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1. Introduction

Probabilistic background: Let Q C R? be a convex bounded domain and let 7o denote the lifetime of a
Brownian motion in €2, starting at y € 0, to be stopped at x €  and conditioned to be killed at the boundary
0. For n > 1 the expectation for this lifetime is known to be equal

JocqGa (2,2) Ga (2,y) dz

where Gg (z,y) is the Dirichlet Green function for the laplacian (or, in probabilistic setting, %laplacian). Indeed,
for such a conditioned Brownian motion the corresponding diffusion has transition density

b (10, 2) = L2022 O 20,
Q (‘Ta y)
where pq (¢, x, 2) is the standard kernel of the parabolic Dirichlet problem. We refer to [6], [14], [3] or [2].
The expectation for the lifetime of conditioned Brownian motion plays in important role in the probabilistic
approach to Schrodinger operators. Major estimates on EY (1) are due to Cranston and McConnell. Indeed, in
[4] it is shown that there exists an absolute constant ¢ such that for every two-dimensional domain

Ef (o) <c 9], (2)
where ) is Lebesgue measure of Q. In higher dimensions, n > 3, Cranston [5] proved E¥ (17q) < ¢(f2) and here

¢
¢ () does depend on the Lipschitz nature of the boundary. Local estimates of the type EY (1q) < fq (z,y) are
established in [12].

EY (TQ) =

x

A link to elliptic systems: Our interest in this quantity comes from the fact that M., defined by \;! =
sup {EY (1q);xz,y € Q}, appears as a bound for the parameter in noncooperative elliptic systems in order that such
a system is positivity preserving (see [12]). For the trivially coupled system

—Au=f—Xv in{,
—Av=f in Q,
u=v=0 on 0,

f > 0 implies u > 0 if and only if A < A.. The positivity preserving property for this system implies that property
for more generally coupled systems. We refer to [11]. Note that we use the analyst’s —A instead of —3A. All
numbers quoted from the references have been rescaled to —A. The reader from probability should add the factor
2.

Relation with domain shape: Let us return to known estimates for this expectation. If one looks for the
maximum expected lifetime, heuristically this should be attained in a pair of points (z,y) € Q2 which are, in an
appropriate metric, as far apart as possible. If Q is a rectangle, the pair of points which maximize EY (7q) is
expected to sit in diagonal corners, if it is an ellipse, they should sit on the long axes. In fact, Griffin, McConnell
and Verchota have shown in [8, Corollary 2.4] that for planar domains these points are located at the boundary
provided one of them is located at the boundary:

sup {EY (1) ;2 € 9Q,y € Q} = sup{EY (1q) ; 2,y € 99} =: s(Q). (3)
It is believed that a stronger statement holds true:
sup {EY (1) ; 2,y € Q} = sup {EY (1q) ; 2,y € 00} .

It was also shown in [8, Theorem 3.1] that s(Q2)/|Q] < 1/7 = .318309..., and that this upper bound is optimal.
In other words the best constant ¢ for (2) is 1/7.

In [13, Theorem 2] Jianming Xu studied estimates from below for s (£2) . He showed that there exists a universal
constant v for two dimensional convex domains such that s(2)/|Q2] > v, and that without a convexity or similar
assumption on 2 we cannot expect this result. In fact, Xu showed that amobae-like domains which have many
thin necks can have s(2)/|€| as small as we wish. Our paper is sort of a contribution towards determining . If
a convex domain (2 is “everywhere thin”, in the sense that no two points x and y in 2 are too far apart from
each other, then one might expect s(€2)/]|2 to be small. This heuristic consideration led Griffin, McConnell and
Verchota [8, p. 244] to the open question, whether the optimal constant 7 is given by the disk, in other words,
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if s(Q) > s(Q*) for any convex plane . Here Q* denotes the disk of same area as Q. It is well known that the
disk has many isoperimetric properties: it minimizes for instance the diameter, the perimeter or the first Dirichlet-
Laplace eigenvalue of a domain of prescribed area. In [8, Prop. 4.2] it was shown (in our notation with A) that
s()/|19%] = (2log2 — 1) /7 = 0.12296 . .., which implies that v < 0.12296.. ..

Main result: We shall show that the disk does not minimize s(2) among all convex planar domains of given
area by constructing a counterexample, that is a domain S for which s(S)/|S| = 3/8m = 0.11937.... Therefore the
optimal v must satisfy v < 0.11937... < 0.12296.. ., and so the disk does not minimize s(€2)/|€].

v sector S disk ‘infinite’ rectangle

‘ ‘ convex domains ‘

0 (?) 0.11937  0.12296 0.31830 s(2)

—_

Our choice of S was motivated by the consideration that domains with large perimeter but small diameter seem
to have small s(Q)/|Q2]. A larger perimeter leads to killing more of those Brownian paths that are “wandering
around” and tends to decrease the expected lifetime. A good candidate in this respect is an equilateral triangle.
Numerical results seemed to confirm, that on an equilateral triangle the maximum of EY (7q) is attained if 2 and
y sit in corners of the triangle and this maximum value is very close to the one of the disk. The result however
was to imprecise and hence unconclusive. A major complication for a direct computation is the fact that we do
not have an sufficiently simple explicit Green function for a triangle at our disposal and had to approximate it by
a series.

On the other hand, replacing the straight lines of the triangles by
convex arcs, even seemed to slightly decrease s(€2)/|©2|. This could hint
at a domain like the Reuleaux-triangle [9], a ‘triangle’ with circular arcs,
as a potential minimizer. However, the Green function for a Reuleaux-
triangle does not seem to be available in a convenient form either. There-
fore we looked for a domain which was close to a triangle or Reuleaux-
triangle and for which we could calculate the Green function in an suf-
ficiently simple formula. Such a domain indeed exists, namely a sector.
To state our results, we define S to be a sector of the unit disk

S:={zeR*z[<1and 0 <argz < im}.
The main work of our paper goes into proving

Theorem 1 sup {EY (15) ;2 € 0S,y € S} = 1z = £&15|. Notice that & = 0.11937... .

1
16 81

An immediate consequence is

Corollary 2 Among all convex two-dimensional domains ) of given area the disk does not minimize
sup {Eg (1s);x € 00,y € Q} )

Outline of the proof: In Section 2 we compute the explicit Green function for S. We are not able to explicitly
calculate the iterated Green’s function, i.e. the enumerator of (1), but due to (3) it is sufficient to analyze the
behaviour of (1) for x and y on the boundary 95.

Note that both the enumerator and denominator in (1) go to zero on the boundary dS. In order to compute
it for x and y on the boundary 95, we divide both terms in Section 3 in such way, that not only they converge
to a nonvanishing function on the boundary. Moreover, we choose the divisor in such a way, that the remaining
integrand becomes a rational function of z; and zo. Due to symmetry we have to distinguish just four cases for the
locations of x and y, each of which is treated in a separate section, i.e. Sections 4 to 7.

We proceed by rewriting the integral in terms of polar coordinates (6,r). Since in each case the integrand is
rational, it allows us to perform the integration with respect to # by means of a contour integral in the complex
plane. In fact, by grouping appropriate terms together, we are able to come to a closed contour. Distinguishing
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numerous subcases, we can in each subcase identify the poles of the integrand and apply the residue theorem to
evaluate the integral with respect to . The resulting expressions contain rational functions and logarithms in r
which allows us to perform an explicit integration with respect to 7.

As one might guess, the expected lifetime has local maxima when = and y are two distinct corner points. The
supremum is indeed attained, when x is at the vertex and y on any place of the circular sector of 9S. If one restricts
attention to these particular x and y only, the computations are much simpler. However, we felt the need to give
a proof, that the supremum is attained in those points.

Since all these calculations are very elaborate but hardly contribute to the basic understanding, only a shorter
version of this manuscript will be published ([10]).

2. The Green function

The Green function on the unit disk is as follows:

Gote - e (21,

27 |z — y

where [X Y] = ’w ly| —y \y|71‘ = \/|x|2 ly|* — 22 -y + 1. The function defined by

u(z) = /y<1 Go (z,y) f (y) dy

solves, with Q = O = {x € R?% x| < 1}7

u = 0 on 0N

With this function we may build the Green function for the sector S. Using the notation R for rotating with
7 around (0,0) and S for reflecting in o = 0 we obtain

Gs(z,y) = Gol(z,y)+Go(Ra,y)+ Go (Rz,y) +
- GO (SJ?, y) - GO (RSQ]‘, y) - GO (RQSJZ, y)

{—Au = f in Q,

2
3

1 (X Y][RX Y] [R?X Y] [Sz —y||RSz — y| |R*Sz — y|
= 2n B\ e —yl|Rz — y||R?%z —y| [SX Y][RSX Y][R?SX Y]

Notice that we may rewrite Go (x,y) as

(1 Jal*)(1 - |y|2>> 1,

z —y|? 2m

1-Xxy
X—-Yy

with x = 21 + ix9 € C etec.

3. Four boundary combinations and limits of the Green function

We introduce the notation

F1 = {(aao)aOSClSl})
Iy = {(cosf,sinf);0<6<in},
I's = {(TCOS%T(,TSiH%W);OSTSl}.

Depending on the location of x and y in one of these I'; we have nine cases of which we distinguish the following
four, since the remaining ones follow by symmetry.

Dax,yely, 2)zely,yely, 3)x,ycly, 4)xely, yels. (5)

In order to evaluate the enumerator of (1), we take the limit inside the integral. Without this procedure the
integrand contains logarithms which we are unable to handle. Subsequently we derive expressions for G as one of
the arguments approaches the boundary. This will also help us to control the limiting behaviour. Since there are
straight and circular parts of the boundary we distinguish two cases. For later reference let us record these.
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a) For z near I'; one has x5 small and one finds by direct calculus that

1 4x910 1 4x2y0
Gs (z,y) = Elog <1 + = y|2> — Elog (1 + [XY]2> +

1 4y (%yz + %\/§y1) 1 4z (%yg + %\/gyl)
+ —log|1- . = L1 : N
* ilog 1= 422 (52 ~ 3v501) _ 1 log [ 1— s (3y2 — 5V3u1)
in |z — R2%y|? A [(XR2Y)?
with
Ry = (_%yl — 5V3y2,5V3y1 — %m) :
R%y = (—%Zh + %\/gy% _%\/gfh _ %yz) )

b) For  near I's one has 1 — |z| small and it follows that

(1 |1 - |y|2>> .

2
|z -y

1
Gs(2,y) = 4 -log <1—

2 2 2 2
IO O T 7 A DO N PR L T A
A |Rx —y| A IR?z — y|

2 2 2 2
B T R T o A IO A Tt VO A
A |Sz — y| A RSz — y|

_ 1 =2~y
log [ 1 5 .
4m |R2Sz — y

4. The case that z,y € I';

In the first step for the computation of (1) we shift the limits inside the integral as follows:
G G
/ lim S (.’IJ,Z) lim S (Zay) dz
lim fzeQ Go (mv Z) Ga (z’ y) dz _ Js 210 X2 y210 Y2
2210, 210 Ga (z,y) i 95 (@)
2210, y210 T2l

For all three limits in the right hand side we can use representation (6).

4.1. Limit of the Green function

(From the expression in (6) we find

G
lim S (.’IJ, y) _
x2]0 To

z—y*  [XY)? |z — Ry|?
%yQ + %\/gyl %yQ — %\/gyl %yz — é\/§y1>

A=

( Y2 Y2 _%y2+%\/§y1

[XRY]? |z — R2y[? [XR2Y)?
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Replacing y by z = (r cos 6, rsin ) we obtain

. Gs(x,z 1 z ?
i G5 @3 1 = . 2 )+
2210 To T\ |z|” — 23121 + |2 1—2my21 + || |2]

N 1 ( —%\/gzl — %22 - _%‘/321 - %22 >
o = 221 (=21 + 3vB2) + 2[F 1221 (=321 + $V32) + [af* |2

| ( 1B — 1 5V32 — 3= )
™\ Jz? — 22 (321 — 3v320) + |2 120 (=321 = 3V32) +|af |2

—2wyrcos (04 2km) +r2 1 —2ayrcos (0 + 2km) + xir?

( rsin (0 + %kw) rsin (9 + gkw) ) . (10)
k=0 \"*
Using the symmetry Gg (x, 2) = Ggs (2, ) and replacing x by y we find a similar formula for

li GS (z,y) _ 1 22 2
m ——= = - 5 3~ sz | T
2l Yo T\ |y|” — 2y121 + |2] 1- 2ylzl + [yl” |
1 —3V321 — —3V32 — 32
s |y|2—2y1 —le—i— 1[22) +|Z\ 1—2y1 (—%214-%\/522) +‘y|2|2|2
+ 1 321 - %22 %\/32’1 — %ZQ .
™ \ |y — 2y1 1o —IVBm) + 2P 1-2p (—iz — 3vBa:) + [y |

rsin 6 rsin 6 N
y? —2yircosf +r2 1 —2yircosf + yir?

I
A=
3=

N 7 sin (0 — %T&') r sin (9 %TF) N
y? —2yrrcos (0 — 2m) + 12 1 —2yircos (0 — 2m) + y3r?
1 7 sin (9 + gw) rsin (0 27‘()
+ — ) 3 2 - 32 . (11)
7 \y? —2yircos (0 + 2m) +72 1 —2yircos (0 + 2m) + y3r?

The last limit in this subsection is the denominator

.. Gs(zy) .1 (1 Yo Y2
lim lim ———= = lim — | — 5 5 — 53 | T
y2102210  Tayo v200 Y2 \ ™ \ |27 — 22191 + |y 1—2z1y1 + |2|” |yl
+ 1 ( —3V3y1 — 312 —ffy1—§y2 )

|z — 21, (—2y1 4+ 2V3y2) + > 1-2a2; (—iy1 + 3V3y2) + |z[? |y|?

