > 0, Re(b) > 0, and Re(v) > —1)

/ ' (2 + a2)” K, (bz)dz = 2T (v + 1)a"P* o118, vy i1 (ab),
0

where the Lommel function Sy, is defined in 8.570.2 of [19] (with the definition extending to p =+ v
a negative odd integer through its limiting value). In particular, using 8.575.1 of [19],

w/oo uKo(u) dU—\FS:a 1(w) and /OOUQ‘Kl(u)Sdu—l—\/ES_
o ( R o ( w

uQ—i—wQ) u? 4+ w?)?

(w)7

1
2

(ST

These two Lommel functions (for which one needs the limiting value of the definition above) can be
simplified using Watson’s treatise of Bessel functions (see the first displayed equation after equation

(2) in Subsection 10.73 of [35]), which expresses S,_1, for v ¢ —Nj as
11, 0
Sy—1(w) = % [w log(w) — aswj(w)

v :| p=v+1

Plugging in 8.570.2 of [19], the lemma follows after a lengthy but straightforward calculation. [

Lemma 4.7 is useful because the definition of the trigonometric integrals over the cut-plane
analytically continues K_4 to all 7 € H. We use this to find a Mordell-type representation of this

term that is valid on H.

Lemma 4.8. For w € H we have

oo iwt ) wt ;o
F(w) :z'PV/ c 1dt+5 g(w) :PV/ te gp - T,
0

Proof. If Re(w) > 0, then by 5.2.12 and 5.2.13 of [2] we have
[e’e] —wt [e’e] t —wt
flw) = / ° gt and g(w) = / L
0 0
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Cor

L=

FIGURE 1

We first focus on f and assume Re(w),Im(w) > 0. The integrand is a meromorphic function of ¢
with poles at t = +i, we can deform the path of integration as shown in Figure 1 and rewrite

e*U}Z e*'UJZ
= li d o797 |
f(w) Risoo /CLR,E 22+1 z+/027R 241

for 0 < ¢ < 1. The integral over C r tends to zero as R — oo using Re(w),Im(w) > 0. Letting
e — 0% for the integral over C} r. gives the expression in the lemma with the second term coming
from the simple pole at z = —i. Crucially, this expression is holomorphic for Im(w) > 0 and hence
coincides with f(w) there. The argument for g is exactly the same. ([l

We are now ready to continue the expression from Lemma 4.2 for U} ,(7) to the entire H and to

derive a Mordell-type expression for L[f o as discussed in Remark 2.2. More precisely, we find such
an expression for (with 7 € H)

T, _a(r) = ug(r) +uj_%(7).

Theorem 4.9. For M = (%Y%) € SLy(Z) with ¢ > 0 and for T € H, we have

at +b
d) v I
CT+d> CT+ % M ja ) 7(7-)7

where

1 * midn o0 271'7;(7'-"-%)15
1-577%(7') = — Z dg(n)e*% PV/O etidt.

T —-n
neZ+B

Proof. We first plug Lemma 4.8 into Lemma 4.7 (note that 8y € Z so that n # 0). Then we insert
the result in Proposition 4.6 while noting the modular transformations in Proposition 3.1 to find
the claimed transformation as well as the identity for Z, _d (r) if 7 € H with 7, > _E (note that
sgn(cry + d) = 1 in this case). Therefore, the theorem statement follows if we can show that the
stated expression for I 4 defines a holomorphic function on H.

The summands here are already holomorphic on H as follows from Lemma 4.8. So our goal is
to show that the involved infinite sums are convergent for any 7 € H and they yield a holomorphic
function there. We start our analysis by splitting ﬁ = (% + %) — % to rewrite

271'2dn _ 27midn

B * de(n)e” e 00 4e2mi(r+ 1 « dy(n)e” "¢
I&_g(f)_— > V/ — dt 2 (o 1) > —

nEZJrﬁe ¢/nEZ+By




with the convergence of the sums on the right-hand side proving the same for the sum in I . The

second term is holomorphic for 7 € H with Lemma 4.3 justifying the convergence of the 1nv01ved
sum. So we prove convergence of the first sum for 7 € H and the holomorphy of the resulting
function by showing that the sum over n is absolutely and uniformly convergent on compact subsets
of H. We start by bounding the integral appearing in this term. If n < 0, then we have

2mi(T+<
/°° LA DS /°° S T
o t-n STl am2r3n]

If n > 0, then we distinguish whether 7 > —%l or 1 < —‘Ei. Ifrq > —%, then we rotate the path of

integration to eTRT while picking up the half residue from the pole at t = n to write

00 27ri(’r+%)t ) 27ri(’r+%)z
PV / e gt — mine?mn(r+Y) | / -
0 t—n TR+ zZ—n

For z = e t with ¢ > 0, we then note

’ezm‘(wrg)z — o Vor(mtm+d)t <e VIt ang z < V2t
z—n n
to bound (r+4)
o0 t 271 T+E t 1
PV/ " at] < e ¥ 4 =
0 t—n V2r2rin

The same bound also holds for 71 < —% as can be seen by similarly rotating the path of integration

s’
to e” 4 R*. So we have

27r1dn

Z dﬁ( PV/ 27rz T+ t 4t < Z |d€(n)| 7Tn€72ﬂ-72n(5n>0 + 1 ’
—-n n 73n]
neZ+Be n€Z+ P
which is uniformly convergent in 7 over compact subsets of H thanks to Corollary A.3. g

