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Closed-form Solution for a Moving Boundary Problem

Li Shuanhu (24 %), Guido Sweers'

Department of Applied Mathematics, Tsinghua University, Beijing 100084;
! Faculty of Mathematics and Informatics, Delft University of Technology, Netherlands

Abstract  This paper considers a moving boundary problem with Neumann boundary conditions and a general

initial value, which occurs in an unsaturated flow with extraction. The closed-form solution for the moving

boundary problem is obtained using a Laplace transform boost. This method has been successfully applied to

solve moving boundary problems with Dirichelet boundary conditions, but not to the case with Neumann

boundary conditions.
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This paper considers the moving boundary
problem (MBP) .

8, = $yys 0<y<yo+0r,t>0
(MBP){¢,(0,T) =¢,(yo+0r,0) =0, >0

$(3,0) = $o(3), 0<y< %
where y,and & are positive constants. This problem
arises from an unsaturated flow with extraction.
For details, see Ref.[1].

The primary concern here is to find a
closed-form solution to the MBP. Note that the
problem is linear. Thus it is natural to expect that
the solution can be given by the Laplace
transform. However, the normal Laplace
transform method can not handle a moving
boundary condition. In order to avoid this
difficulty, the Laplace transform boost is used as
suggested by King™. The Laplace transform boost
has been successfully applied to solve moving
boundary problems with Dirichlet boundary
conditions and specific initial values, see
Refs. [2-4]. As far as we know, the Laplace
transform boost method has never been applied to
problems with Neumann boundary conditions on
the moving boundary and with general initial
values. It is shown below that this is possible. A
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closed-form solution is obtained for MBP via the
Laplace transform boost method.

1 Formal Solution Using the Laplace
Transform Boost

The Laplace transform boost method is used
to solve MBP. That is, a search is made for the
analytic solution ¢(y,r) which satisfies:

$=0,,, 0<y<py +0r, >0 (1)

¢y=09aty=0 (2)
¢y=0,aty=yo+8r 3)
$=2¢(y),att=0 (4

The Laplace transform $ (y, p) of $(y,1) sat-
isfies
$,(3.0) — 1% (3,) + 8D =0 (5
for which the general solution is given by
$ (3,p) =Ae 777 + Be’? > +
R T o )

'y e/_P—('l—y)
[4 =

where A and B are functions depending only on p.
The boundary condition (2) implies that A = B.
Thus, the solution for the moving boundary

dp (6)

problem is given by

F (3:p) =AL/PIE T+ T +

J‘y¢ o e/»_(v—y) 2= efp_(y—v)d D
. 0 7 2 ‘/—P— ’7

where A(+/ ) is a function of v p , determined
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by the boundary condition (3). For convenience,
set

e"’ a— P G-

e, -
2Yp
To implement the boundary condition on the
.moving boundary, introduce a moving coordinate ;

7=y —0Or 9
Let ¢(y,7) = $(y,7). Equation (1) is equivalent
to

My, p) = j:sto(n) dn (8

I+ 0 — =0, — 0t <<y, >0
(10)
with the initial condition
Gy =20
and the boundary conditions:
¢ =0, at 7=y, an
¢, =0, at 7 =— 0t a2

The Laplace transform ¢ (7, ) of ¢ (7, t) satisfies
In(0,2) + 86, p) — PPN, ) + $(D =0
(13)
with the general solution given by

Bk o)imCa T
Dyel-#+¥712)1 4 Ny, p) (1)

where C, and D, are functions depending only on
?s N(p,
Now apply a Laplace transform boost to represent
Eq. (7) in the moving coordinate system (7,7).

p) is a special solution to be determined.

From Theorem 2 of King(?, the result is

7.0 =[1+ ﬁ/ W]A[i + /T

el vm - 2 /5TF 5 ]a
-5+ m]e(-; +F) 1 4
exp( — 85 5| M. as)

where exp(—&%%) is the boost operator.

Comparing Egs. (14) and (15) yields following
formulae .

[1 + 3| TiFF A5 + VFTEF 5]

16
B //8’/4+ Ja [——+/a=/4+ ]
an

and
Ni¥:p) =i aa% a%)M(rz,p) 18)

Substituting Eq. (8) into Eq. (18) yields
Nap) = [ -

1233-1235

e( %.;. Vaz/H.,) G=m- e( —%+ ‘VJZ/4+p) a-p
2 Vo4 + p

To implement boundary condition (11), it is neces-
sary to have

i + \/6\2/4—"}')8 ( 82/t+p)’l +
D ( . + */—WJ (——+ 32/4+p)7 +
Jo¢°(§) = (“g;‘i' m)e(% 62/4+p) @-n _

-4+ el

2V /4 + pdE=0 (20)
at 7=1y,. Combining Egs. (16), (17), and (20)
yields

— HE+ ) E+ e “P% L H(E)ée ™ =

%J:%(;)[(e 4 8)e¢HPE L getor-DdE (21)

d¢ (19

where H(§) = €A(§) and § =— % + Vv6%/4 + p.