+
1 $V3y1 — S $V3y1 — Ly
@ |=T|2*2931( gylfffy2)+|y\ -2 (—1y1 — 1V3ys) + + a2l |yl

1 1 1
= — 2= 7 | T
T\ (z1—y1)”  (1—z11)
1 ( 1 n 1 ) +
m 24y +yi o 1+ oy + adyl

. 1 1\/§y1 l\/ij)yl
+11m<—|x2_2x1( = + 2 s—s | +

v210 TYo —Ly+ 3VBy) +y 122 (—Lyi + 2VBya) + |z Jy]
V31 —3V3u )

+ lim — +
Y210 TY2 <|$|2 + 221 (391 + 3V3y2) + > 1421 (3y1 + 3V3y2) + ) [y[*
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1 1 1
= 2 7 | T
T ((961—91) (1 —2191) )

1 1
+= (- - +
@ ( ei+ziy +yi o 1+xn +ﬂ?%y%>

. %\/§y1 1 1
+ hn% 1 1 2.2 .2 1 1 2 |t
w10 my2 \1—2ay (—dy1 + 3vByo) + [z yl”  [2* — 221 (—1ys + 2VBy2) + |yl

+ lim 3V3y: 1 1
w210 7wy \Jal* + 221 (Jon + 3VBu) +1yl° 1+ 221 (3o + 5v3u2) + [af* [yl

1 1 1
= 2~ 7|+
m ((Ilyl) (1 —z191) )

1 1 1
~ (- +
T ( 2?2+ my +yd 1+ m +xfy%>
. %\/§y1 1 1
+ hrl% - o) 1 1 27 2 1 1 2 |
Yz Y2 |z|” + 221 (Fy1 + 2v3y2) + |y 2|” — 221 (—3y1 + $V3y2) + |y

T %\/gyl 1 1
m —
v2l0 myn \ 122y (—3yn + 2VBye) + [’ [y° 1+ 2210 Sy + 3v3y2) + |2 [y)?

1 1 1
= - 2 7 | T
T\ (1 —y1) (1—z131)
1 1 1

+ - |- + +

m ( ity +yi 1oy Jrﬁ?/%)

+ lim V31 —4z13v/3y2

vl e\ (ol 200 G+ 5vBu2) + 1ol®) (2 + 201 (Gon = 5v3ue) + o)

+ lim 3V3u1 4x15/3y,
v2l0 - TY2 (1 + 221 (341 — 3V3y2) + |=’75|2 |y\2> (1 + 221 (31 + 3V3y2) + \x|2 |y|2)

1 1 1
= - 2 7 | T
T\ (x1 — 1) (1—z11)
n 1 ( 1 1 >
7 \1+zy +23y? 22+ 1y +y3

1 3 3
4+ = ( T1Y1 _ L1Y1 ) ) (12)

2 2
T\ A +zy +27y3)” (2] 4+ 2 +v7)

4.2. Derivation of a contour integral

We introduce the notation

rsin 6 rsin 6
h(6) = — 13
() 22 —2xyrcosf + 12 1 —2xrcosf + x3r? (13)
rsinf rsin 6
g9(0) = (14)

9% —2y;rcosf + 12 11— 2y17 cos 0 + yir?
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and the integral to be evaluated becomes

[ i L) O
[%

—o 7210 To y210 Y2

™

/on(h(9)+h(9+§7r)+h(6+§w))(9(9)+g(9+%ﬂ)+g(9+%ﬂ))d9

= %/;7 (h(@)+h(O+2m)+h(0+37)) (90)+9(0+37)+g(0+3m))do

jus
3

= ;/9_7; (h(0)+h(0+2m)+h(0+27)) (9(0)+g(0+27m)+g(0+3m))do (15)
= ;/% (h(0)+h(6+27)+h(0+357))g(0)db. (16)
6=0

Here we have used that h and g are odd and 27-periodic. Note that the integrand contains singularities due to h
at 0 € {O, %77, %77} when r = x1, and due to g in # = 0 when r = y;. The singularities are integrable whenever

x1 # y1. To apply Cauchy’s residue theorem, we introduce complex notation. We call w = re?. Then rsin 6 = w;ﬁ
,rcosf = %, idf = dw/w, w = Z—f, and after some straightforward computations we arrive at:
1 w— W w—w
h (9) = - 2 _ — o 2 7
2i \z7—z1 (wH+w)+wo  1—z(w+w)+ riwd
—2 -2
_ 1 ( I ) N x] )
2t \w— a1 w — T u‘;—xl_l wfxl_l
1 w 1 7 %w n xy?
o2\ —nw w-z r2—zw w—axy”
1 ( r? z7? xy 22 1 ) (17)
2i \w—z1r?  w—z;t w—a7r? w-z /)’
e 3™ r2 72
Mo+ = 5 s
! w—xr2e 3™ w—ay e 3™
-2 2
x{°r 1
- 1.9 i ) (18)
w—x] r?e”3 w—ze 3
2 .
3 2 —2
h(+ir) = = : + —1 +
3 21 g7\" 1 271'2’
w — x7re3 w—1x] el
—2 2
xy;°r 1
! — (19)
w— x] 'r2esT i
1 ) w — xie3
We find
i dw
#u6) = 3 o Vo0, (W) + Wap 10 (W) + Way 20 (W) ] Wy 0,0 (W) —
w|=r
2
= — > Res( wylo7«<w>zwmr<w>> : (20)
poles w, m=0 W=W,
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where we define

2 2
7”2673m7” t726 3mmi
Wi, (W) == 5 T s .+
w — tr2e” 3mmi w— t—1le~ 3mmi
2 92 2m‘n’i gm'rri
t*r<e 37" e 3
- 7 — 7 — (21)
w—t"1r2e”3™T w —te 3T
For later use we also define
2
1
Ji(z1,y1,mw) = w Uy 0.0 (w) § , Vot m,r (w) (22)
m=0

Let us remark that the factor w™'®,, o .(w) in (20), (22) has a removable singularity at w = 0.

4.3. Computation of the contour integral

Without loss of generality we may assume that x1 < y;. Then, according to the size of r, the integrand has different
sets of poles. In the following table we give a scheme in which we denote how we split the integral (and which
range of r corresponds to which poles).

poles due to: Wy, .0,r W1, W2 Wy 0

range: ai. [ as. by. [ bo. c1. co dy. ds.
2 r? 2 B 7‘267%7” 2 25 T2g%7”‘ 2 2

r T I T o rire 3 x17r°es £ I —
S (07 1) 1 T 1 T 1 T Y1 Y1
2 2, —2mi —Z4 9 Emi 2. 5 2

r e (z1,y1) II. zT T zir“e” 3 r1e 3 x17r%e3 r1e3 yir b

72711 727r7l gﬂ'i 271'1'
re (y1, 1) I11. 172 1 z17r%e” 3 rie 3 z112e3 xr1e3 y17"2 Y1

For ease of writing we define for z € C the function Ln (2) := In |z| + i arg (z) with arg (z) € (—m, 7| . The function
z — Ln (z) is a primitive of z — 27! on C\ (=00, 0].

Next we calculate the residues, one by one, as listed in the table.

I, IT and III, a;: pole at w = x172.

Res (Jl ('leylar;w)> =

1 72 y; 2 yy 2r? 1
= 2 _ 2 2 . —1 2 _,—1l.2 2
x1 \ 2172 — Y17 x1r? — y; xr —y,r x1r? — Yy

_ 1 1 1 + 1 1 1 1 (23)
Coxy \l—ayyy 11— 22y? 2 — x2r2 - L

I, as: pole at w = xl_lrz.

Res (Jl (1, yw;w)) =

w:m;1r2
_ —ml_2r2 r? n 91_2 _ yl_QTQ _ 1
x1_17’2 5131_17"2 — yy72 x1_17“2 — yl_1 561_17‘2 - yl_ITQ x;1r2 -y
1 1 1 1 1 1
_ 1 _ n 6 24
yil—3t l-myn r—my yir? -3t 39
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11
IT and III, ay: pole at w = x.
Res (J1 (ml,yl,r;w)) =
wW=x1
1 ( r2 y; 2 yy 22 1 )
- -1 —1,9
1 \71 —y1r? oz — Y1 Ty T -y
1 1 1 1 1 1 (25)
- 1 - ) T
iy \1=71 1—zm r?—wyr o yprt— ot
2 727”;
I, IT and III, b;: pole at w = x1r°e” 3™".
Res <J1 (xl,yl,r;w)> 2 =
w=zir2e 37"
2 2 —2..2
_ 1 r 1 Y r 1
= + —
1 2 7%7”' 2 2 7%7”' —1 2 7%7@ —1,.2 2 7%7”'
rirle —nr rirle -y xrirle -y, T rirle -y
g‘n'i 2‘n'i s
e3 1 1 es3 1 es3 1
= 2 -T2 2,2 2 (26)
T1Y1 S ST 1 T1Y71 .2 1 3T Xy 2 Y1 3T
es’ —xiyr e3T — o r?— -ed r2— es
—1,..2 gﬂ'z
I, by: pole at w =2 r°e 3",
Res <J1 (xl,yl,r;w)> 2 =
w:mflrzeii?‘m
o9 2n 2 -2 -2.9
_ x,r°e 3 r n i Yy, r 1
1‘717,26*%71'1' —1.2 —gﬂ'i 2 —1,.2 —§7ri -1 —-1,.9 —%Tl'i —-1,.2 —1,.2 —%7\'1:
T, r’e —r T, Te -y T, T%e Yy, T T, T%e -
2 . 2 .
e3™ 1 2 1 2 1 e3™ 1
= 2 7 — 3 T, te? o 7 (27)
Y 1 — ze3m L= z1y1e3 r2 — zyy1e3”" Y p2 _ ziegm
Y1 Y1
—27\'1'
IT and III, by: pole at w = z1e 3™".
Res (Jl (xlvylaﬂw)) 2 =
w:116—37r1,
727”; 2 -2 —2,2
. —e 3 T Yi Yy r 1
= +
—§7T1' —%ﬂ'i 2 —%ﬂ'i -1 —%wi —1,.2 —%ﬂ'i
xrie r1€e —nr T1€e -y Tie -y r T1€e -y
2Tri
1 1 1 2 . 1 e 3 1
— — — 5 —e 3™ +— (28)
x — < —£ri i —<ri
Wi\l —zye 3™ 1 e 3T r2 —x1y1€ 3 Yr g2 zi=3mi

Y1
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I, IT and III, c;:

I, co:

pole at w = z]

IT and III, c5:

12
2 271'i
pole at w = xz1r“e3™".
Res (J1 (whyhr;w)) 2 =
w=zi72¢3""
2 —2 2.2
1 r + N 7 Yy r 1
2 2 : }
x B B —
LA\ zr2es™ —yir2 xqr2e3™ —y; x1r2e3™ —yrtr2 xyr2e3™ — gy,
2 , 2 .
e 3™ 1 1 e 37 1 e 37 1
2 T2 2,2 ) (29)
T1Y1 XX — 3T 1 T1Y7 .2 1 —3m Ty 2 Y1 ,— a7l
e 37 — Ty e 37— r2 _ 3 r Y73
Y1 ZT1Y1 Z1
2 .
_17"2637”.
Res (Jl (xl,yl,r;w)) 2 =
w:z;lrze3m
2 -2 )
1 r n Y1 Yy T _ 1
Tl —1..9 gﬂ'i 2 —1,.9 271'2' -1 1.2 2771' 1.2 —1,.9 271'2'
Ty ree3’ —anr xyreed3’ —y; T, rees YT xyreed3’ —yg
2Tri 271'2
~3 1 _2_. 1 2. 1 e 3 1
2 57— —e 37" 5 +e 37" -3 2 (30)
Y1 1—%6737” 1 —zyye” 3™ r2 —xyye” 37 Y g2 o —3m
271'2'
pole at w = x1e3™".
Res <Jl (l’l,yl,T;'lU)> 2 =
w=z1e3”"
2 -2 -2 9
_ 1 r n Y1 Yy r . 1
o 1 27T‘i 2 27”; —1 gﬂ'i —1,.2 ST
xr1e3" —yir r1e3” — 1y, r1e3” —y,r rie3’ — 1y
gﬂ"b
1 1 1 2 . 1 e3 1
= o 3 — 3 _637” P + y2 2 (31)
LI\ Z1e3™ 1 pyyre3™ —1 r2 — z1y1e3”™" 1 p2 __ Zip3™

Xt
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I, IT and III, d;: pole at w = yir2.

Res (Jl (xhylar;w)) =

w=y172
1 1 n x;z a:fz 1 n
= = 5 — - _
i \yr—xy,  yir? —a 1— 2] y1r? — x,
—27”' -2 —27ri —2 —27”' —gﬂi
n e 3 n rye 3 ry"e 3 e 3
_ 2 _-
_ 7%7”; 2 -1 7%71'2' Y1 — T Le—5mi 2 7%7”;
Y1 — T1€ y1r z e nr xi€
2771' —2 27\'2’ —2 271'2' gwi
e3 r,7es3 T, “e3 e3
+ 2Tri -1 gwi B -1 27ri B 2 _ %ﬂ—i
Y1 — T1€3 y1r? — ] el y1 — ] e3 nre —x,€
2., )
2 1 e3kmi 1 e kmi
B Z el 2 Zkmi + T1y1 ki +
k=0 1-— aeS e3 — 1
2 kmi 21@71’1'
+ Z 1 e3 1 es3
2,2 2 2 z1_ 2kmi
Ty 1 kmi Yir2 — Lled
_ 191 22 3 1
k=0 T $1y16 1
I and I1, ds: pole at w = yl_17“2.
Res (Jl (xlvylar;w)) =
w:y;1r2
1 1 x? x? 1
= - - +— R I~ 1.9 +
—1 — — — — —
yi \y; —x1  y, r2—a Yy, — X Yy 2 — 1
— 3T —2 g’ﬂ'l —2 s — 3T
e 3 ry"e 3 r"e 3 e 3
+ + 2 1 T - -
—1 T re —x e 3 1 —1 g’ 1 T
Yy, —xie 3 41 1 Yy, —x] € 3 y; r2—me 3
2m -2 zm 2 T gﬂ'i
e3 x,e3 x, e e3
* -1 i i r2 — p7ledmi L gprlesmi i
Yy, —xies Y1 Y : g2 =z e
9 )
1 1 3™
= = Z 2 pmi +
o \T1H1 1 _ 21 Fkmi 1 — x93
Y1
2 ; 0,
637671'1 1 egkﬂz
+ Z gkﬂ'i B ? 2]{}7Ti
k=0 \ 72 — 11y1€3 Lp2 _ Ye3

Z1

13

(33)
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IT1, dy: pole at w = y;.