5. BOUNDS ON NON-PRINCIPAL PARTS

In the Circle Method, it is important to distinguish between the principal and non-principal
parts of the transformed generating functions. The principal parts, roughly speaking, correspond
to negative g-powers and contribute to the Fourier coefficients in an exponentially growing manner.
The non-principal parts, on the other hand are error terms. In our application, we have a mixed-type
object and the functions u; multiply a weakly holomorphic modular form, which has exponentially
growing parts towards cusps. In this section, we analyze combinations of the form G_QﬂidTIg,g(T)
with d > 0 from this point of view, determining where its (continuum of) principal part lies and
likewise bounding its non-principal part. In particular, looking at the expression for 7, , given in
Theorem 4.9, for h' € Z, k € N with ged(h/, k) = 1 and Re(V) > 1 we decompose

e, , " +4V A +iV ) + I A 44V (5.1)
’ k k f, };;7 k 7}IL€ ’d k ’ '
assuming d > 0 and d & Z + (B¢, where
. n eZﬂ'dV * omihn d efZWVt
IZ, }]Lc/ ,d( k‘ + 'LV) = i Z dg(n)e k PV/O ﬁdt, (52)
n€Z+pP
. B ‘ e2mdV " omin/n 00 =27V
&,217 </<: + ZV) = — Z dg(n)e & PV/d o dt. (5.3)
neZ+Be

20



We next find an upper bound on the non-principal part Z¢, where along the way we also prove
the convergence of the involved sum. This also justifies the decomposition in (5.1).

Lemma 5.1. Let d > 0 withd & Z + ¢, k € N, b/ € Z with ged(h', k) = 1. Then for V € C with
Re(V) > 0, the sum defining Z¢ in (5.3) is convergent and the resulting function is holomorphic in
V. Moreover, for Re(V) > 1 we have, with the implied constant independent of h' and V,

h/
| —+iV ) <k

Proof. As in the proof of Theorem 4.9, we decompose - = (-1 + 1) — L to write

I erdV * dp(n) 2min'n o te—2mVE 1 * dg(n) 2min/n
PV ) = PV dt — R
f,h,<k:+l ) i Z n /d t—n 271'21"/2 n C

k neZ+Le¢ ne€Z+Le

with the convergence of the sums on the right-hand side proving the same for Z¢. Our goal is to
bound and prove the convergence and holomorphy of each of these two terms. For the second term,
convergence is implied by Lemma 4.3 and its holomorphy for Re(V') > 0 is immediate. By Lemma
4.5 it is bounded as O(k) for Re(V) > 1 with the implied constant independent of A’ and V.

So we focus on the first term, which making the change of variables ¢ — t + d we rewrite as

h/ 3 * d wih'n t+d —2nVt
vy (k—i—zV): —Z de(n) 2=l V/ o

e nEZ-I—ﬂ

The integral is a holomorphic function of V' for Re(V) > 0. We next deduce the holomorphy of
70 by showing that the sum over n is absolutely and uniformly convergent for Re(V) > ¢ for
any 6 > 0. We Start by bounding the integral appearing in the summands of Z¢[!. Splitting
t+d= "t — -4 (t — (n—d)), we rewrite

t 4 d -2Vt -2Vt d 1
P dt = dt — .
V/ (n—d) n—d V/ t—(n—d n—d2nV
The remaining integral is bounded in the proof of Theorem 4.9 as
PV/mwdﬂ%dt<wm—dk4ﬂ”mMWU P
o t—(n—d) |~ "C T Re(V)2|n—d|

So for Re(V') > § we can estimate

(] “omé(n-d) | L |de(n) Idz
Ieh'd(k:+lv>‘_ Z [de(n)le +7r52 Z ]n—d|2 271'25 Z n(n —d)|

Tk nEZ+Be nEZ+Be nEZ+Be
n>d

By Corollary A.3, all three series are convergent, proving the absolute and uniform convergence

of the series defining 7! for Re(V') > §. This bound also shows that for Re(V) > 1 we have
I;’Ll,} d(% +14V) = O(1) as a function of k£ with the implied constant independent of A" and V. O
L]

6. PROOF OF THEOREM 1.1

In this section we apply the Circle Method to obtain the exponentially growing terms in the
asymptotic expansion of the Fourier coefficients a;(n) in (see (1.7) and (3.5))
1 23 11
—, A= —, Agy:= —
48" T a TP 1w

Za] )" 2, where j € {0,1,2} and Ag = —
n>0
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and in particular prove Theorem 1.1. We start with

i+1

a;(n) = /Z Yj (7')6—2m(n+Aj)Td7_7
i n(r)

with any path in H connecting ¢ to i+1. Here we use Rademacher’s path by following the exposition

of [1] (as described in Subsection 3.4 of [15]). This gives, after the change of variables 7 = £ + Z,

N . N[k, iZ
n) _ sz—Q / u] k2 672771(”+Aj)<%+kf2>dz7 (61)
k= 0<h<k Z1 k2
ged(h,k)=
where Z; with j € {1, 2} stands for Z;(h, k:,N) defined by
1 1
Z 1I;N):= Z 1I;N) =
1(07 ) ) 1—ZN’ 2(0a ; ) 1+’LN’
Z1(h,k;N) := ——— Zo(h,k;N) := for k> 2
1( 5 vy ) k—ikl, 2( 5 vy ) k+lk2 or = 4,

with % < % < Z—; denoting consecutive fractions in the Farey sequence Fy of order N. The integral
runs from Z; to Zy over the right arc of the standard circle of radius % and center % (see Figure 2).