Solving the difference equation (21) yields a
particular solution

HE) = %f“mv)e-‘w -+ j 8,1 +

Z § + nd —(2n6+u26)y0[ el o e(e+"3)":|d77 (22)

n=1

Hence, from Egs. (7) and (22), we have
$ (9,0) =H(/p)e " +e7)/ Vp +
'y e/ﬁ_(’l—y) P —-m
['8.c0

{
2vp

eJP = Y -1

g =

.

2vYp

e—-/p_(,y+n) + e/T_(y—'l)

2Vp
0B+ 7

[e—/_p 2nyy+1) — (nd7+n23y) e (v—2nyo)+(n31—n23yo)]

f:sﬁo(’/) d7 +

[ dy +

e’ + e ]dy (23)
From tabulated inverse Laplace transforms(™, the
following is formally obtained;

$(y,7) =Jy°¢o(7)

Ry PR =F 2
e (—=m*/4r + e (y+m°/ar

2 V/nr
_[ ¢o(’7)2e’(’“’”+" Bl

n=]
2nyo +7+y
g/ )]+

d7 +

{e—(z»y°+v+y)’/4r|:

ﬁ%*’"‘”(

4
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—(2".vo+7—y)z/4r 3 Znyo + J==23 d
: [/EH‘V( 1 A o+

Yo =
L[ g e «

n=1

— 2nyy— 7+ /ar 11 2ny, — 1+ Yy :\
l [+ 2250 I

—(Znyo—v]—y)z/u 1 Py ( Znyo == y) ]
3 [ﬁ? +nof| 2 ||

24
where the function f is defined by f(z) = o
erfc(x).

It should be noted that the inverse Laplace
transform of e*’? with a > 0 does not exist. But
terms e*’? with a >0 are treated the same as e
with @ < 0 in inverting Eq. (23). Therefore, it need
to be verified that Eq. (24) is a solution of the
MBP. This is done in the next section.

2 Verification of the Solution

In the last section, a formal solution of the
moving boundary problem is obtained. Is it the real
solution of the moving boundary problem? It is
shown below that Eq. (24) is indeed a solution.

Since the function f is bounded, it can be
seen, by comparison with Ze“"z, that the above
series converges for all 7 > 0. Moreover, the

function $(y,r) can be differentiated explicitly.
(erfc(x)) = — ;?e—’z. By a

Note that

$,(y0 + 3T, T) = ‘;‘j":%(’]) Z e_("”+"25’o’ . {_

n=—o0

[(2n+ Dy + 7+ (@n+ D]+ 1

2t/ 7T

straight-forward computation:
8,030 = 4o +

(7 — e — (y + PeZ e
d
4ry/wr 3

TS S

n=1

1 — (anyy+ 1+ /ar
e . 5
{ zz.m [ nYo + 77 + y +
i} = =
ondtr] + ——e~ @’ PN o
or/nr C2nys

B o 2n31‘]}d17 + —;—ﬁ°¢o(,’) Ze(m—nzcyo) 5

n=1

1 — (any,+1+ Y 4r
= g 0 onyo — 7+ 3+
{ 21"«/;(; [ Yo 7 ¥

27181.’] 2k 1 e—(Znyo-'l—y)zldrEZnyo —p—y e

2t/
2n3r]}d7] = %J:°¢O(7I) Z e—(n"’l+nzlyo) %

n=—oo

1 — @yt 1+ /4r

e )

(- == [2nys + 7+ ¥ + 2n07] +

1 — Qnyy+1—-?/4r S
Zr/;;e [znyo + 7] . & + Znar]}dﬂ
(25)

One can readily verify that ¢(y,7) defined by

Eq. (24) satisfies ¢, = $,, and $(y,0) = $(y). By

Eq. (25), $,(y,7) = 0. Furthermore, it follows

from Eq. (25) that

1 e—[(zn+1)y°+7+3r]2/4r b

2t/nr

e—[(Zn—l)y°+7—0r]2/4r 2

C(on — Dyo + 74 (n — Docl)dn = A

n= — 00

S § o
1 (—Lars s = @0l /aeg= 30T (9 4 1)y, + 7 + (2n + 1DOT] +

\= o

- e L 1
1 e(—[(Zn—l)y°+’1]z @) far g 3= DIHFI (9 — 1)y, + 7 + (20 — 1)8‘:’]}(:11] 2

Zr/ﬁ
1 [ = 1 g
'Q‘L ¢o(’7) Z Zt'ﬁ;

n=—0°

{= -ttt =@t [hamsntons font Fart o0 I (g + 1)y + 7 4 (@n + DI+

(T pyratt— @t [l gty on T (o — 1) 30 + 7+ (20 — Dacljdr=0 @26

(Continued on page 1239)
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Therefore, the formal solution (24) is a classical
solution of the moving boundary problem (MBP).
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