Res (Jl (xhylar;w)) =

w=y1
1 r2 n xfz xf2r2 1 n
- 2 S 1.9
Y1 \ Y1 — 17 Y1 — T, y1—x oy — L1
2 —,gwi -2 —27”' -2 2 —27ri —gﬂi
ree 3 ry"e 3 T, r‘e 3 e 3
+ 2 7%71'2' + U1 —m;le_%ﬂi a —1,.9 7%7% a 7%7”2
Y1 — xiree Yy —xy ree Y1 — T1€
2 . 2 . 2 . 2 .
T2€37rz 1,1—26371'2 SU1_2T'2€37” 637”
+ 7T N 1o Zmi 2
y1 —xr2e3”™ oy —ax]e3™ Y1 T Ty 1€ y1 —ze3™"
2 1 1 1 ek
E , 275 2 2.
o \ T1Y1 1-— xlylezk’” Y11 _ za5km
Y1
2.,
2 egkrm 1 e%kﬂ'i
+ E - s— + = 5 (34)
—o 7"2 _ xlylegkﬂz Ty 7"2 _ ﬂegkﬂl
T

4.4. Integration in the radial direction

It remains to combine the appropriate residues and to integrate them with respect to r. In doing so, we integrate
r in three steps; from 0 to z1, from z; to y; and from y; to 1. In each step we list the appropriate residues and we
rewrite them as partial fractions with each denominator linear in r2.

e For r € (0, 21) this procedure leads to the integrand
I (z1,y157) = F(23) + F2a) T F26) T F2r) + F20) + F30) + F(32) T H33) =

1 1 1 " 1 1 1 1 +
- _ 7 _z1 2,2, 1 2.2 _ Yy
r1yr \ 1 =z m TIYITT — oor T1ITT T g
1 1 1 n 1 1 1
21— 2 1 _ 2 _ T 2.2 _ x1
Yi w Llmmy o ot —my o yrrt =
271'1' 271'i 2Tri
e3 1 1 e3 1 e3 1
i1 \ 2 2, * x2y? T 20 +
e3™ —xyy; e3™ — 4 191 p2 — 2 _¢3 1 p2_— Ae3
Y1 T1Y1 1
gﬂ'i gﬂ'i
e3 1 2 . 1 2 . 1 e3 1
+ — s —e3™ ;— +e3™ 2 . .2 7 -t
LA - Les™ L —zyye3™ r2 —zye3™ Y1 g2 Hes™
—gﬂ'i —27'ri —27'ri
e 3 1 1 n e 3 1 e 3 1 n
2 - 2 2,2 2 2 2
X 5 —3 X -5 xr —3
1Y1 e 3T _ 1y e 3T xy 1Y71 7"2 1 e 3T 1 7"2 _ ﬂe 3
Y1 Z1Y1 x1
) 2 .
6757” 1 2 _2 . ]_ 6757” ]_
+ 2 s —e 3" 57— +e 3™ 3 . T .2 7 .t
Y ziegm3™ 1 —zy1e” 3™ r? —zy;e” 3™ Uiz _ziem3m
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) 2 2
2 = — =
1 1 e ami e3™ 1 1 e 37t e3™
E 1-4 * @y —2mi + o 2mi * 1y1 \ 1 —x1n * —2. * 20 +
v 1— we 3 1- el e 3" —xiy1 e3’ — Ty
1 1 7271'1 27'I'Z
e 3 e3
+ 222 | 2 - L + 1 i + 1 Zni +
171 wiyr 12— 3 2 3
T1Y1 T1Y1
_2
1 1 e 371'1 6371'1
— yfz Y + 7 + 3 +
1 " P2 _ TioT3m 2 x5
Y1 Y1
—gﬂ'i 27”»
1 1 1 1 1 e 3 e3
Cny T 2 + 25 ) 1—ay 2. 2. +
Y1 1—%63 1—%6 3 1—x1y1e” 3 1 —x1y1€3
gﬂi —gﬂ'i gﬂi —gﬂi
1 e3 e 3 1 1 e3 e 3
2 — 21 20 * 2 2 \e2on + v i yi 27
r2 — r1y1€3 r2 —z1y1e 3 1 o r2— el r2— 2e3
2 1 2 2 1 2 1
1 1 a TS
T1y1 L — 1 —Tiyr miyn b= Yl
2 2 1 2 1 n 2 1 n
2 _ T 2.2 _ v .22 _ @1 2,22 1
r Ty TYT o yir " TIYi T i
2 . 2 2. 2 .
2 e3™ 2 e3™ 2 e3™ 2e3™
+ T1Y1 %wi B T1Y1 %‘m’ T + Z,T%l T %ﬂ‘i B 1 %‘m’
€ —T1Y1 € v T — I1y1€
2 . 2 . 2 . 2 .
2e3™ 2 e3™" 2 e3™ 2 e3™
* 20 B ﬁ?ﬁ — y—le%ﬂ'i’ a ? z 25 + x2y2 1 2 +
r2 —x1y1e3 1 o 12— Z1e3 191 p2 — e3
Y1 T1Y1
—gﬂ'i — 57 —27'ri —27”'
n 2 e 3 2 e 3" 2e” 3 n 2 e 3 n
2 . - 2.4 - 2 . 2 2
X -5 xr 3T __ L1 -5 ] -5
Wi 3T — e s Y1 1 — 2y 3™ Y- ﬁe 3
72772' 72772' 727ri 727ri
2e 3 2 e 3 2 e 3 2 e 3
+ —27ri B ? —gwi B E T —gﬂ'i x2y2 1 —gwi '
7‘2—33‘13/163 1p2 __ Y,o73 1p2 21,73 191 p2 e 3
Ty Y1 T1Y1
2, . 2, . ) 2,
2 26§k7rz 9 6§k7m 9 e%kﬂ‘l 9 63k71'7,
2 2 ki xz 2 2 . "I;Q 2 . 2 2 x1  2kmi ’
— \ r* —z1y1€3 Y1 2 _ 1 3km 1,02 _ yr,3kmi  Yyrs— =tes
k=0 T1Y1 r 1316 v

so that, after a tedious calculation

z1
/ I (z1,y1;7) rdr =
r=0
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2

e3™ T
+ | — 5 Ln <1 _
Y1 Y1

2 —

re

gﬂ'i 2 — 27
+ |e3™Ln (xlyl—r e 5’”) —

1 1 1
LS 7’2) — —n <$1r2> + —5—5n (7’2)}
T Y1 Y1 T1Y1 11
2 . x1
37 9 .
& . Ln (yl _ 7'2637”> 4
&7 T
r=0
2 . 1
2 . 37 .
3’”) + —ei 5Ln (1 - 7’2652”7”) +
T1Y1 T1Y1

—gﬂi 2 2ng
+ |e” 3 Ln(xlyl—r 637”)—7

1
——=In(l—-z1y1)+ In (1 —23y;) +
) vt a0 )
6%7\'1’ 1’36 %ﬂ'l
>Ln|1-- +
1 Y1

Y1 191
, 2 )
_g . zlegﬂz 6—57\'1 I’de T
+e 3™Lln |1 ———In|1-+
n Ty Y1
zﬂi gﬂ'i
e 3 2 . e 3 2 .
-z <1 - $1y163m> taoln <1 — aiyies™
Y1 Y1

= ln<1xl>
Y1

2 .
+ e3™Ln <1+xl—|—z

1
2
Ly

2y

In

(

3
_n

U1

1”1\/3
21

1 1 )
——h(l-2191)+ == 1—ady) +
) v w3y (1= i)
2
37 3 3 3
_ean 1—|—x71+ix1\[ +
xq 2y 2y,

2

5 T

2,2
T1Y1

2 .
T 3 3mi 3 3 3
—Ln (1 n 3“2‘1/1 +z‘m1y1f> +% Inm (1 L O 'mly“[> n
Y7

2
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1 3 1 1
= 1n<1_xl>_2ln(1_$1>_21n(1_$1y1)+ p) an(l_le))yl)—?-
iy

Y1 €Ty U Y1 1Y1
2 2 ZE1\/§
2 3 2 . V3
+ e3™1In (1 + xl) + 213 +ie3™" arctan 27’1@ +
2y1 2y1 1+ 5.0

2 . 2 2 .
3mi 2 3 gmi z1y1V3
G i (1+ $1y1) n x1y1f> e ~ arctan (2 N

2 . 2 2 i i
2. s N2 5, 3 2ri 2iy1V3
P (1 ) ()T [ 2 ) +
TIY1 2 2 1Yy 1+ %
2
. 5 3 5 _zV3
fe 3y (14 5 4 (53] i3 arctan el
Y1 211 L+5,;
Y1
2 I 21v3
i 3\ 2 3./3 3™ -5
- £ >—In <1 +oL) 4 BAC i 5 arctan -l
€y Y1 241 aa 14 5L
2y1
72 2 _ x \/g
e 3™, (1 + :vlyl) + z1y1V3 e 3" arct - +
_ n 2 - -4 arctan
yi 2 2 i 1+ 55
2 2 2 i i
_2n 3 2 3 3 —gmi _ V3
+ e2721n (1 + xlyl) + _atnvs +i 57 arctan | —2-—
1Yy \ 2 2 L1971 1+ %

1(1 1) 11< "E%) L g ) I (1 — 2y +
= In{l-—|-=sh(l—-—)—-=h(l-—2191)+ 5= In(l—a7y
yi) a3 v) o i '

2 2
3
L U (253
(' 21 + 1
1 2 3 6 3 3 3
Y i ok S S N ' 2 I
7 Y1 7 2y1 + xy

1 \/§ :Ely1\/§
= Iny/14 2191 + 22y? + — arctan [ ————— | +
vt LTI 2+ zy

_|_

+

1

1 , V3 z3y1v/3
— ——5Iny/1 428 + 252 — arctan | 222
$2y2 1Ty 1Y1 $2y2 2+ yle

191 191
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2 2
- 1n(1—‘“> YRkt g
Y1

1 2 3 6
A ( %+w§+%m< N
5] Y1
1 / 2
+ — (Iny/1+ 2101 +23y? —In (1 — z1y1)
Y1
1
+ = ln(lf:n‘{fyl) —In\/1+ w23 + 253 | +
T1Y1
33
3arctan 013 + \g arctan L\[B +
2y1 + 21 x7 2y, + a3
V3 T1y1V3 V3 313
+ —Qarctan - =55 arctan 3
Y1 2+ z1 Y1 2+ y1ay

_ 1ln( —2x1y1+y1) (1—2x1y1+m%yf>+
2 xi 4 21y + i 2y} L4 21y + 2797
_ 11n< 237191 +y1> + ln<1—2x:{’y1+yfx‘f> 4
223 2§+ xdys + Qxlyl 1+ 23y; + 2%y3

3
3arctan <2 713 ) + [2 arctan (2171\/2:3> +

Y1+ 1 51 Y1ty
3 3 3 3 3
+ £2 arctan i3 \2[2 arctan M . (35)
Y1 2+ z1 L1971 2+ yray

e For r € (x1,y1) the integrand becomes

Iy (w1, y157) = #23) + FF(25) + F(26) + F(28) T F(20) T F(31) + #32) T F(33)

1 1 1 n 1 1 1 1 n
- - z 2.2 1 2.2 _ u
x1yr \ 1 — 211 - x3ys r2 — i
1 1 1 1 " 1 1 "
z1 - 2 z
vy \1=34  1—zm rPoayy o oyt - o
gwi gwi zﬂ'i
e3 1 1 e3 1 e3 1
+ T1Y1 271—2' B g'n'i T x%y% 2 1 27”. B I% 2 271'1 *
e3” — a1y e3” — = re — ——e3 re — 63
Y1 T1Y1
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1 1 1 e 3™ e 3™ 1
+ T1Y1 727ri B T 72772' B 2 727”; + y% 2 T 727”; +
1 —ziyre3 l—re s T4 —x1y1e 3 r? - TleTs
—2Tri —gﬂ'i —gﬂi
e 3 1 1 e 3 1 e 3 1
T1Y1 727m' B 727”' T 1Yy .2 1 — 3T B .T% 2 Y1 i +
e 37— e 37 — = re — r2 — Lle™3

Y1 Z1Y1 T
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and, after another lengthy calculation

Y1
/ I (x1,y157) rdr =

=x1
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4.5. Conclusion of case 1)

Recall that we want to evaluate (8). And when adding the three integrals we find, separated according to a main
expression:
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e pure logarithmic terms
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Combining the expressions in (35), (36) and (37), listed as above, the enumerator of (8) becomes
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while the denominator is given by (12). If we define
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then this function represents EY (7g) for z,y € 'y and z1 < y;. By symmetry we obtain this function for

x1 >y as Ti1(x1,y1) = Thi(y1,@1). A close inspection reveals that

sup  Ti(zy,y) = lim - Ty(z,m) = — (39)

1,91€(0,1) @110,y171 16

See Figure 1 on p. 32.
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Figure 1: z and y both on I'y: Tyy(x1,41).

5. The case that x € I';, y € I'y

In this section we let y — (cos,siny) and z — (x1,0) and we will consider

0.8
0.6

g ©2l0 T2 it 1 — |y|?
Tip(w1,1) = =5 vl

i GS (-T,y)
Y111 & 2210 29 (1 — |y[?)

Again the limits are computed from the expression in (6).

5.1. Limit of the Green function

Next to the expression in (9), with y replaced by z,
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m \ @} —2zyrcos (04 27) +12 1 —2xyrcos (04 37) +air? )’
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we need

lim Gs(zy) _
y—(cosy,siney) 1 — ‘y|

33

R 1 P 1 N 1

dm =yl” Re—yl IR2z =yl [Se—yl" IRSz—yl* IRESz—yl ) _ e
1= 1 1
 4n \r2—2rcos(0+¢)+1  r2—2rcos(f —) +1

1—7r2 1
4 r272rcos(0+7j)+%7r)+1 r2

1
2rcos(91/}+§7r)+1> *

1
+ + -
4 ( r2—2rcos (0 +¢—2m)+1 72

1
2TCOS(91/}§7T)+1> B

1 —7?
(40)
kzo Uzﬂ r2 — 2rcos (6 + 01/1 + 2km) +
and the double limit of the denominator
G
lim lim —o~2 (z,9) =
lyl11 2210 (1 _ |y|2> Zo
~ lim 1 rsiny _ rsiny n
o \m (1 —72) \2? —2zrcos + 12 1 — 2xy7costh + a2
n 1 rsin (w—i-%ﬂ) rsin (w—l— 7r) n
7\ @} = 2zyrcos (Y + 2m) + 12 1—2xycos (¢ + 37) + air?
n 1 rsin (1/} — %77) rsin (w %7‘(‘)
7\ @} = 2zyrcos (Y — 2m) + 12 1 —2xircos (¢ — 37) + air?
_ (1 — %) siny N (1 — %) sin (v + 3m) (1 — %) sin (v — 27) (41)
7 (22 — 214 costh + 1)° 7 (23 — 231 cos (¢ + 27) —|—1)2 7 (23 — 2y cos (¢ — 27) + 1)2'
5.2. Derivation of a contour integral
In addition to the h as in (17,18,19) we define
1—72 1 1
) = 42
1) 4 <T2—2Tcos(9+¢)+1 r2—2rcos(9—z/1)+1)’ (42)
1—172 1
0
fu (9) 4 <T2—2TCOS(9+w)+1>
—e W 1 r2
4 (w —e W w-— rze’“l’) (43)