A~

A

C(Z1,22)

Z
FIGURE 2

Now consider Mp, i, := (Z hhh+1 ) € SL2(Z) with 0 < b/ < k chosen to satisfy hh' = —1 (mod k).
Applying Theorem 4.9 with M = M}, ;, and 7 = %’ + % we find

. 2 ,
h iZ ik , i
with Wy defined in (3.4). Similarly, the Dedekind-eta function satisfies the modular transformation

h iZ ik (Wi
U(k + kQ> = v (Mhx) Zn<k + Z) ;

where v;, is the n-multiplier system given for M = (¢ Y) € SLy(Z) with ¢ > 0:

§ ~r (Wr |Wr| 1
(M) i= A4 with s (1, ) ::Zk<k‘ﬂJ‘z>,

r=1

(see e.g. Theorem 3.4 of [1]). Plugging these into (6.1) we find

ZRPELI _1I57%(%+%) 72m‘(n+Aj)< +%)
w00 ==3 3kt Y i [z iz
=0 k=1 0<h<k (% +2)
ged(h,k)=



with

Ynk(j, 0) ==e" 1 W (6.3)

Now we split off the principal part from the term ¢ ~31 in ( el by following (5.1) and writing

B i
Ze,%’(?+%> e <h’+ ¢>+ EET (h’+ z>
f:e - — e 12 e =
i+ ) Med\k T Z Falk 2

K 1 )
+I€,% (k + Z> (W —e 12 . (64)

We next show that the contribution of the second and the third term in (6.4) (the non-principal
part contributions) are small (i.e., non-exponential) for N = |\/n|. Thanks to Lemma 5.1 each of
these terms is holomorphic if Re(Z) > 0, so we can deform the path of integration to the chord
C(Z1,Z) from Z; to Zy (see Figure 2) to write their contribution to a;(n) as

2 N ) ar(ha
szii Z Unk(J )/ 71 Pt N(E+i3)
—0

k=1 0<h<k C(21,22)
ged(h,k)=

_min! R nd 1 (W g)
X 126 1€ , — 4+ _|_I + = — ¢ 2\F'Z dz.
<e K,f;c,;l(k Z) <k Z> (77(}12"’%) e

For any point in the right half-plane contained within the disk bounded by the circle with center
and radius 3, and in particular on C(Z1, Z»), we have Re(4) > 1. So we can use Lemma 5.1 (once
with d = 0 and once with d = ;) to bound

_ it ) ) (h’ i > 1 _ﬂ(i’+1)
e 126 1€, — 4 — |+ =+ = . _ _ e 12\k7TZ <k
5’1’214<k: zZ) "Rk T Z) \n(E+ L)

with the implied constant independent of &' and Z. Next we recall (e.g. from Theorem 5.3 and 5.5
of [1]), that if % < % < Z—; are consecutive fractions in the Farey sequence F, then we have

max{k,kj}§N§k+kj—1

and hence
2
- < K+ k7 < 2N°. (6.5)
Consequently, for any point Z on C(Z1, Z2) (including the case k = 1) we find
k2 2k? k2 V2k
2N2_Re( ) W and 2N2_‘Z‘<7
In particular, these results imply that on C(Z71, Z3) we have, for n > 1
—omi N(hiZ N 2v/2k
AT Z(n+A])(’“+ 2) < " and length(C(Zi, Z2)) < L

N
Therefore, for n € N we find the bound

18;(n)| < ni.
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This leads to

2 N
SR Y il e 2

(=0 k=1 0<h<k
Z Ay W ;
X 7*/ —+ = dZ—l—O(nZ).
/Zl \/Z g’%’2714 < k Z)

ged(h,k)=1
We next recall the definition of the principal term Z* from equation (5.2) and focus on the
integral on the second line:

Z 1 27
|z AN st [ B ()
* S d(m)e= Py / e t dtdZ.
Z \/> meZ+Le 0 -m
¢

Once more writing ﬁ = G=mym % as in the proof of Theorem 4.9, we can interchange the sum

over m and the integral over ¢ to write

1 27 L) 1

2mih’'m 24 7Z(t724
Z dz 2 h V/ e
0 t—m

meZ+Pe

where
wih/m
* dg(m)e2 z
()= Y (6.6)

"k t—m
meZ+B

is a meromorphic function of ¢ on the entire complex plane with poles in Z + ;. Here note that
d¢(m) is defined through (3.3) and (4.2). In particular, the only pole of @, , (t) that lies in the
'k

interval [0, 5 4] that we are integrating over is the one at ¢t = 8 for the component from ¢ = 0.

Now viewing the principal value integral as an average of two integrals from 0 to 2—14, one going
above the potential pole and one below, we obtain an iterated integral of a continuous function
over two compact intervals. We can then interchange the integral over ¢ with the integral over Z
and note that the integral over Z yields an entire function of ¢ to conclude

Z eQW(N-i-Aj)k% B i 1 o Z3 2”( w2 L2+ (55~ )%)
—I, —+—=]dZ=—PV o /t/ dzZdt.
/zl VZ o b ( k Z) o Jo e ) 7 NG
We next focus on the integral in Z and make the change of variables Z — % to rewrite it as

n+A;

. o Jz+(ift)i 1+‘ﬁ n+A

/ 2 ¢ ( K2 24 Z) 07 = _/ "R Z_%€2W< o 1+(i_t)z>dZ,
7 VZ 1

Then we decompose the integral on the right-hand side as

. n+A; 4 n+A
/Z—Se%(:fé*(it)Z)dz_Z/ Z_%€27r< :2]§+(i*t)z)dz’
¢

r=1 Cr

N

Kk
i

where the paths of integration are as shown in Figure 3. Here integrals over C3 and C4 (as well
as that over Cs; as mentioned above) define entire functions of ¢ whereas integrals over C; and Cs,
and hence that over C, define holomorphic functions of ¢ for Re(t) < i extending to a continuous

function for Re(t) < ;. Here we note that on C;,Co we have \62”(2*14_15”] <1 for Re(t) < 5.
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Pp=1—4%

Py=1+1i%

—.