Note that h (—60) = —h (#) and also f (6 )

f(=6). Hence 6 — 7 _, h(0+k2m )andalsoGHZk of (0+k2m)

are odd and also periodic with perlod £7. Using h and f (respectively fy, we may rewrite the angular integral in
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the enumerator of (5) as follows

lﬂ'
w2 /3 lim M lim M do —
6=0 z—(=1,0) T2 y—(cosp,sineh) 1 — |y|
in 2 9
h<9+k 7T> f9—|—m'n' = (44)
G Y

2m

_ é/@ O;h(9+m§ﬂ>n;)f(9+m§w)d9 =
_ %/ kz (9+k§w)f(9)d9:

/9 Zh (0 + k27 fy, (0)do . (45)

0 k=0

It leaves us to compute:

7r2/ lim M li Mdz:

1m 3
eseol0) T2 ymleostsing) 1y
es yes

4
/ / ( +h(9+§ﬂ')+h<9+3ﬂ'>) fu (0) dOrdr
r=0J6
/7{ ( 1_2_x1_2r2_1>+
=0 Jjuw)=r 2 —x17"2 w—az7' w272 w—a,

. 6_5” r? n x? xy %2 1 n
21 w — x1r2e 37 - L) —1..2 727ri 7271”1‘
w—T; e 3 w—x; rée 3 w—x€e 3
e3™ r? 72 xy %2 1
+ 21 27‘{' + 1 gﬂ'i —1 27ri gﬂ'i x
w— x1rees3 w—x, €3 w—x;] r2e3 w—x,e3
—e W 1 r? dw
. N —rdr
4 w—e W  w—rZe~W iw

— 20 r? xl_Q 1:1_27“2 1
+e 3 -+ 3 - — ) +
w—xir2e 3™ w—a7te 3™ w—x7'r2e 3™ w—xe 3"
i r? xl_z zl_QTZ 1
+ e3 + 5 — 5 5 X
w—x17r2e3™  w—ax7'e3™  w—z7'r2e3™  w—xe3™
1 r? dw
— — — rdr.
w—e W  w—rZe~W | w
Using the expression from (21) and a newly defined
1 r?
Dy, (w) = : (46)

w—e W w—r2e’



Section 5: The case that x € 'y, y € I'y 35

we obtain .
e’ dw
H#5) = 3 % (\I’whO,T (W) + Vo 10 (W) + Vs 0, (w)) Dy (w) — . (47)
|w|=r w

In this section we use

1 2
Jo(w1, 0, w) = w Dy 0, (W) mZ:O Uaym,r (W) (48)
5.3. Computation of the contour integral

Two cases have to be distinguished, namely r < z; and r > z;. Again w = 0 does not contribute and the scheme
for the residues is as follows:

poles due to: W07 Vo 1,r Wey2,r Dy
range: ai. as. by. bs. c1. co. d.
c (0 ) 1 2 i 2 7%7& o 7%7”' 2 %7\'7: ﬁ %ﬂ'i 2 —i
T , T . 17 o rire a7 € rire a7 € ree
—zﬂi —27” 27”; 27ri i
r € (z1,1) | IL x1r2 T z1r2e” 3 z1e 3 z17r%e3 r1e3 r2e—iv

We proceed as before.

I and II, a;: pole at w = x;72.

Res (Jg (x171/17r;w)> =

w=x1712

_ r? 1 r?

T w <w —e i — rze_w)w_hrz

1 1 r?

I <x1r2 —e W g2 — 7‘26—W>

- % <r2 - xl_le*w - x}16i¢> ) (49)
1 1 1

-1
I, ap: pole at w =z 'r?.

Res <J2 (z1,9, ;W) )

—r—12
'U)—il)l ks

—2
—zy °r? ( 1 r? )
- i oy 2,—it
w w—e w — rle ———

—xy%r? 1 72
1’1—17’2 xl_lr2 —e W :171_17"2 —r2e—

- ! L (50)

1l—zie®™ 12 —gie W

I1, as: pole at w = x.

Res <J2 (Il,l/),?”;w)> =

W=
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I and I, b;: pole at w = z1r°e

I, b2:

II, by:

2.
2 37

Res (JQ (z1,9, 1 w)

) 2 =
w=xir2e 3""

2 .
r2e 3™ 1
w w— e~ W

r2 )
_ 20—t _2
w—re w=zir2e 37"

1 1 r?
N ,2371 2 _27”- —it B 2 —27'ri 2 ,—i1)
xriree 3 —e? xriree 37 —ree !
271'1'
e3 1 1
- 2 2 . . 2 . .
T 1 Eaqi— 1 Zqi—
1 r2 — ] 1637” ) 1—331 163771 )
—1_2 —gﬂ'i
pole at w =z r<e” 3™
Res <J2 (flﬂ/%?";w)) 2 R =
w:r;lr2e73m

r2 )
i oy p2—itp 2
e w —re w=zlr2e” 3™

w
2
x72r2e” 3™ 1 r2
- 12, Zm _ _2 . T 2 _
xr, ree”s ] 1’[”26 37—t T 17"26 3T p20—it
%ﬂ'i 1 1
= €
27\'7;71'7,[1 2 g'n'ifi'g/;
1—ze3 r? —x1€3

2
pole at w = x1e” 3™,

Res (J2 (93171/)77“;111)) =

—2‘ﬂ'i 2
—e” 3 ( 1 r )
- =iy oy p2—it 2
w w—e w —rle w=zie 37

7“2

2 2 )
z1e 37" \x1e 3™ — e~

2 . )
z1e” 37" — r2e=i

-1 1 i rZe=
= —_— 3 — e
x _2. - 2. ,
L \gie 3™ —e—i x1e” 3™ — p2e—i¥
2 .
-1 1 , T1e” 3™
= —|—a |1+ 5
x _2. » _2. .
L \zie 3™ —e~ @ x1e” 3™ — r2e—i
1 727”' 7271'2’
-1 zi1e¥e” 3 i r1e 3
= — —e
3 .
x _2 . 2 .
L \zie 3™ —e~ x1e” 3™ — p2e—i¥
_ 2ty 1 1
= e 3 5 — 5
_ — 5 Wi+ 2 _ — 5 it
1—x1e 3 r rie 3

36
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I and II, ¢;:

pole at w = z1r2e

2
I, cp: pole at w =z 'r2e3™.

2
II, co: pole at w = z1e3™.

I and 11, d:

2

37

2 .
gﬂ'l
Res (Jg (x1,¢,r;w)> 9 =
w=xir2e3""
r2e3™ < 1 r? )
—omi gy — p2e—i 2 .
w w—e" W  w—rZe=W wezir2e3
1 1 r2
T 20 . 20 .
L \xir2e3™ —e=W  g172e3™ — p2e—@
e 3™ 1 1 (55)
2 2 . —1_—27i—4qp
x 1 i _
1 7"2—$1 16 37 i 1 T e 3
Res (Jg ($17¢7T;w)> g =
w:mflrzei?'m
—2 9 25 2
xy r?e3 ( 1 r )
- =i oy 2.1 2 .
w w—e w—r2e W weaTlr2e3 ™
1 1 r2
B ;1 —-1,.2 2Tri —3 B —1,.2 27r1', 2 i
x] r2e3™ —e W gl r2e3™ —p2e¥
. 1 1
— a7
3 2 . ” - 2 ” (56)
1—x1e 377" r2 —xie 377"
Res (JQ (xl,w,r;w)) 3 =
w=z1e3 "
2 .
e3™ < 1 r? )
it oy — 20— 2
w \w—e ™ w—r2eW ) 5w
1 1 r?
;1 27”5 ; B 27”5 ;
137 —e W x,e3™" — p2e— W
2Tri
1 1 . r1e3
— ||
L \zge3™ —e-i¥ x1e3™" — r2e—iY
gﬂ'i i gﬂi i
1 z1e3™ etV z1e3™ et
;1 271'1' —it B 27T’i 2 —i
r1e3” —e " 2137 — 2=
7716211[1 _ (57)

pole at w = r?e”*.

e3

2
1 —x1e3™ e

Res <J2 (x1,y1,75 w))

2
2 — x1€37 e

w=r2e—i¥
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—r? r2 a:fQ xf27“2 1
= — — +
w w—217? W — 1] w—x7 12 w—u1
2 -2 -2 2
Zri T T x°r 1
+e -+ - - +
w—x1r2e” 3™ w—x e 3" w-—x] r2e 3 w—x,e 3"
2 -2 -2 2
n e%m r n T _ x°r _ 1
g3 1 27” 27r 2Tri
w — x1r2e3 w—x] €3 w—xy r?e3 w—xe3 I
w=r=<e
—r? r? mf2 xf2r2 1 n
r2e—i r2e= W — xyr2  p2e—i _ xfl r2e=W —p7lr2  p2e—i — x
_2. r? xl_Q xl_QTQ 1
te 3 ) 7T " —1 =27 .2, 1.2 —2mi  .2_—ip —27i
r2e—iv _ gir2e 3™ TPV —xpeTs r2e=™ —x r2e rZe= ™ — g7 3
2 r? a:l_z x1_27“2 1
t+es 7+ 2 . 2
r2e~ W — x1r2e3™ pr2e~wW — :cfleBT” rZe—iv — :1317173@3”Z rle= W — g, e3™
2 )
_ 2w 1 n T _ ] _ 1 n
L—ze®  p2—gilei  1—aile® 72 g e
) —2
+ e_%ﬂ.i 1 + Ty _ Ty 1 +
7271'1’ i —1 727”; ; —1 T 4 g’ﬂ'l
1—mze 3™eV  r2—gie 3™e¥ 1—zxj e 3™eW r2—ge 3T
—2 )
n e%ﬂ.i 1 + .Tl _ Z‘l 1
gﬂ"i i —1 27r7l i —1 T 4 271'2’
1—mze3™e¥  r2—gie3™e¥  1—zxj e3™eW 12— g e3Te
_27”» 27”
%ith 1 e 3 e3
= — e - +
11—z —25 i 200
1—xz1e 3™t 1—z.e3™e
. 2 2 .
6211/; e 37 e3 ™
+ + +
2 3 3.
T _ i) 4 2 . 4 2 .
1 1 l‘l e l—xlle 37”e“ﬁ 1_x1 1637”6“Z’
—gﬂ'i gﬂ'i
. e 3 e3
2
+ e + +
7!1716“11 2 727ri i 2 271'2' )
r2 —xie” 3™e 2 —g1e37'el
. 2 2
211/; 6737” 637”
- _ +
I% “[" 2 1 —2n i 2 1 25 i
re—x, e 3 e re—xe3’e
2 kemit-2i 2 pmit2iy
1 e3
B B 2k‘n’? i 337% —1 gkiﬂ'i ; +
k=0 1—x1e3" e 1—z] e3"™e¥
. 2
2 =
63k7rz+2zw 1 63k7r7,+2zw
+ E : 2 ) 2
ki i 1.2 1 3kmi iy
k=0 \ 72 — x1e3" el r e3"™e

+
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5.4. Integration in the radial direction

e For r € (0,z1) we have to compute

=0
where )
e Wy (x1,9,7) _
211

T .
/ eilwI4 (3317¢77") TdT,

w1 ( 1 1 ) .
= € 5 — — -
w3 \r2 —aylte i 1 —glemw

(#(49) + #50) T #(52) + F53) T #H(55) T HFs6) T H#H(58) ) =

1 1
1—zie® 12 —gie W
27”;
e3 1 1
33% 2 1 _Smi—iy 1 _3Zmi—iy +
ré—x € 11—z
2 . 1 1
. eW( 2 ) .
1—1’1637” zw 7’2—1,'1637” X
7271'1‘
n e 3 1 1 n
2 2 —1_—Zri—qtp
xry 7’2 —xfle 3 ) 1 —x; e 3
_2 . 1 1
+e 3™ ( 5 5 ) +
1— gz 3™ W 72 — ppe 37T
_2_. 2 .
e 371'1 6371'1 +
—e -
1—=x e“/’ 2 . 2_ ..
. 1—mze 37  1—x1e3™e¥
2 2 .
6—371'1 6371'1
+ +
_ zw 2. 2 .
1 .1?1 6 1—{,61 16 37 it 1—&611637”61#’
2
2, - =
241 e 3™ 637”
te 71’16“1) 2 727r7; i + 2 271'2' 1 +
r2 —gie 3™e 2 —g1e37 e
—27”' 271'i
e 3 e3
+ +
—1 727ri i —1 gﬂ'i i
r2—zy e 3™e 2 —gle3 e
271’1 ST
. 1 e3 e 3
= W 1 W + 5 +
T1e 1—z1e3™e W 1 —g1e” 3 e W
27” 2Tri
) 1 es3 e 3
— e 1 P + 5 +
— TIe 2
1 1—21e3™e® 1 —21e 3™
—i 27” — 3T
1 e3 n e 3
- 2 —1 } )
T — it 1 — _
1 1 Te 1—$11€ Ti—i) 1_x116 Ti—i)
2 .
e 1 e 3™ e3™ n
2 _ ploiy ;o
xr1 1—x7"e 1— Ty 16 37me“p 171’_1637”6”[’
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21 sin ) N

= isinz/;ln\/l — 221 cos ) + 22 + i costp arctan | ————
1 — 2y cosy

.. 2 - 2 9 . 2 1715111(1/’*%)
—|—zsm(1/) 37r)1n\/1 2xlcos(w 37r)—|—ac1+zcos(1/1 37T)amtan<1—x1cos(z/}—§ﬂ') +

1 sin (w + %ﬂ') N
)

1—xlcos(¢+%7r

+ isin (1/) + %w) In \/1 — 2x1 cos (1/) + %’/T) + 22 +icos (111 + %71’) arctan (

isine cos 3 siney
- In \/1 —2x3cost) + 28 — i pe arctan (W +
.. 2 2 3 & 2
isin (¢ — 7 ) cos (¢ — = xysin (Y — g7
- Mln\/l—2xfcos(d)—%ﬂ)#—x?—iwarctan ! 3 -3 2) +
] x] 1 —xz$cos (¢ — 3m)
sin (¢ + 27 ; cos (¥ + 27 r3sin (v + 27
— ii(w 5 3 ) In \/1 — 213 cos (w + %71') + 28 — ii(w 5 3 ) arctan ! 3 (1/J 3 2)
x] i 1 —xz$cos (¢ + 2m)

2
= iZsin(¢+§k7r)ln\/1—2x1cos (¢ + 2km) + 22 +

k=0
, . 2
| ) wysin (¢ + 2kn)
+ZZCOS(1/)+3kﬂ)arCtan(1_xlcos(1/1+§kﬂ> +

k=0
2 . 2
= el G AP (1/];; 3h7) In \/1 —2z$ cos (¢ + 2km) + 28 +
k=0 L
2 . 2 3 . 2
B ZZ cos (¢ 42— k) aretan [ 50 s31n (v+ 3k27r) (50)
=0 7 1 — 3 cos (1/) + glmr)

e For r € (z1,1) the integral becomes
1
/ I5 (xlawﬂr) 'I"d?",
=1

where I (21.0.7)
r1,Y,r )
5# = e (#0) + #c1) + #2) T #ea) T #es) T Hen) + Hess))
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1 2i sin 2isin (¢ — 27 2isin (¢ + 27
= 2 -1 0 — T 1 (¢ ?é ) — T —1 (¢ 32 ) ) (1_5'3%) +
227 \ 1 — 227" cos) + x; 1 — 227" cos (¢ — 27) + a7 1 — 227" cos (¢ 4 27) + a7
1 .
+ 5= —2isinz/11n\/1 — 2z cos ) + x3 — 2i cos ) arctan M +
227 1—x1cosy
z$ sin
+ 2isintIn \/1 — 223 cos ¢ + 2§ 4 2icosarctan | ———— | +
1 — 7 costp

 op 2 _ ] 2 2 on 2 mlsin(z/z—gﬂ')
2zsln(w 371')111\/1 2x1c05(w 371')—!—3:1 22005(1# 37T)arCtan<lx1cos(w27r) +

- ) z . 2 risin (¢ — §7)
+ 2isin (¢ — 27) In \/1 — 22 cos (¢ — 3m) + & + 2i cos (1/) - 371') arctan (1 ~ aTcos (4~ 21)
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1 — xq cos ¢+ 77

:c‘fsm ¢+ 7r

1 — 3 cos w—l— 7r
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+ 2isin (¢ + 27) In \/1 — 23 cos (¢ + 2m) + a8 + 2icos (¢ + Z7) arctan (

_ sin ) sin(z/)—%ﬂ) N sin(w—}—%ﬂ') (1—x2)—|—
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x1 sin ¢ gﬂ)
2

1—x1cos @[1—577

— sin (¢ — 27)In \/1 — 2y cos (¢ — 2m) + a? — cos (¢ — 27) arctan

z$ sm -2 7r)
2
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)

)

sin (6 + 31) )
)

+ sin (¢ — 27) In \/1 — 23 cos (¢ — 2m) + a8 + cos (¥ — 27) arctan

lfxlcos z/1+ 7r

xlsm ¢+ 7r

+ 51n(1/)—|— 7r ln\/l—Qxlcos(z/)—i— 7r)+x1+cos(¢+ 7r arctan

—51n(w—|— 71' ln\/1—2331c05(1/}—|— 7r)—|—x1—005(w—|— 27 arctan(
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2 sin (1/}—1— 2k7r)
1—321 z;) x? 2x1cos(w+2k7r)

i
97? fsm w+2k7r ln\/172xlcos(1/1+2k7r)+xl+
k=0

x1 sin (1/) + %Imr) )

_ 2
cos (w + 3k:7r) arctan (1 - (¢ n %lm)

+ sin (¢ + 2km) ln\/l — 23 cos (v + Zkm) + 2§ +

z$sin (v + %kﬂ) > (61)

2
+ cos (w + 3k7r) arctan (1 = B cos (¢ n %kﬂr)

5.5. Conclusion of case 2)

In the present case the enumerator of (5) becomes

. Gg(z,2) . Gs(zy) oi
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/zgs z2/0 T2 lyl11 1 — |y|2 87T2 (#( 9) # 61 )
1 .
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2 3 i _2
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L sinw sin (1~ 21) n (4 + 27) :
+ e 2 + 2 2 + 2 3 (1 — 951) +

dr \ ai —2x1cosp +1  a? —2wycos (p —3m) +1  a? —2wicos (¢ + 3m) + 1

i 2 z1siny
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1 sin w gﬂ')

l—xlcos z/z :2,)

et
(o)
( 1 sin w+ 27) )

)

+

— sin (¢ — 27) In \/1 — 2wy cos (¢ — 2m) + 2% — cos (¢ — ) arctan

+

+ sin (¢ — 27) In \/1 —2x3 cos (¢ — 27) + 2§ + cos (¢ — 27) arctan

+
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|

v sin<w+§w>ln¢1%?COS<¢+3”>”‘f“°s(1“3”>m“< ~afoos (4 3n)

1—ap? — 72
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T

2
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2
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™
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1—z1 cos(d)f 3
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T 22
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Ccos (¢ + 37T) arctan + sin (w + : 7T) Iny/1— 2z cos (w + 37r) + 22
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_ i N
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N 1—af sin ¢ sin (¢ — 2m) N sin (¢ + 27)
7 \af = Zorcosd T af ~2eycos (V- 3m) +1 af 2o (94 3m) 41
_ 1—1'% 2 2 1 sin (w+%kﬂ')
i kz::o cos (¢ 4 km) arctan = v cos (0 + Zhkn) +
1—a2 & )
+ Wm%l kz:;) s1n(¢—|—%kw)ln\/l—Qxlcos(w—F%kﬂ-)_|_3;% +
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™ @} — 2z1 cos (v + 2km) + 1

k

0



Section 6: The case that z,y € I'2

Together with the denominator (41) we find

#(62)
T; =
12 (%1, 7) Fon)
sin 1 + sin(dl %7\') I Sin(1/)+%7r)
x3—2z1 cos h+1 —2x; cos(w %W)+1 2 -2, cos(er%ﬂ-) +1
= - n
4 snp __ sn(v-gn) N sin(y+37)
(23-2a1 cos?/)-‘rl)2 (Jc% 224 cos(w—* )+1> (xf—Q;cl cos(d;_;,_%ﬂ) +1)2
cos 1) arctan (1 I;flgo‘fw) +sinyIn /1 — 21 cos ) + 7
a +
422 sin + Sm(wf%r) + Sin(llﬂr%ﬂ)
1 (:L’forl Cosl/JJrl)2 (szl/rl cos(ibf%ﬂ') +1)2 (2%721’1 cos(d)+%7r)+1)2

. 2
cos (¢ — 2) arctan (M) +sin (¢ — 27) In \/1 — 2wy cos (¢ — 2m) + 2

1—xq cos(wfgﬂ'

22z, cosw+1)2 (z%—2r1 COS('K,ZJ—%TF) +1)2 (mf—le cos(w+%w)+1)

42?2 ((m - + wn(v-57) + ) 2)

si ¢+gﬂ' .
cos (1 + 27) arctan <m> +sin (¢ + 27) In \/1 — 2z cos (¢ + 2m) + 22
N (o 1 (ord)
4]:1 <(£%—2w1 Cos'«/)-i-l)z + (g;f—Qm cos(!/)-%w)-‘,—l)? + (g;f—Qzl cos(d;_,.%ﬂ)_ﬂ)z

and a careful analysis shows that

. 1

sup  Tig (x1,7) = lim Tyo (21, 0) = —

0<z1<1 z1]0 16
o<y<im

holds for all « € (0, %7‘() Aside from this global maximum 775 has a local maximum at ;1 = 1 and ¢ =
5

1
1 —
T12 (1,§7T) ?77% 3T — 71112 < T6

See Figure 2 on page 51.

6. The case that x,y € I'y
The third section is concerned with x — (cos ¢, sing) and y — (cos, sin). We study

G G
/ lim —2 (x,z2) lim —> (z,y2) dz
sleltt 1T —|z|” it 1— |y

T22(¢7d)) =
o e
xT — | —
ly|T1 Y
6.1. Limit of the Green function
By (7) the denominator becomes
( 111121 Y GS’ (‘T,y) ; _
g}*)(COS¢ sin ¢) ( |y| ) (1 B |QZ| )

1< 1 1
N 87rk_0<1—cos(w—|—¢+§k7r) a 1—cos(w—¢+§k7r)>7

+

50

77r but
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00

Figure 2: x € T'; and y € T'a: Tha(x1,9).

while for the enumerator we have as in case 2, denoting z = (rcosd,rsin@),

1 GS (Z’ y)
1m ) S
y—(cos bysinw) 1 — |y

12 1 - 1
 Arm \r2—2rcos(@+¢)+1 12 —2rcos(f —) + 1

1—r2 1 1
dm \r2=2rcos(0+¢+2m)+1 r2—2rcos(f —v+ 27m)+1
1—r? 1 1

_l’_

and by using symmetry

Gs (x,2)
m =
z—(cos p,sing) 1 — |a;|
12 1 1
 d4m \r2—2rcos(0+¢)+1  r2—2rcos(f—¢)+1
1—r? 1 1
+

47 r2—2rcos(9+¢—§7r)+1_r2—2rcos(0—1/1—

+1—T2 1 1

4w r2—2rcos(0+q§+§7r)+l_r2—2rcos(6’—q§+§ﬂ')+l

4w r2—2rcos(0—|—¢—§7r)—|—1_7'2—27'(308(6—(;5—

_|_

)

+

51
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6.2. Derivation of a contour integral
We want to compute
Gs (z, . Gs (2,
7r2/ lim M lim LZé)dz =
zes w—(cosgsing) 1 — || y—>(cosw7sinw) 1—1y|
1.
3
>

2
g (0+k3m) > f(0+m3n)dordr (65)
O k=0 m=0
with f as in (42) and
1—r? 1 1
9(6) = 4 (7’22rcos((‘)+¢)+1_r22rcos(9¢)+1>'

Again we find

0 k=0 m=0
2
VIV WIGTERTE
Olc 0 m=0
2
_ 5/(9 OZg(H—s—k;ﬂ)f(ﬁ)dG:
Y k=0
or 2
= 3 Ya(oidn) (@10 )as
=Y k=0

which means that with w = re® as before

1 T'267i¢ eiiw
Fo0) = J\—mmw o )
1 r2e—z¢ e~ i® r2ei® i
g(0) = - _ _ _
4 —r?e” —e7  w—r2?  w— e
0 o o—ib—3mi 20— 5 N pid—3mi
— 3T = — _
g 3 m‘ —ip—2mi id—2mi i 2
w—e 3 w—r 3 w—e 3
(0+27) = e it rgm _ 5T B P2t I (ot
’ —r?e —igtgi w— e—i¢+%ﬂi w— r26i¢+§m‘ w — 61‘¢+%m‘
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Then
G G
- O gy Gol)y,
2€8 T cosd) sing) 1 — |1'| cosw siny) 1 — ‘y|
1t 1 rleto e~ r2et® e'?
= = - — — — — — 4 -
2 J—o fim_?ﬂ 4 <w —r2e7®  w—e W  w—r2d  w— e“i’)

|

L2 . L2 . 2.
z¢+37r7, 672¢+37m 7‘2€Z¢+37” ez¢+37rz

|

72 *’Ld’ —i¢ r ez¢ 37r7, ez¢>7§7r7,
27”' B —id)—g'rri B 1'(;3—27'ri + i¢—27'ri
3 w—e P73 w—r2e'?73 w—e?"3

2 2 2
— r2e 1,¢+37n w— 6—1¢+37r1, w — T261¢+37rz w — 61¢7+37rz
e e r2et? et ) dw

X — — — — + — | —rdr.
4 (w —r2e W w—e W w—r2?  w—e? ) jw

6.3. Computation of the contour integral

Let us first consider

2
/ > g (0+k2r) £, (0)do
9=0 1 _¢

The integrand has the following poles within the unit circle:

p_ {Tzem 12gi® Tze—w—%m ,rzeiqb—%m' Tze—z’¢+%m T261‘¢+§m} and {0,r% %} |
With the exception of 0 all these poles satisfy |w| = r? < r. Hence, independently of r, we find

1 rie=i¢ e~ r2et? ei¢

. . - - 3 + - +
320 Jip)=r \ 0 =127 w—eT  w—r2ei®  w—ei?

. 2 . . 2 . . 2 . .
r2671¢'737” e*wf'*gﬂ’b T261¢73ﬂ'2 ezd)fgﬂ'z
- — — -
—i(j)—grri —i(j)—zrri P i P i
w —r2e 3 w—e 3 w— 12?73 w—e?73
2 2 o2
N 7” e z¢+37r1 6—1¢+37rz r261¢+37rz 61¢+37r1
— — X
. 2 . . . 2
w — r2eTiot3m €—1¢+§m w 2,1+ 3mi w ig+5mi
r2e—i i
X g dw.
w—r2e” W w—e W

= ]_16 Z Res {Fd) (w)}w:wi

w; EPU{0,r2e— "}
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with F the integrand. Again the contribution by w; = 0 cancels and we find

Z Res {Fy (w)},,_,, =

w; EPU{r2e~1¥}

F2e—iv =it F2e—iv =it .
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6.4. Integration in the radial direction

Remember that
/ . Gs (z,2) I Gs (z,9) ds —

li — im 5
cs z—(cosp,sing) 1 — |x| y—(cos,sinvp) 1 — |y‘
€S yeS

1

_ 1 Y. Res{Fyw},_,,~ D, Res{Fyw},_,, |rdr

—
16 J,—o 20—t 2 it
w; EPU{r2e~1¥} w; € PU{r2ei¥}

Let us first compute the left half:

! 71-/ Z Res {Fy (w)},,_,, | rdr=

™16 Ji=o wi € PU{r2e—iv}
1 1 gib—ith o—id—it) ei¢—iw+§m‘ e—i¢—i¢+%ﬂ'i
T o | 12— eio—iv T e .2 ei¢4¢+%m‘ * .2 efmwar%m'
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= % [ — e~ Ln <1 — rzew””b) +e Wy <1 — T26i¢+iw> +
em*i’/ﬂr%’”—Ln ( e 37”) + efiqs*“H%m-Ln (1 — rzei¢+iw§“i) +
ew—iw—%m'Ln (1 _ T2e—i¢+w+§m') 4 e—w—w—%m‘Ln <1 _ T2€i¢+iw+§m‘) I
e 0TIy (1 — rQeid’_w) + etV (1 —r2eTi0m W) +

67i¢+i¢7§an (1 B Tz@wnm%m) n ei¢+w7§an (1 B T2€¢¢iw+§m‘) n

efi¢+up+%an (1 B Tzewwgm) " ei¢+iw+%7riLn (1 2e—it— m)

r=0
= % ( — e Wn (1 — eid’“w) +e WL (1 — ew”lp) +
ei¢7iw+%an (1 — ei¢+w§m> + eii‘ﬁ*“H%MLn (1 — ei¢+w§m> +
em*w*%’”—Ln <1 — ei¢+w+§m> + e an < — ei¢+w+§m> +
Pl PN (1 — eww) + T <1 — eid’iw) +
pittiv—Emip (1 _ ei¢—iw+§m> L+ o=y (1 it zw+3m> N

ittty <1 B eid)—iw—g-m') n bt Smip <1 _ mit—iv-3 )