Cs

/Pl

Cy

v

FIGURE 3. C3 and C4 are circular arcs centered at zero and C := Co+Cy+C5+C3+Cs.

We also decompose
1 )
dO (48 ) 27ih

cbg’h?( )= Q)Z h’( ) + F_ L € 48k 55,07 (6.7)
48
in order to separate the only pole of ®, , (t) that may lie in [0, %] (see the comments after (6.6)).
"k
We then define
[r] 1 &L 7 3 2ﬁ<LAj;+(;_t)Z>
Ho = LSt Y g [T a0 [ 28 R0z, o
T =0 k= Osh<k T v
ged(h,k)=
[r] 1 N 3 i 1 3 27r<LAjl+(L,t)Z>
wyi= 3kt 3 amgoey [Tt [zt G e G azar, (o)
™= 0<h<k 0 — 18 JCr
ged(h,k)=1

where

2mih/

)‘h,k(nvjv 6) = T/’h,k(ﬁ g)ei Szlz (h/+24(n+Aj)h) and )\Z,k(n,],g) = )\h,k(najag)e a8k .
This leads to

1

2 N 1
]- _3 27” ’ n 24
= =D Dk D (e AN >PV/0 (1)

(=0 k=1 0<h<k Tk
ged(h,k)=1

n+Ay 4 1
x/cz—ieZ”( CREALCI)) dZdt—Z "l (n d0<48>257“] +O(n4>. (6.10)

We next bound ’y]m (n) and 5][7"} (n) for r € {1,2,3,4}. We start with estimating yjm for r € {3,4}.

Lemma 6.1. For j € {0,1,2} and n € N we have
3
VJ”( ), vj“( ) L ni.

Proof. As Z traverses the circular arc Cs, - 7 moves on a circular arc with center at zero from the

3
4

angle — arctan( 2) to —m. The largest value of Re(%) is obtained at the initial point and on Cs

1 1 k2 2k?
Re — <Re _— = — < — ,
(Z) - <1+il§3> k2+k3 = N?
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where the last inequality follows from (6.5). We also have Re(Z) < 1 on C3 so that (for 0 < ¢ <

— 24)
(T (s

7)| «1.
Moreover, by (6.5) we find that on C3 we have

k N
1zt < N and length(Cs) < =

To bound <I>* . (t) over 0 <t < 57, on the other hand, we start by writing

l, ux 247
* (t) Z tdf(m) 427”':/"” Z* dg(m) 2wili€L’m 1484 1 5 2252
’ = —— € - & & .
¢ (t—m)m m 0\ 48 )70
meZ+By meZ+Pe
m;£4—18

By Corollary A.3, the first term is < 1 uniformly in ¢ and A’. The same bound holds for the third
term. Finally, we use Lemma 4.5 to bound the second term and find

pw(t) <k (6.11)
uniformly in ¢ and A'. So gathering our results together with [Ap k(n, J, E)\ < 1 we find
[ } N 3 k
3 _3
"yj (n)‘ <<;k: 20<zh;kk(N> length(Cs) <<7Zk <<N

which yields the claim from N = [/n|. Exactly the same proof yields the result for 7][-4]. (|

We next bound 5][4 for ¢ € {3,4}.
Lemma 6.2. For j € {0,1,2} and n € N we have

1

(5[.3}(n), 5[.4] (n) < log(n)ni.
Proof. Noting that the 1ntegral over Cs3 gives an entire function of ¢ as we state before Figure 3 and
that we have PV f

= 0, we start by rewriting (5[ I defined in (6.9) as

N o (i—t)Z nZ
[3] _ 1 § : -3 24 +4) 1 2 —e24
5] (n) = E k™2 E )\hk n j, / /C3 Z 26 k2 Z : 1 dZdt.

k=1 0<h<k T 48
ged(h,k)=1

Then using the mean value inequality on the complex-valued function t +— e2m(31 -2 , we find
o2(5i—1)7 _ 5%

1—624 < 271"Z’627r<24 £)Re(2)
t— 15
for some ¢ between - 15 and t and including the limit ¢ — 48 Since t € [0, —] (implying - 51— &6 < i)

and since Re(Z) < 1 on C3, we have

27r(i7t)Z _ 6%

¢ i < 2metz|Z|.
t - =
48
Moreover, as in the proof of Lemma 6.1, on C3 we have the bounds
n+A; 1 k N
T < 1, |Z]*% </ N and length(C3) < 7 (6.12)
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So together with [A} ; (n, j,0)| <1 we find

o) ‘<<Zk—z\f<<\flog N)

k=1 0<h<k

which implies the lemma with N = |y/n]. Since the bound Re(Z) < 1 as well as those in (6.12)
also hold for Cy4, the exactly the same proof yields the result for (5J[-4} (n) as well. O

We continue with 'y]m for ¢ € {1,2}.
Lemma 6.3. For j € {0,1,2} and n € N we have

3
1), 7)<

37mi 3

Proof. We first consider 'yj[-l] (n) and let Z = —x (with Z~ 3 =e 3272 above the cut) to write

1

W ==23 5k Y At / a0 /°° b2 (T G0) gy
. - h,k(T, 7, " .
’ (=0 k=1 0<h<k o % VRS

ged(h,k)=1

n+A;
Using the bound on @ w (t) in (6.11) and that e (Tt (5 e) <lfor0<t<

2 ®

1 n+A
/24 g (1) /°° w3 e G 0) gy
o bF LV/k2+k2

with the last estimate following from (6.5). Inserting this in the expression for ’yjm (n) together with

|Ank(n,7,£)] <1 then yields the lemma. The proof for yj[?}

24, we get

3

k3 <<k:%
(k2 +42)1 VN

<

is exactly the same. O

Our final task is to bound (5][@ for ¢ € {1,2}.
Lemma 6.4. For j € {0,1,2} and n € N we have
(5[-1] (n), (5[-2}(n) < ni.

Proof. We next consider 4, U and again use that PV f —1dt =0 to write (with Z = —x)

4

sy

(1] 1o s . : 2 [ s gty e (e )T o5
5 (n):—;Zk 2 Z )\h’k(njjjo)/o . xz2e KT T dxdt.

k=1 0<h<k EV R S
ged(h,k)=1
—27rn+Aj 1
Now we use the fact that e k2 = <1 and that
—27r(i—t)x _ -z
: - 1 e orze 2 (31-€)w
t - =
138
for some ¢ between - jgand t. For 0 <t < 24, we bound the right-hand side above by orze (DT,

Therefore, with [A} ;. (n,j,0)] <1 we find

s ‘<22k" Z/ /ﬁ _ xt) dxdt.

0<h<k k?+k3



Making the change of variables x — <=

T and extending the integration range in x to R™ gives
24

d:c < VN.

< 33 / /
The lemma follows from N = |\/n|. The same proof also yields the result for 5][-2]. t

Our final goal is to go back to equation (6.10) and evaluate the integral over Z for 0 < t < i,

which continuously extends to 0 < ¢ < 2—14 as we state before Figure 3. We start by recalling

(e.g. from equations 8.406.1 and 8.412.2 of [19]) that for Re(w) > 0 we have

)" :
I,(w) = 2/ 2T de,
D

211

where D is Hankel’s contour that starts at —oo from below the real line, circles around the negative
real axis, and then goes back to —oco from above the real line. Then we can evaluate

1
s oam(T (5 02) b, -t \' [4r N2
/cZ e2(5 az=2mivk | Zr ) (e s (5-1) )

Inserting this in (6.10) while recalling Lemmas 6.1, 6.2, 6.3, and 6.4 we find

2 itgj 1 Z 2mi (i +(nt+2,) 1)
aj(n) = ——— - Uny(f, €)e T \RE TR
(n+ A% =0 k=1 k 0<h<k

1 1
21 1 1 47 1 3
This completes the proof of the final result, Theorem 1.1 (including the case j = 2).

7. PROOF OF COROLLARY 1.2

We next extract explicit expressions for the main exponential term and prove Corollary 1.2. We
start by bounding the contributions aside from those for £ = 1 and near t = 0.

Lemma 7.1. Forn € N and j € {0,1,2} we have

2
1 w25 (1) /AL
aj(n) = §\Ps<j,€>/9 By o(1)e'™V (A dt+0< )
0

2 (n + AJ) —0
Proof. We first recall that 1 ( 1 =/ 2 sinh(z) to rewrite (6.13) as
V|
\/§ 2 { 1 . 27 n+A
aj(n) = A Z VE Yrr(j, e * (s5+ranm)
LAVALI N ;g 0<h<k
ged(h,k)=1




Since the only pole of @K’%(t) lying in [0, 5;] is the one at ¢t = % with £ = 0 (see the comments

after (6.6)), we recall (6.7) and decompose the integral on the second line of (7.1) as

1 1 1 2mih!
§(J1 +Jo — J3) + §d0 (48) e 48k 0go(Js + J5 — Jg),

where
1 1
9% an Y 21 az oA (L=
Jy = /% D, w(t)e ™ (e 89) (52 0) gy, Jp = /24 o (B)e* e (s ) gy,
0 Tk = "k
1 1
24 _Am Jrn ALY (L 32 1] n
Js ;:/24 o, (e EVEAI Gy g PV/32 _ VA (G0 gy
o bk a6 U 18
1 1
e /24 1 : o (m—Aﬂ(i—t)dt’ Jg = PV/24 1 : o EV 8 (31) gy
5w T o t— g3

Next we bound Jp,...,Js in terms of n,k,h’. By (6.11), uniformly in A" and t € [0, %], we have
®, w (t) < k and hence
"k

J1 K k(?% g(nJrAj).

Using <I>Z w (t) < k we also bound
'k
n+A;

Jo < keiV 2 and J3 < k.

For Jy, we first let t — 2—14 — ¢t in one half of the integral to remove the pole at t = -% and write

48
% o FV (FA) _ VA
Jy = 2/ dt
1

% t— s

By the mean value theorem we have

FVOA)Gi—t) _ VA o [ pa, N
=,/ ——2¢
2(t = 75) VS

for some & between ¢t and 2 7 — L. Since t € [96 32] it follows that

W%F

Jy <

For Jg we employ the same argument as J; and use the mean value theorem while noting that
1
5_’ <t7r 4 (55 —t)"2 if £ is between ¢ and 5; —t and ¢ € (0, 5;). This then yields

\/”‘{’Aj

J,
6 K A

Wz
Finally, we bound J; < e*V 6 . With these bounds at hand, we find that Js,...,Jg for K > 1 as

n+A;
well Jy for k > 2 together contribute to a;(n) in (7.1) as < €™V 72 *. The lemma statement then
follows from the contribution J; for k = 1 while noting that g 1(j,¢) = ¥s(j, ¢). O