= —3; < — 7 Wn (1 — ei‘f’ﬂd’) — e TN (1 - eid’iw) +
s
ib—ith+ 2 i —ipti—2mi —iptip—2mi ib—ith+ 2 i
e 3"In(1—e 3 — In({l—e¢ 3 +
. . 2 . . . 2 . . . 2 . . . 2 .
e—z¢+z¢+§7ran (1 _ ezd)—zw—gm) _ ez¢—zw—§szn <1 _ e—z¢+zw+37rz) +
+ ety (1 — e—i¢—i¢) + e WL (1 — ei‘i"*'w) +
2 2 2 2
+ efzdnfmergﬂ'an (1 _€z¢+z¢37rz) _~_ez¢+up737ran (1 _ el¢’“/’+37”) +

n ei¢+i¢+%an (1 _ e—i¢—i¢—§7ri) + e—iaﬁ—iw—%m'Ln <1 _ ei¢+i¢+§m'> ) ) (69)
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Using that for a € (0, 27)
e“Ln(1—e ") +e "“Ln(1—€*) =
= (em + efio‘) In |1 — em| +1i (efm — em) Arg (1 — em)
e + e—ia . . . . eioz _ i .
5 In\/1 — i — e—io 4 giog—iar 4 2 5% Arg (1 —€')
= 2(cosa)lnv2—2cosa+ 2 (sina) a ; T

= cosaln(2—2cosa)+ (a—7) sina

= 2

and assuming || < ¢ < 7 we continue (69) by

1

= 327r<_ (cos((b—z/J) In(2—2cos (¢ —¢)) + (¢ — 2 —m) Sin(¢—¢)) +

- cos(¢—w+§7r)1n(2_2cos(¢_¢+gﬂ))+(¢—w+§w_w)sin(¢_¢+§7r)>+

—(cos(—¢+ v+ 2m) In(2—2cos (—p+ v+ 2m)) + (—o+ v+ 2 — ) Sin(—¢+¢+§ﬂ>>+
+ (cos(6-+0) In (2~ 200s(6+ ) + (046 —m) sin (0 4) ) +
+ (cos (0= w4 3m) I (2 2005 (=0~ 0+ 3)) 4 (<0 - v+ Fm =) sin (o - v+ 3m) ) +

+ COS((b-i—‘L/J-i—%W) ln(2—2cos(¢+z/)+%7r)) (¢—|—w—|— 7r—7r) Sln(¢+w+ 7r)>> (70)

+ /\/\/‘\/‘\

cos (a + %W) + cos (a — %77) = 0 and a similar identity with sin one proceeds by

Since cos ()
1

= 3 ( - <cos(¢—1/)) ln(l—cos((ﬁ—w))—wsin(gb—w)) +

—(cos (¢ — v + 27) In (1 — cos (¢ — ¢ + ﬂ))_;”in(d)_w+§ﬁ))+

— ( cos (¢ — w—%ﬂ) ln(l—cos(gb—zb—gw))—i—éwsin(qﬁ—w—gw))+

n cos(¢+¢>1n<1cos<¢+w>>wsin<¢+w>)+

+ COS(¢+¢—%7T) ln(l—cos(¢+¢—— ))_|_;)7Tbm(¢_|_¢_, ))+

7N /\/—\/-\/—\

+ cos(¢+1/)+%7r) ln(lfcos(¢+1/)+%7r))f%7rsm ¢+w+ 7r ) (71)



Section 6: The case that z,y € I'2

- 3217T<_COS(¢_¢) In (1 —cos(¢p—1))+msin(¢p—1) +

~ cos (9~ ¢+ 3m) In (1~ cos (¢ — &+ Zm)) + g sin (9 — g+ Zm) +
~ cos (6=~ 3m) In (1~ cos (6~ ¥~ 3m)) — g sim (6 ¥ — 3m) +
+ cos (¢ + 1) In(1 —cos (¢ + 1)) — 7 sin (¢ + ) +

+ c0s (¢+ 9 — 3m) In (1~ cos (64 — 3)) + 2 sim (64 — 37) +

+ cos (¢p+ 9+ 2m) In (1~ cos (644 + 3m)) — 5 sin(¢+w+§7r)>

1 . .
= 5 <sm(¢>—¢)—sm(¢>+w)

—|—%Sin(d)—d)—k%ﬂ')—%Sin(¢—|—¢+%ﬂ')+
1sin(¢)z/)§7r)+1sm(¢+w§7r)>+
;T<cos(¢ ¥) (1~ cos (6 )

- (o= 1o )+
— cos(p—1—27) In(1—cos(¢p—1p—32m)) +

+ cos(¢+ 1) In(1—cos (¢ +1)) +
+ cos (94— 37) In (1 cos (9.4 4 — 3r)) +
+cos(¢+w+§7r) ln(lfcos( +1/}+§7r))>

= 1sin¢< 2cos¢—§COS(¢+§7T)+§COS(¢—§7T)> +

e ( ~cos (6~ ) In(1 — cos (6 — 1) +
@ +27) In(1—cos(p—v+ 2m)) +

) (1 cos( -2

) In (1 —cos (¢ + 1))

w—gw) (l—cos

-

(6+v—3m) +
_|_qp-|-37r) ln(l—cos(¢+¢+ 3”)))
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= %sinw (—coqu— ;\/gsin¢> +

1
T on ( —cos (¢ — ) In(1—cos(¢p—1)) +

— cos (¢ — 1/1+§7T) n (1—cos (¢ — +%7r))+

—cos((b P — §7T) (1—COS<¢ %7‘(‘))—1—

+ cos(¢+1) In(1—cos(p+1)) +

oo (64— 3) I (1 — oo (6 + 0~ 3m) 4

+ cos (p+ 1+ 27) In (1 — cos (¢ + 1) + 7r))> (75)

Since we still have to subtract in (68) the expression for —i and since (75) is odd in ¥, (75) doubles.

6.5. Conclusion of Case 3)
The enumerator turns out to be (for 1 < ¢)

/ . GS (JC,Z) Ii GS (Zvy)

lim — im 5 dz =
esa—(cosdsing) 1 — |z|° y—(costsing) 1— |yl

= ésinqp(fcosqﬁJr%\/gsingb) +
2

b Cos(¢> w+2k7r) ln(lfcos(gb 1/)+2k7r)) +
k=0

167
T
2 2
+1677r kz:%cos((b—i-w—&-gkﬂ) ln(l—cos(¢+w—|—§k‘ﬂ')> . (76)
For ¢ > ¢, by symmetry Ths (¢,v) := Taa (1, ). Again we find
su T )= lim Ty (¢, ™3 — + —1 2.
¢,we(£éw) 2] o15m, 10 200 = 243 81

See Figure 3 on p. 60.

7. The case that x € I'y, y e 'y

We set y = (pcos, psine)) and we are interested in

/ lim Gs (2,2) lim (1 v) dz
s 2210 T3 Yrir psin (5 )
i G.s (rc1 )
x210, YTim Tg psSin (§7r — 1/})

Ti3(x1,p) = (77)
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Figure 3: z and y both on I'y: Tha(¢, 1)

7.1. Limit of the Green function

First we look at the factors in the enumerator: As before we have with z = (r cos 6, r sin 0) that

lim Gs (2,2) =
Eglo xTo
1 rsin 6 rsin 6 n
7w \a?—2z7cosf+12 1 —2xy7rcos + 22
N 1 rsin (9— %TF) rsin (0— %7‘()
7\ @? —2xrcos (0 — 27) 472 1—2myrcos (0 — 2m) + z3r?
N 1 rsin (0-1- %ﬂ') rsin (0-1- %ﬂ')
7 \ @ —2xyrcos (0 + 37) +72 1 —2xyrcos (0 + 27) + a3r?
By symmetry we find
G
lim : Sl(zvy) —
Ylin psin (37— )
y=(p cos ,psin 1)
1 rsin (%7‘(’—9) rsin (%7‘(—0) n
 w\p2—2prcos(ir—0)+r2  1—2prcos(im—0) + p2r2
1 rsin (—im —0) rsin (=47 —0) n
m\ p?—2prcos(—im—0) +r2 1—2prcos(—3m —0) + p>r?

N 1 ( rsin (7 — 6) rsin (7 — 0) )

s

p?2—2prcos(m—0)+r2 1—2prcos(m—0)+ p?r?

60
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1 rsin(@—%ﬂ) rsin(@—%ﬂ) N
oo 1—2prcos (0 — i) + p?r2  p* —2prcos (6 — 37) + 72

+

( rsin (9+ %77) B 7 sin (9—|— %7‘() ) N

1—2prcos (0+%7r)+p2r2 p% — 2prcos (9+%7r)+r2

. ( rsin (6 — 7) rsin (0 — ) >

(
1—2prcos(0 —m)+p?r2  p2—2prcos(d —m)+r?

N~ |~

The denominator becomes
li GS (.I‘, y) _
im e =
x2]0 and ’L[)T%ﬂ' T pSIn (571'71/1)
y=(pcos,psin))

. 1 1 sin (%ﬂ'*@) 1 sin (%71'79)
= lim " 2 _ 1 277 1 2.2
010 Tz sind | p? — 2px cos (371' 9) +23  1—2pxcos (37r 9) + px]

1 sin (f%wa) 1 sin (f%wfﬁ) n
p? —2pxzycos (—3m—0) +a?  1—2pxzicos(—im—0) + p2a?

n xysin (7 — 6) xysin (m — 0)
p? —2pxzycos(m—0)+22 1—2pxycos(m—0)+ p2a?
1 in (37— 0 in(—ir—0
— lim ] sm(3771 ) i sin ( 37r1 ) 4
910 msin€ | p2 —2pxycos (37 —0) + 2% p? —2pxycos (—5m —0) +
sin (%ﬂ' - 9) sin (—%71’ — 9)
1—2pzycos (3m —0) + p2a? 1 —2pwzicos(—3m—0) + p2a?
n sin (1 — 0) sin (7 — 6)
p? —2pzicos(m—0)+2? 1—2pxycos(m—0)+ p2a?
1 sin (%ﬂ') cosf — cos (%ﬂ') sinf sin (%ﬂ') cos @ + cos (%ﬂ') sin §
= lim —
610 wsin® | p2 — 2pxy cos (37 — 0) + @3 p? —2pxy cos (37 + 0) + a3

_ sin (37) cos — cos (37) sinf  sin (37) cos® + cos (27) sin 6
1 —2pzycos (3m—0) +p2x?  1—2pwzicos (37 +0) + p2a?

. sin 6 sin 6
p?+2pxicosf+a? 1+ 2pwycosl+ p2a?
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) sin () cos cos (37) sinf
= lim— 1 2 1 2
010 wsing | p2 —2pxy cos (37— 0) + 27 p? — 2pwy cos (37 — 0) + x?
sin (%w) cos 6 cos (%w) sin 0
p? —2pxycos (3w +0) +a?  p?—2pwycos (37 +0) + a3
sin (%w) cos cos (%w) sin @

1 - 2pz;cos (37— 0) + p2a? + 1 — 2pxy cos (37 — 0) + pa?
sin (%77) cos 6 N cos (%7‘(’) sin
1—2pwxicos (37 +0) + p*a? 1 —2pxycos (37 +0) + pa?

L sin 6 sin 0
p?+2pzicosf+a? 1+ 2pxcosl+ p2a?

1 sin (%w) cos 0 sin (%7‘(‘) cos

im -
010 wsin® | p2 —2pzycos (i —0) +a?  p>—2pwzicos (37 +0) +ai

sin (%71’) cos sin (%71') cos

1—2paycos (3w +0) + pa? 1 —2pa; cos (37— 0) + pa?

gt sin sin @ n
im -
010 wsinf | p2+2pxicosf+ax2 1+ 2pxwycos+ p2a?

cos (37) sin6 B cos (47) sin6
p? —2pxycos (37 +6) + a3  p?—2pxycos(3m—0) +a?

cos (%Tf) sin 6 cos (%Tf) sin 6

1—2pzycos (37— 0) + p2x? 1 —2pwxicos (37 +0) + p?a?
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. 2VBcosh [ (p* —2pxyicos (374 0) +aF) — (p? — 2pwicos (37— 0) +23) 1
- %F(} 7 sin 6 ( 2_9 1. _ 2\ (2 _ 1 2
p px1 cos (31— 0) + a3) (p2 — 2pay cos (A7 + 0) + %)

+

(1 —2pzycos (7 —0) + p*a?) — (1= 2pwycos (im +0) + pa})
(1 — 2p 1 CoS ( T+ 9) +p xl) (1 — 2px1 CO8 (§7r 9) + ,0256%)

1 1 1
lim — —
* 9lo T | p2+2pwycosl + a2 1+2px1cos9+p2x%+

N

1
_ _ 2
p? —2pxicos (3m+0) + a1  p?—2pxicos (37 —0) +

1
3"

1 1
2 2
1 — 2pzy cos (3 — 0) + p2a? 1z 2pxy cos (37 + 0) + p?a?
. 2v/32pzy cos cos (37 —0) — cos (37 + 6)
= lim ' 2 _ I _ 2) (2 _ I 2
010 7 sin 0 (p? — 2pxy cos (37 — 0) + x2) (p* — 2px cos (37 + 0) + x7)

N cos (%WJr@) — cos (%7‘(*9)
(1 —2pxycos (37 +0) + p>a}) (1 — 2pay cos (37 — 0) + p2a?)

1 1 1

+ — —
7| p2+2px1+22  1+2px1 + p2a?

1 1 1 1

_ 2 _ 2 + 2 + 2
p?—prit+ai  p —pritai l—pri+pPe 11— par + pPad
I V3pxy 2sin (%TF) sin 6

= lim

010 wsin® | (p% —2pwy cos (37 — 0) + x2) (p? — 2pwy cos (37 + 6) + x3) *

2sin(§ )sin9
(1 —2pwzicos (37 +0) + p2x}) (1 — 2pxy cos (im — 0) + p2a?)

1 1 1 1 1
- - - +
™ (p2+2px1+x% L+2pa1 +p*2f  p? = pay +af 1—px1+p2w?>
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= lim
6l0 T

px

1

3

(p? — 2pxy cos (37

—0) +a?) (p? — 2pxycos (37 + 0) + a?) *

3
a (1 —2pwzicos (37 +0) + p2x}) (1 — 2pxy cos (im — 0) + p2a?)
n 1 1 1 1 n 1
T\ p2+2px1+22 1+4+2pm +p222 p2—pxi+2? 1—px+px
_ ( 3 3
T \(P?—pri+a3) (PP —pri+a?)  (1—pxr+p*a?) (1 - poi + p2a?)
n 1 1 1 1 n 1
T\ p2+2px1+22 1+42pm +p222 p2—pxi+a? 1—px+px
1 3pxy 3pxy 1
T (02 —par+ad)?  (1—par+p2})® PP F 2w+ a]
1 1 n 1
L+2px1 +p*2} p? —pxi+ax]  1—pai+pPe]
7.2. Derivation of a contour integral
As before
lim Gs (2,2) =
Z'QJ,O .TQ
1 rsin 6 rsind n
7w \a?—2z7cosf+ 12 1 —2xy7rcos + 22

By symmetry we find

+

+

Y
1

™

1
4+ =
m
1
4+ =
™

p? —2prcos (—3m—0)+r2  1—2prcos(—

rsin (7 —6)

rsin (7

1
37
im—0) + p?r?

p? —2prcos(m—0)+r?

1—2prcos(m—0

9))+p27'2>'

l rsin (9 — %7‘() rsin (9 %w) n
7\ @ —2xyrcos (0 — 27) 472 1—2myrcos (0 — 2m) + z3r?
1 rsin (0+ %w) rsin (9+ %w)
7 \ @ —2xyrcos (0 + 27) +12 1 —2xircos (0 + 27) + a?r?

lim —GS (Z v) =

Piin psin (37— )

—(pcos 1,psin )
rsin (%7‘(’ — 9) 7 sin ( )

2 (1 2 +

p —2prcos(§7r—9)—|—r 1—2p7"005( 9)—|—p
rsin (—%W—G) rsin (f —0)

)

)
5 )+
)
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The expression we want to compute explicitly is

m? / lim &5(2:%) AR L1 C2Y) N
zes \ 210 T2 Yin psin (%w — w)
y=(p cos1p,psinp)
1 plx 11
- /,:O /9: Z Z h(9+k%7r)£(77—9—|—m§ﬂ') dOr dr. (78)

0 e 1m=—1

As before with w = re*® we have m =1

2 . 2 . 2 . 2 .
) 1 Tzefkg‘m 3317267]657” 371727"2671957” efkrgﬂ'z
3 24 2 —kgﬂ'i -1 —kgﬂi —1,.9 —k‘zﬂ'i —kgrri
w—xirée 73 w—2x; e 73 w—x; re 73 w—rie 3
2 —
l (7r -0+ mgw) =
2 . —mZ i 2 2
1 T267m37rz p72e m37rz p72r26 m37rz e m37r7,
N ?Z — —mz‘n'i * — —mgﬂ'i B — —mgwi — —mgﬂ'i
—w — prie ™3 —w—p~le”™3 —w — p~lr2e”™3 —w — pe '3
9 —mZmi o —mZmi 2 -2 —mZmi 2
1 wr<e” "3 wp~ ‘e 3 wrep~“e” M3 we” M3
B 272 —mgﬂ'i + —mgﬂ'i B —mgﬂ'i B —mgﬂ'i
—72 —wpr2e” ™3 —r2 —wp~le”™3 —12 —wp~lr2e”™3 —r2 —wpe” ™3
1 w w w w
o QZp B —1 mgﬂ'i B 2 mgﬂ'i + mgﬂ'i + 2.1 m27r7,'
w+p e 3 w+repe 3 w+ pe 3 w+rep e 3
1 mgﬂ'i 2 mgﬂ’i mzfri 2 1 mgﬂ'i
1 pe’s rpe’"3 pe"3 rep e 3
2Zp —1,mami 2 Mg mgﬂi 2.1 mg'fri
w+p e 3 w+répe 3 w -+ pe 3 w+repe 3
Again the inner integral in (78) equals
ir 1 1
2 2 —
/ E E h(@—i—kgw)f(ﬂ—@—i—mgw)d@—
0=0 k=1 m=—1
1
e 2
= 3 > h 0+ kym ) L(m—0)do
0=0 =1
7 2 zy7? zy ! xy tr? x1
) _ z T -1 =192 . _
pPT1 Jo—o \ W — 1T w — Xy w—Ty'T w—7
2 7271'1’ —1 7271'1' —-1_2 727”5 T
xrir<e 3 xr, e 3 xry ree 3 xrie 3
+ +—1 -— +
i —1 —gﬂ'i —1 —gﬂi —271'2'
w —x1rle” 3 w—1x] € 3 w—x] r2e” 3 w—xz1e 3
2 gﬂ'i —1 2Tri —-1.2 gﬂ'i 27ri
T1roes Ty es Ty roes T1e3
* ™ —1 T B —1 zﬂi B gﬂi X
w — x172e3 w—x; e3 w—zy r?es3 w—x1€e3
y p! r2p o r2p~1 dw
w+p b w+rip wt+p w+ripl) w

leaving us with three different cases with each having 6 poles. Note that a pole in 0 does not contribute.

7.3. Computation of the contour integral

Let us assume that x7 < p. Then according to the size of r the integrand has different sets of poles. In the following
table we give a scheme in which we denote how we will split the integral (and which range of r corresponds with
which poles):
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poles due to: | h for k=0 h for k= —1 hfor k=1 /
range: \ ai. \ as. bi. \ bs. 1. \ cs. d;. ds.
7 —7__ 7T
re(0,z;) | L x1r? zl_lrz xr2e 3™ x1_17”26 3™ | xyr2e3™ xll 2637” —r2p | —r2p7!
2 - 7 2
r e (z,p) | IL || 2172 1 z1r2e” 3™ T1€” 37" x17r2e3™ z1e3™ —r2p | —r?p7!
p) , P p)
€ (p,1) I || 272 1 xr2e 3™ T 3™ x17r2e3™ x1e3™ —r2p —p
We consider the contribution in the following integral by each of the poles separately:
i 2 x1r? x] ot mflrz 1
] 3 T -1 —1.2
PT1 Jo=0 w — T1r w— Ty w—x°T w — T
2 —5mi —1 27rz -1 2 727”' T
ririe 3 T, e 3 Ty re 3 rie 3
+ -+ 2 . 2 . 7 T
w—xir2e 3™ w— 1’1_16_57” w — z1_11"26_§m w—xe 37
2 gﬂ'i —1 2Tri —-1_2 27” T
riroes T, e3 Ty rees r1e3
+ gﬂi 1 gﬂ'i - —1 zﬂi -
w — z112e3 w—x; €3 w—x] rle3 w— T1€3
p! . r2p P r2p-1 dw
w+p w+rZp w+p wHripl) w
I, IT and III, a;: pole at w = x;72.
—1 2 2 -1
- { p p  p 7 } _
-1 2 2 ,—1 -
4x1p w+p wtrip wHp wripT| e

B r2p o r2p=1
N 4951,0 x1r2+p x1r2+r2p 1124+ p  xr?+r2pt
_ - < P p  p! )
4x1p 3:17“2 +p~ xl +p wri+p xm+pt
_ ( p xilp  atp! )
41’1/7 zip+l zitp r24ailp r24a;ipl
I, a: pole at w =z 'r2.
= [ pt o p 7 ] _
drip lw+p~ 1 w+rp w+p w+rip! wea Tl
_ o ( ol . r2p - o B r2p=1 >
dx1p L2 4 p= eytr24r2p a2y 4 p aylr24r2pt
o z1pt T1p T1p 1
- 2 i T2 -
dx1p \r* + 1P 1+xp 7m+x1p p+a
T T1p T z1p”t z1p
= - T3 —1 7 2
dxip \1+z1p p+2x1 ré421p r2 4+ 2x1p
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IT and III, ay: pole at w = x.

67

r’p P B

B
dr1p |w+ p~1t

r2p=1
wHrp wHp w—&—r%‘l]wle a
r’p p

_ T ( P!
C dap \z+p?

_ T 1 1
C dxip \zip+1

7,.2[071 )
n+rp witp w2

_ I _ P 1 T X1
x1+713p w1 tp x1+12p~1
p z1p

T ( 1
= - +
drzip \z1p+1  z1+p

2 .
I, IT and III, b;: pole at w = z1r%e” 3™,

T‘2p

— xlpil
r2+x1p  r24ax1p7t

- [ ol

dr1p (w+p~ 1!

0 r2p=1
w+r2p_w+p_w+r2p1}

2 ) =
—q T
w=z11r2e 3

r%p B p

_ - p!
= 41’1[) xl,r,Qe_%ﬂ'i +p71

-1 _—1 2Tri

-7 xr, p el

2
z172e” 3™ 4+ 1r2p

r2p=1
7271'1' B 72771'
x1r2e” 3™ +p a2 3™ +1r2p~l

-1 __Smi
Ty pes

4z - 27
1p r2 4y tples™

™

p
2
x1e 37

hS)

1 2
+p 124z ped™

1 24
T, pes

4x1p -

2 .
I, by: pole at w = x7 'r2e” 3™,
9 p 1

—r pl r2p

P r’p”

+

—1 271'2'
+p  r2+x] ped

1

Az |wtpt

™ pfl

w+r2p_w+p_w+r2p—1

_ — S
w=x] 1r2¢73

7,,2p p 7’2/)71

dz1p

2 .
™ x1p tes™

zlpegﬂ'l

x71r267%Wi+ -1 1.2 _2 2 1.2 _24 1.2 _2. 2 1
1 p xryree 37 +rép  xyree 37 4+ p  xyrie 37 +1opT

gﬂ'i
T1pe3 xr1

4z 2
1P r2 4 xp-le3™

27”' 27”'
s xripe3d xr1e3’”

2_
14 z1pe3™

2 2_
r2 4+ xz1pe3”™  pe 37 + 13

2 . 2
I1p71637” l‘lp637”

2 .
4.’1}1[) 1 _i_xlpegfrz

2 .
p+l‘1€37”

- 2 (83)

3. ,
r2+xz1p~1e3™ 12+ x1pe3™
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2
II and III, by: pole at w = z1e” 37",
- [ p r’p p r2pt _
drip [w+p™t " wHrip whp  wArZpTl] L -Fw
R o . r2p P r2p1
o 4x P —gﬂi —gﬂ'i B —27Ti B —gﬂ'i
W Np1e™3™ +p7 1 x21e7 3™ +72p e 3™ +p  me 37 +1r2pl
2 2
—1 —§7TZ —§7TZ
- = ol - — 14—
TP\ gre™ 3™ 4 p—1 1" 3" +12p T 3" +p z1e” 3™ +r2p~1
2 . 2.
T 1 x1pe 8™ x1p te 3™
T 4 2. B 2'0 ; T = 2 . = 2 (84)
P\ ipe 3™ 41 me 3™ 4+p r24ape 3™ 124 3p-le 3™
I, IT and III, ¢;: pole at w = z17r2e3™.
- [ p! o p ! _
drip ([w+p™t  wHrip wtp  wHripTh| L g
_ - ol . r2p 0 - r2p1
4£1p 2 27ri —1 2 271'1' 2 2 27&'72 2 2Tri 2 -1
r1ir<e3”" +p xriree3” " +1rp z1re3” " +p r1ree3’ " +rep
1 2n 11— 2mi
— T 1 14 + 1‘1 pe 3 xl 14 e 3 (85)
= 2 2 2 2
41 p xlpegm +1 xleg'm +p r2 4+ x;lpefng r2 4+ x;1p7167§7”
. _ 1.2 271'2'
I, co: pole at w =z re3™.
. o p _
drip lw+p~ 1 w+rp w+p w+rip! w123
m p r2p _ p _ r?p”!
15 2mi . _ 2 2_ 3
drip \ wytr2es™ 4 p! x'r2e3™ £ r2p aTr2e3™ 4 p a7 'r2e3™ 4 r2p-!
2. 2. 2. 2.
T x1pe” 37 x1e” 3™ z1p e 3™ x1pe” 3™ (6)
2 . 2 . 2 . 2 .
dz1p 14+ x1pe” 3™  p+x1e 3™ r24a31p7le™3™ 124 xipe 3™
2
II and III, c5: pole at w = z1e3™".
. o p ! _
drip lw+p~t  w+rip whp w5
m p! r’p p r?p”!
- 4 p 2 + 2 . h 2 . - 5Tl 2,1
P \g1e3™ 4 p=1  z1e3™ 4r2p  pe3Ti4p L1€3T TP
2 2
1 gﬂ'l 571'7/
- 47T g 1o -1
TIP\ 21 pe3™ +1 13" +1r2p  x1e3™ +p z1e3™" 4+ r2p~1
_ 1 p piped™  mypledm (s7)
- 2 . - 2 . 2 . 2 .
dz1p z1pe3™ +1 3™ +p 124 z1pe3™ 124 m31p le3™
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I, IT and III, d;: pole at w = —7r2p.

T 172 z; ! xy 2 T
+ 15 - — +
dpry |w—217?  w—z7t w—z72 w-—u
PI1 1 1 1 1 w:—er
i 2 —gﬂi —1 —gﬂ'i -1 .2 —35mt g’
m ririe 3 rye 3 x| re 3 rie 3
+ 4p$1 —gﬂ'i -1 —27ri B -1 —2‘ﬂ'i B —3m +
w— x112e” 3 w—x] e 3 w—x] r2e” 3 w—xie 3 )
L w=-—r2p
i 2 2Tri —1 271'1' —1 2 =mi ST
T riries T, es Ty roes r1es
+ 4pz, 20 1 Zn 1o Zmi 2. -
w — x112e3 w—x] e3d w—xy r2e3™  w—1x1e3 .
L w=—r2p
T :c17’2 a7t x7 2 xq
_ + 1 o 1 _ +
dpry \—r2p -2 —r2p—ayt —r2p—ayr?2 —rPp—mx
2 7271'2 1 g’ 1.2 7271'2’
™ xrir<e 3 I rye 3 xr, rce 3 r1e 3 i
2 . 2 1.0 —27; 2
4pz —r2p —xir2e” 37 —r2p— xl_le_gm —r?p—xyrle i —r?p—mpe” 5T
) 2 .
™ x1r2e3™ zytes™ x7'r%e3™ z1e3™"
4px 20 1 24 - 25 20
PEL N —r2p —yr2e3™  —p2p—a7te3™  —p2p— g lr2e3™ —r2p— g1e3™
T T T 1p_1 1 .131/)_1
= o T2 -1 1 + + 3 —1
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T rie 3 T, p e 3 1 r1p” e 3
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T r1e3 T, p el 1 T1p el
4[)1’1 B gTri B 2 —1 1 ,27ri T 67%7”' +1 + 2 1 ,g‘ﬂ'i
p+xe3 r2+z] ple3d 1p r2 4 z1ples
T 1 z1 4
dpz; \1+z1p p+:1
—271'1' gﬂ'i
s 1 1 rie 3 rie3
4pl’1 27”; + 727”; B 7271'2' a 27‘[‘1
1+ 2pe3 1+2x1pe 3 p+xie 3 p+xie3
-1 -1 -1
rip Ty P T
4,0.%‘1 r2+xipt 24 atp
1 7271'%’ —1 1 7271’1'
T1p e 3 T, p e 3 n
4p1‘1 2 1 —%ﬂ'i 2 -1 __1 —gﬂ'i
r“+x1p” e re4xTpTe
1 gﬂi -1 1 gwi
x1p el Ty p el 88
4/)1’1 2 1 gﬂ'i B 2 -1 __1 271'1 ( )
r“+x1p” €3 re4x pTred
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I and II, dy: pole at w = —r?p~ L.