We are now ready to explore the main exponential term in the asymptotic expansion (6.13).
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Proposition 7.2. For n,N € N and j € {0, 1,2} we have

my/2(n+A;) /N-1
aj(n) = = 3Aj (Z - .+0N(n—¥)),

<

n+ = (n+A):
where
CIEE S
i S w0 - watu —)|

Proof. By Lemma 7.1 we have

/2ty 2 1

3

aj(n) = e Z@S(j’g) /96 ée,o(t)eiﬁm(li 1724t)dt + O<€7r %(nJrAj)) .
W\/m = 0

We rewrite the integral here by making the change of variables u :=

1 23
/96 Boo(t)e " %(n+Aj)(1—¢m>dt _ / %4 (1 — 120) @ o (u(1 — 6u))€_47r\/6(TAj)udu_
0 0

1—/1—24t
—45— and get

Defining fr(u) := (1 — 12u)®o(u(l — 6u)), we next look at its Taylor expansion for u € [0, 2*221/5]

(where f; is smooth since ®y ¢ is smooth on the integration range) as

N—1 ,(r) (N)
0
fo(u) = Z Jo r'( )ur + feNl(g)uN for some 0 < & < u.
r=0 ’ ’
Since fe(N) (u) is continuous in [0, 2_21/5], we find Cy > 0 such that \fé(N) (u)| < Cy there. Thus
= Ny o2t
fé(u)ef47r\/6(n+Aj)udu _ Z 14 ‘ / ur6747n/6(n+Aj)udu
0 r=0 " 0
Oy 5
< 7]\'; 24 uN€747r\/6(?Aj)udu <N n*%.
*Jo
Finally, we conclude the proof by noting
2-v3 —(r+1)
1 —a /Y ntA) (2—
p ; e im ot A u gy, <4m/6(n+ Aj)) + Opn <€ 5 (n+0,)(2 \/§)> . g

Proposition 7.2 shows that the Taylor coefficients of ®,(t) at t = 0 determine the main expo-
nential term in the asymptotic expansion of cj(n). For convenience, we express the first few of the
expansion coefficients a, defined there in terms of those Taylor coefficients:

2 2
! ' 1 : (1)
an = \I] 76 q) 0, a1 = \I] 7€ @ O _12¢ O 7
0 8\/%2;% 5. 0®e0(0),  ar gmﬂgezg 505, 0) (@4 (0) = 1284,0(0) )
2
_ ; @y _ (1)
0= e g Us(j,0) (@570 (0) — 360" (0)) ,
2
P # ; (3) . (2) (1)
%= 9216v/210 % Vs (3, 0) (‘%,0(0) 720,70(0) + 432@470(0)) ,

These Taylor coefficients are computed in Appendix B and using the values of Z?:o Us(yg, E)q)érg (0)

reported in Table 1 we find the first few terms reported in Corollary 1.2, which concludes its proof.
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8. CONCLUSION

In this paper, we find asymptotic expressions for certain integer partitions whose generating
function feature a false-indefinite theta function multiplied with a weakly holomorphic modular
form. Our asymptotic expression includes all the exponentially growing components of the asymp-
totic behavior. This is as much as one can hope for the overall weight % Our methods however
are quite general and if the overall weight is smaller than —1, then the expressions and bounds we
prove immediately lead to Hardy—Ramanujan—-Rademacher type exact formulas. These bounds are
definitely not optimal, and improving them would also allow one to find exact formulas for larger
weights. It would be interesting to develop these arguments and search for applications where such
exact formulas are viable. Another direction would be to investigate similar asymptotic results if
the false-indefinite theta function in question is not related to Maass forms but instead related to
genuine mock Maass forms. Finally, it would be compelling to find a combinatorial interpreta-
tion for the component j = 2. More generally it would be very interesting if one could relate the
SLs (Z)-orbits observed on the modular side to a combinatorial relation.

APPENDIX A. ESTIMATES ON THE FOURIER COEFFICIENTS OF FALSE-INDEFINITE THETA
FUNCTIONS

As seen in Section 3, evaluating the obstruction to modularity for false-indefinite theta functions
involves detailed estimates due to the presence of conditional convergence. In this appendix, we
provide bounds involving the Fourier coefficients of false-indefinite theta functions. Instead of
aiming for optimal bounds, our goal is to provide easily applicable geometry of numbers type
arguments. More concretely, we consider the Fourier coefficients dj(n) of the Maass forms U;
obtained by combining the mock Maass theta functions F), as in (3.3).? Here recall the assumption
that the only solution to Q(n) = 0 with n € Z+ p and p € A~1Z? comes from n = 0 with p € Z2,
which does hold for the particular case considered in Section 3. Since Z2 N Sf = for j € {0,1,2},
the constant term does not appear in the Fourier expansion of U; given in (4.2) and by (3.3)

1
dj(n) = 5 (z,uésf au(n) — ZMES{ au(n)) ,
where for p € Sji we have (recall 5y = ﬁ, B = %, By = 3% and the Fourier expansion (3.1) of F),)
1
Z au(n)qn = 5 Z (1 + SgH(Q’I’Ll + ng)sgn(in — n2)>q12n%—2n§’
neZ+p; nezZ%+p
n>0
1
Z au(n)(ﬂn\ = B Z (1 —sgn(3ny + ng)sgn(3ng — n2)>q2n3712n%'
n<0