- [ xyr? T o7 2

_ 2 _ -1 — 1
4px1 W — 217 w — ] w we—r2p
i 2 . 2 . 2 .
T .%17'26_3#1 xl—le—Bﬂz 1—1 2 —3771 N
4pl‘1 2 —27ri -1 —gﬂi —1,.2 —2#1‘ —gﬂ'i
w—x1ree 3 w—x, € 3 w—1x, 1€ 3 w—1xr1e 3 _
L 1 1 w=—r2p—1

2 271'2' —1 27”- —1,..2 271'2' 27”;
-7 r1roes Ty es Ty rees
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xrr + Zq T I 4
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—T xrr
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o7 Tip p z1ip(2z1p—1)  p(2p— 1) n
dpry \1+x1p x1+p 1—mip+a3p® 22 —x1p+ p?
—1
7T Ty p Tap i
dpry \r2 +axylp 1+
1P 1P
1 g
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4px 2 27
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4p$1 2 zﬂ'i -1 271'1’ —1,.9 27”» gﬂ'i
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2 . 2 .
-7 1 1 1 1 n rie 3™ N r1e3™ n
- - - 2 2 : )
4PI1 ﬂ+$1 JC1,0+1 1+$1p6§7” 1+Z1p€7§7n p‘i’fﬂle 3 p+1’1637”
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+ < L P AP >+
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B + 52T 2 2
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7.4. Integration in the radial direction

It remains to combine the appropriate residues and integrate them with respect to r. We will still assume z1 < p.

e From 0 to 1:
The part that is integrated without distinction in formula from 0 to 1 we denote

1
/ Is (x1, p;r) rdr, (93)
r=0

where

I (z1, p;7) = #F(79) + F(s2) + F(85) + F(89)-
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We have
1
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2_. 2 . 2. 2
r2 + xl—lpe—gm r2 4+ xl—lpeng r2 4+ xlp_legm r2 4 xlp_le—gﬂz
2 . 2 .
-1 -1 _—5m —1 1 5mi
x e 3 T e3
p R P
7“2 + l‘l_lp_le_§7” 7“2 + xl—lp_legﬂ'z
T 2 2 2
= 3 1 + -+ - —3+
xr1p r1p + 1 + 21 pe 3™ 1 +x1p€37”
! L+a'p i (Lrap! Ly, (ke
+ay pn | —— | +ap In( ———— | -2z p | —— | +
T10~ -1
Ty P 1p Ty p
2 . 1 —1 37 2 . 1 —1 63‘”
+ 27 pe 3™ Ln o pe : + a7 pe3™L T '02 +
xl 1p€ 37 xl—lpegﬂ'z
2 . .
2. 1 “les™ 2. 1 ~lem3™
+ z1p te3™Ln Stmped : +x1p e 3™ Ln itmp e s 62 - +
J,‘lp_legﬂ—l xlp—le—gﬂ'z
2, 147! ’16_%ﬂ 2 . 14+t *le%”i
_ 2x1—1p71€—§an 711 14 - . 2x1_1pfle§an #2
] ple 3™ eTlp-1le3™
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= + +

3 3
8zip | 1+z1p 14+ xpe” 3™ 1+ xz1pe3™
+ 27 pLn (1 + a:lp_l) +z1p Ln (1 + xflp) — 227 p 7 n (1 + 21 p) +

1 72 i 1 2 . 1 2 . 1 72 .
+aype 3"Ln 1+ zp " e3™ | +a] pe3™In (1+x1p e 3™ | +

—1 27”' —1 —gﬂ'i —1 —27\'1' —1 2771'
+z1p "e3"Ln(1+2] pe 3 +xzip e 3" Ln | 14 2] pes +

-1 -1 —g‘n'i 271'2’ -1 -1 27‘ri —gﬂ'i
—2x7 p e 3™ In | 14 z1pe3 —2zy p te3™In 1+ x1pe” 3 (94)
e From 0 to p:
The part that is integrated without distinction in formula from 0 to p we denote
P
/ I7 (z1, p;7) rdr, (95)
r=0
where

I7 (w1, p;7) = #(30)-
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Hence

P
/ I7 (z1,p;r) rdr =
r=0

/p m ( np  __p o wmpQup-l)  p(2p-3) )+
r=0

dpry \1+z1p x1+p 1—mp+ap? 2% —z1p+p?

™ ( xi'p 21 )
+ 7 s e
pPr1 \r24+zy p Tret+x1p
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—1 —=
s Ty pe 3 r1ipe 3

4px 1 2
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m T, pes C171P€3
3 . dr
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_ T np  __p  wmpQup-l)  p(2p-a1) >7,2+
8pxy l+zip z1+p l—zip+aip? 22 —xz1p+ p?

+ :z:l_lan (T2 + :El_lp) — x1pLn (1"2 + I’lp) +
L2 ) L2 2 ) 2
+ x] pe 3" Ln (r° +xy pe 3™ | —x1pe 37 Ln | r* +x1pe” 37 | +

p

-1 271'1' 2 -1 27”- gﬂi 2 27”;
+ 27 pe3™'Ln | r° +x] pe3 —x1pe3™'Ln [ 7 + x1pe3

r=0
_ 7 ( np P z1p(2z1p—1)  p(2p— 1) 2,
8px1 l4+zip m+p l—wzp+aip? a2 —x1p+p?
2, -1 2
— +x +x
e pln (w) = rypln (W) n
xl T1p
1 2 p2+x;1p67%ﬂ'i 72 ) p2+x1p67%7ri
4+ pe 3" In | —————— | —@pe 3"Ln [ ————— | +
1‘1_1,08_§Tm $1p6_§m
2 . p2+x71pe%ﬂ'i 2 . p2+x pe%ﬂ'i
+ 27 ped™In | L | —21pe3™Ln 712

2 . .
-1 __ 3w T
T, pe3 r1pe3
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z1p (2z1p — 1)

_ 7 ( T1p p p(2p —x1)

8px1 l+z1p x14+p a2—x1p+p°

— z1pLln (1 —i—xl_lp) + 27 pln (14 21p) +
2 L 2. L2 2
—xpe” 3™ In {1+ 27 pe3™ | + a7 pe 3" Ln 1+ z1pe3™

27ri —1 727”2 —1 27”; 727”
—z1pe3™’Ln (1427 pe” 3 +2] pe3™Ln |1+ 21pe” 3

e From 0 to 7 :
The part of the formula which only concerns the interval (0, z1) we denote as

xr1
/ Ig (z1, p;r) rdr,
r=0

where
Is (w1, p;7) = #(s0) + #(s3) + F#(s6).

z1
/ Ig (w1, p57) rdr =

)+
))

2
+
1x1p+x?pz)p

=0
0 o T T x1pt T
= / ( L +21p 71_21p )rdr+
4z1p Jog \14+21p p+zx1 T2+ 2T1p 44+ 21p
2 2
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+ 4 / i 3 _gﬂ; + i 3 L - | rdr+
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2 2
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2 2
_ 7 /“ T1p T z1pe3™ N xype” 3™ ) )
- - 2 . 2 . 2 . ;
dv1p Jr=o \ 110 ptm 1+zipe3™ 14xpe 3™  pe 3™ 421 pe3™ +a;
0 o xip ! T
+ / ( 2 - 17 2 - ) rdr+
4z1p Jo—g \ 7% + 1p re42x1p
2 ,
0 1 xip te3™ T1pe3™
+ / 1P 5 — 1P - | rdr+
4z1p Jr=o r2+xzpte3™  r24m3ipe3™

2 .
— a5 T

zTipe 3

rdr

2 .

47 o zip e 3™ B

4:171p =0 2 1 727”; 2 727”'
r= re+xi1p e 3 r“+x1pe 3
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_ T rip X (2zip—Daip (221 —p)m )xz
Brip \1+a1p ptar 1—mp+aip® p>—ap+ai)™’
1 2
L W—an <W> ~ 21pln (W» N
T1p T1p
2
2 —1 3T 2 3
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xlp_legﬂ'z :E1pe3m
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z1p~te 37 zipe” 3™

2 -1 2z —
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8m1p<1+:v1p ptraxr  1—mzp+taip? p?—zip+ai
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7 L 2. 2 2 . L 2.
+ T1p e3In (1 +x1pe” 3™ | —x1pe3™Ln(1+z1p e 37 | | +
81‘1,0
i 1 —2mi 2 1 2
+ —— | z1p e 3" Ln (14 xpe3 —z1pe 3 In(1+ap te3
8x1p

s ;1:2( T1p _ X + (21‘1,071)131[) _ (21’17[))1‘1 >
8rip ' \1+xzip ptar 1-mzp+alp? p*—aip+al

2 2 2
+ 87r zp ! (Ln(l + x1p) +€3™'Ln (1 +x1pe_37”) +e 3™Ln (1 —&—xlpesﬂz)) +
T1p

™ —1 2Tri -1 727”' 7271'1’ —1 27”;
3 x1p Ln(l—f—xlp )+63 In{1+4+x1p e 3 +e 3"In(1+z1p "e3 .
ayy
e From z1 to 1:
The part that is integrated without distinction in formula from z; to 1 we denote as

1
/ 19 (xlvp;r) Tdr7
rT=x1

Iy (w1, p;7) = #(s1) + F#(sa) + F(s7).

where

1
/ Iy (z1,p;7r) rdr =
T=x1

1
T 1 p r1p
= — + rdr+
4$10/r_x1<$1ﬂ+1 Titp  rP4ap T2+$1P )
2
-3

. 2

T ! 1 P x1pe” 37" x1p te”3™
+ 4 / —2n B _2.. T 2 “1,—2mi rdr+

TP Jr=21 \ 21pe™3™ 41 xe 3™ +p  r24z1pe Fri r?taplens

1 2771’ —1 271'2'

T 1 p x1pel x1p esd d
+ A 2 2 + 2 7 | rar

P 1 \z1pe3™ +1 113" +p 124 w31pe3™ 124 x1p le3™

7

(98)
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1
T 1 1 1
= 1 / ( 1~ 4 5 + 5 — 2p - 2'0‘ >’/‘d’l”+
TP Sz \TIPHEL TR L 063 1 1 b aiped™ e 3™ 4 p @e3™ 4
1 -1
7r x T
+ / 3 L0 5 1P _1> rdr+
4x1p o \T —l—xlp 44 21p
2 .
3 —leg73™
4 x1pe” - x1p” e N rar+
331,0 r2+x1pe 37 r2 + z1p~le 3™
2
3 —le3™
4 x1pe __mp e S
x1p r2+x1pe3 T g2 g ple3d™
2 — 2p —
= ( 551/72 2 2( £ xl)p2> (1*I%)+
8x1 p+1 x1+p 1—mp+aip® zi—z1p+p

1
1+x1p ) - < 1+x1p71 ))
— X LH LH —_—— +
8x1p ( P (:cl tap) 23 +aip !

2 .
2 . 1 —3m 2 1 1,—3mi
+ Sﬂ r1pe” 3™'Ln + Tupe —_— —x1p te 3™ Ln top e 5— +
L1p x1+$1p —3m x%—l—xlp—le*gm
2 . 1 37” 2 . 1 1,37
T1pe3™ ' Ln Lrmpes —x1p te3™Ln trp e . (100)
8x1p 3+ xlpes 22 + w1 p—le3™
e From p to 1:
The last remaining part is
1
/ IlO (xlap; 7") T'd’l", (101)
r=p
where
Lo (21, p57) = #(92) =
_2. 2 .
s 1 1 1 1 N r1e” 3™ N x1e3™ N
- - - 2 2. 2 2
dpx1 \ pt+ 11 z1p+1 1+z1p€§777, 1+$1pe—§m p—|—$16_§ﬂ-z p—|—l‘16§m

- [ _ai'p 1p
+ 1 5 T 3
px1 \1°+x p T+ 2T1P

—r $1_1p€§7m $1p€§7m
+ 1 — - — | +
xr — ST ST
PEL\ 12 4 a7 pe3™  p2 4 ype3™
—1 —gwi —gﬂ'i
- xy pe 3 xripe 3
4pz 1 24 25
PEL\ p2 4 2 7lpe™3™ 42 4 pipe 3™
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We obtain

1
/ Lo (z1,p;7r) rdr =

=p

- s /1 1 _ I 4 271‘1,0 (p72£171)l‘1
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p? + z1p p?+aitp
2 . 2
2 1 3T 2 1 —1 3™
+ 21pe3™Ln % — x;lpe3an %
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1
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2.0 1+ pe%” 2 p+x e’%’”
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2 2
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p
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7.5. Conclusion of Case 4)
Adding the formulae in (94), (96), (98), (100) and (102) we obtain

8$1P7T2/ lim Gs(z,2) lim Gsl(zﬁy)
s

us z2l0 T2 oTim psin (§7r — w)
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+z7 ' pLn (1+z1p ") +z1p 'L (1 + 27 'p) — 227 'p~ 'Ln (1 4+ 21p) +

+ —1 —gﬂ'i —1 2711’ —1 gﬂi —1 —gﬂ'i
xy pe 3" In(14+xp €3 +ay pe3™Ln|1+21p e 3 +
1,27 1 —2m 1,2 1 2ni
+axp e3"Ln(14+x] pe 3™ | +x1p e 3" Ln (1427 pe3™ | +
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1 1 2—x1p (p—2x1) 21 9
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_ _ _ _ p+x
+a27ln (142 D4z lpln(l+2 —len<>+
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After this very tedious calculation the enumerator of (77) can be listed as

1 A-—mp)2-p*"—af) (z1—p)° (z1+p)°

2
—(p—z1) + -2
8x1pm (p=a1) 1+ z1p P2 —x1p+ 23
1 _x2 2 2 _xQ 2 1 2 2 2
+2( ir°) ( 212 ) +221pIn (z1p+ )2 p 331P+23712
L —zp+aip (z1+p)° L —21p+27p
1 1- ip? 3
¥ (W _L_m _) W LTI A aetan [ 22V ) ) | (104)
T p TP (14 z1p) 2—a1p

Now an inspection of Ti3 reveals that it has three local maxima, namely at (0,1), (1,0) and (1,1). See Figure
4. These points have already been considered in the previous cases. This concludes the proof of Theorem 1.

Figure 4: z € Ty and y € T's with |y| = p: Ti3(z1, p)

Note added in proof: We would like to thank R. Banuelos for pointing out that our result also provides a
counterexample to a conjecture that recently appeared in [1].
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