Since we require the behavior of d; in different residue classes modulo ¢ € N, for p € S;E with
j€40,1,2} and 1,72 € {0,1,...,c— 1} we define

1
S teprld = LS (1 sm(ans + masgntan — o)) (07 ),
n>0 ¢
In| . 1 _ _ 02(271%—1271%) A
Z Qe (N)gq =3 Z 1 —sgn(3n; + ng2)sgn(3ny — n2) |q , (A.1)
TLEZ-Fﬁj n622+m
n<0 ¢

9See equation (2.1) for the general form of the Fourier expansion. Also recall that d;(n) for n > 0 are the Fourier
coefficients of the corresponding g-series u; given in equation (3.2).
31



so that ay(n) = > o<, rp<e 1 Gepr(n) for all p € S;E and n € Z + fj and acyr(n) = 0 unless
n=Q(pu+r) (mod c). We begin our work by bounding partial sums of ac -

Lemma A.1. Letc €N, r1,75 € {0,1,...,¢—1}, and X € R". Then for pu € Sjj»[ with j € {0,1,2}

Z Gepir(M) = ﬂig+0<max{1, \/cy}> ’ Z e () = d§+0<max{l, Vf}) )

ne€Z+Q(p) nG)Z(iQ%)
—X<n

0<n<X
where &f = w = 0.46794065 . .. and with the implied constants independent of r and .

Proof. We start our analysis with

Dopr(X)i= > acur(n).

neZ+Q(p)
—X<n<0

n\@

By equation (A.1), D_,,.(X) counts the number of points in Z? + BET within the regions R (
and R; ( @), where we define (see Figure 4)

Rl_(R) = {:U cR?: —% <z < % and 2:13% — 12:6% < RQ},

R, (R) := {33 e R?: % <um < —% and 223 — 1227 < R2}

and with the points on the lines x5 = +3x; counted with multiplicity %

T2
™~

Ty = 31

223 — 122? = R?

273 — 1222 = R?

FIGURE 4

We first note that the contribution of the boundary points (and accordingly the change of mul-
tiplicity for such points) is negligible, since the number of such points is bounded as

{nEZ2+u+r VX \/XH

tno=43n;and — — <n; < —
? ' Vee = T Ve
2V X vX
§2< +1><<max{1,}.
c

<2

H1+r VX VX
V6e

ny €7+ T — <n < -—
{1 c \/66_ 1_\/60

Therefore, we have
X
(X) = ic,u,r (X) + DiC#,T(X) +0 (maX {1’ \/; }) ’
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where
- n+r (VX ]
‘Dj,c,,u,’r‘(X) = ‘{TLEZ2—|—C I’I’LERj (C)}‘ fOI'j 6{1,2}

Now we can geometrically bound the number of points in RJ_(T) as (see e.g. the discussion of
Landau on page 186 and volume 2 of [23])

D; . pr(X) —area <Rj_ (?)) < 4length <8Rj_ (?)) +4,

where 0 denotes the boundary of the given region. The lemma statement for this case then follows
from area(Ry (1)) + area(R; (1)) = .

<

1222 — 223 = R? 1222 — 223 = R%/ , x5 = 22,

RT(R) Ty = —2$1

FIGURE 5

The result for
Dzu,T(X) = Z aC,IJ‘ﬂ‘(n)

n€Z+Q(n)
0<n<X

follows from the same argument by counting the number of Z2 + “T—H" points within (see Figure 5)
Rf(R) = {x € R*: —23; < 2 < 221 and 1227 — 223 < R*},
Ry (R) = {x € R? : 221 <y < —2z and 1223 — 223 < R?}
and noting that area (R (1)) + area(Rj (1)) = . O
Lemma A.1 immediately leads to the following two corollaries.

Corollary A.2. Letce N, r € {0,1,...,c—1}, j €{0,1,2}, and X € RT. Then we have
Z dj(n)=dj,.X+0 (max{c{cx/)?}), Z dj(n):.szijyr,cX+O(maX{c2,C\/)?}),

nEZ-‘rﬂj n€Z+/8j
0<n<X —X<n<0
n=r+f; (mod c) n=r+#; (mod c)

where the implied constants in the error terms independent of j and r and where

o
de= | X -2 3 1.

peEST  peS; 0<ri,rg<c—1
7 7/ Q(p+r)=r+B; (mod c)

Corollary A.3. For j € {0,1,2} and n € Z + f3;, we have dj(n) < +/|n|.
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APPENDIX B. TAYLOR COEFFICIENTS OF THE INTEGRAL KERNEL

To get explicit statements for the main exponential term from Theorem 1.1, one needs details
on the local behavior of ®y(t) around ¢ = 0. Both for this reason and also to provide more details
on the kernel function in general, here we determine its Taylor coefficients at ¢ = 0. We compute
these coefficients by analyzing the false-indefinite theta functions u; using the Euler-Maclaurin
summation formula, which also ties the computation of the main exponential term in a;(n) to
studies such as [6] or its variants applying Wright’s Circle Method. We start with Theorem 4.9
stating that, for V' > 0, j € {0,1,2}, and integers 0 < h,h’ < k satisfying hh/ = —1 (mod k),

. . 2 .
h iV ik , nod
Uj <]€ + k2> = V ; \Ith,k (]’E)IZ,% <k + V> . (Bl)

We first show that the asymptotic expansion of the right-hand side is determined by the Taylor
coefficients of ®, 4 (t) at t = 0.
"k

Lemma B.1. For (€ {0,1,2}, N,k € N, and h' € Z with ged(h', k) = 1 we have

h! i 1 N—-1 e r41 .
— — | = = r N+1 +
If»%(k: + V) - Z <27T> ‘I)&%/(O)—FO(V ) asV — 0"

i
Proof. Theorem 4.9 gives that

h// Z 27l"Lh n —27Tt
B LA P
va}k(k—F ) Z de(n V/ n—Vt

nEZ-l—ﬂe

N-1yryr 1 VNN
fzr 0 T T o s We decompose

h/ i 1 N df(n)ezm'kh’n 00 o
Z (% + ):—m2v S e [T

n€Z+Le

Noting that — 1

N 2mih/n
V +1 OOtN —27t

« dy(n)e” & / e
————PV
i Z nN 0o n—Vt

n€Z+py

dt.

The decomposition is justified since n # 0 and by the convergence of the involved terms as

2mih/n

oo ! « dy(n)e” & 1
r _—2nt _ r 4 _ (7’)
/0 the Tdt = (2r)r+1 and Z L r!q)z,%’(o)'
ne€Z+p;
So the lemma statement follows if we can show
o9 tN€—27Tt 1
PV dt| < — B.2
Py < B2
which thanks to the fact that d¢(n) < /|n| (by Corollary A.3) implies
d oo tN —27t
> ’ e(n)] ‘PV dt‘ < L.
n—Vt
ne€Z+p,
To prove (B.2) for n < 0 (where the pole at ¢t = {; is not on the integration path), we note that
e Vt\ n | for t > 0. For n > 0, we start by writing

[e%e] tN —27rt 2V tN tN 0 tNe—Zﬂ't
P = dt P dt ——dt.
V/ n—Vt /0 n—Vt + V/ n—Vt +/§3 n—Vt
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Ift€0,5y]ort> 5"’}, then we have o th| < % so that

% tNe—27rt fe’e) 75N6—27rt 9 o]
/ dt| + / dt| < = / tNe2mqt
o n—-Vit snom— Vit n Jo

and these terms obey the claimed upper bound. For the second integral, we make the change of

variables as t — 27” — t for one half of this term to remove the pole at ¢t = {; and write

PV / e / e (2" - )" e (¥ dt
o n — Vt 2V no_y¢ .

By the mean value theorem we have

tNe=2mt _ (20 4 N6727r(27"7t)
(V ) :é-N—l (N*27T§) 6—271'5

2(t— %)
for some ¢ between ¢ and 2% — t. Note that for t € [, 3], we have
n t 3n
> — > and £ < — < 3¢
$2 57 T
so that
—2m€) e T < +2w€) e ™ < (3¢ +7rte*% and igg
¢V (N = 2m8) 77| <&M (N + 27€) €77 < (31)" (N + 67t) e
n
Therefore, we have
3
av Ve—2mt 2 [ amt
PV dt| < = 3t)N (N +6mt)e” 3 dt
g NCOME SR
and this term also obeys the claimed bound in (B.2). O

Inserting Lemma B.1 in equation (B.l) we obtain

U<Z k2> s Z:: (277) Z\Ithk G, @) (0)+O(VN) as V — 0. (B.3)

We next provide an independent computation from the left-hand side of equation (B.1).

Lemma B.2. For j € {0,1,2}, N,k € N, and h € Z with ged(h,k) = 1 we have, as V — 07,

uﬂ< ) Nz:l (87V)" Z - Z Z Z 22k (12(r1 4p11)? —2(r2+p2)?)
r=0

/.LES* “Esf a=00<ry,re<k

o (2r+2). /0 / (0, z)dw

(2(m+r1)—(u2+rz)—ka) B " (2(u1+r1)+u2+r2+kza
n2

Bni11 1k 1k

) frrm o) | +0 (VN

up

ni1+ng=2r

(n1 + 1)!(77,2 + 1)!

where Sj»[ are defined in Section 3 and f(x) := ¢~ %1 10m172-a3

Proof. The result follows from the two-dimensional Euler-Maclaurin formula (see e.g. [9]). O
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Comparing Lemma B.2 to equation (B.3) we find the Taylor coefficients of @, (¢) at ¢ = 0.

"k
Proposition B.3. For j € {0,1,2}, integers 0 < h,h’ < k satisfying hh/ = —1 (mod k), and
r € Ng we have

2
r (47T)2T+2 27mh 2 2
ST RUNC el B SND 38 Dol SRR R
=0 ; nesS;  pes; | a=00<rira<k
§2r+2<2(u1+r1) il!;wrm) )‘|’BZT+2<2(M+TI)L’;2+T2+IW) -
ol f(2r+1,0) (O,.Z')dx
(2r +2)! 0
Bn1+1 <2(N1+"’1)_4(;:2+"'2)—ka) §n2+1 <2(M1+7"1)ZZ2+7"2+I€0¢>

fim) o)

up>

ni1+ng=2r

(n1 + 1)!(ns + 1)

For the main exponential term in the expansion of c;(n) in Theorem 1.1, we need these values
for @, (), which can be obtained by specializing Proposition B.3 to k = 1 (with » = b/ = 0 and
My, = S). For the convenience of the reader we note the first few Taylor coefficients in Table 1.

j=0 j=1 j=2
r=0 0 472 47
_ 4 23 _4 50, 4
r=1 167 3T 3T
_ 2846 9745 _6 2029 _6
r=2 ST ST =T
_ 32881, 8 3965831 8 769033 8
r=3 18 2502 324 "
- — 4 || 20222423 10 | 4241759521 10 | 35905430510
643 124416 7776
2
TABLE 1. Values of Z Us(g, E)Q)% (0) for the first few r.
£=0
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