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1 Introduction

Like Boggio [Bo1] and Hadamard [Ha] (1901/08) one might conjecture that positive data
f ≥ 0, ϕ ≥ 0, ψ ≥ 0 in the clamped plate equation


(−∆)2u = f in Ω,

u|∂Ω = ψ,

(
∂

∂ν

)
u|∂Ω = ϕ,

(1)

yield positive solutions u ≥ 0. Here Ω ⊂ R
n is the “shape of the plate” (physically relevant

for n = 2), ν is the exterior unit normal at ∂Ω, f is the (perpendicular) load, ϕ and ψ are
the boundary data and u is the deflection of the “plate”.

Most authors concentrated on the Green function G2,n,Ω for the Dirichlet problem (1)
in case of homogeneous boundary data ϕ = ψ = 0. Boggio [Bo2] could show by explicit
calculation that the Green function Gm,n,Ω for any power (−∆)m is positive if Ω = B ⊂ Rn

is the (unit) ball. Numerous counterexamples ([Du], [Ga], [CD], [ST] and many others) have
shown that this result actually does not hold in arbitrary domains Ω. A perturbation theory
for Boggio’s positivity result has been developed by the authors in [GS1] with respect to
lower order terms of the differential operator and in [GS2] with respect to the domain and
the highest order terms of the differential operator in two dimensions.

In the present note we focus on the role of the boundary data ϕ and ψ. Hence we may
assume that f = 0. As we pointed out in [GS3] if ψ = 0 the positivity behaviour of the
Dirichlet problem (1) with respect to the highest order datum is more or less the same as
with respect to the right-hand side. But if also ψ ≥ 0, ψ � ≡0 is considered the situation
becomes more involved. From [Nic, p. 34] we take

u(x) =
∫

∂B

K2,n(x, y)ψdω(y) +
∫

∂B

L2,n(x, y)ϕ(y) dω(y), x ∈ B,(2)

where

K2,n(x, y) =
1

2ωn

(1 − |x|2)2

|x− y|n+2

{
2 + [n− 4)x · y − (n− 2)|x|2

}
,(3)
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L2,n(x, y) =
1

2ωn

(1 − |x|2)2

|x− y|n ,(4)

x ∈ B, y ∈ ∂B, ωn denotes the (n− 1)-dimensional surface area of the unit ball. Evidently
L2,n > 0 for any n, while K2,n > 0 only and n ≤ 4 and K2,n changes sign for n ≥ 5. Moreover
perturbation results like Theorem 7 below could have been shown only for n ≤ 3, see [GS3].

In the next section we will show that the Dirichlet problem (1) may be reformulated
ina way such that we have a positivity result with respect to both boundary data in any
dimension. Moreover for n ≤ 3 and in particular for n = 2 the above mentioned result may
be sharpened so that if ψ(x0) > 0 for some x0 ∈ ∂B, close to x0 also negative values for ϕ
are admissible.

In the last section we switch to polyharmonic Dirichlet problems of arbitrary order 2m
and develop a perturbation theory of positivity with respect to the Dirichlet data of order
(m− 1) and (m− 2), provided the other boundary data are preccribed homogeneously and
the positivity assumption is posed in an adequate way.

2 The adequate positivity assumption for the clamped plate
equation

In order to find the adequate positivity assumption on the boundary data in the Dirichlet
problem


(−∆)2u = 0 in B,

u|∂B = ψ,

(
∂

∂ν

)
u|∂B = ϕ,

(5)

the key observation is that the negative part of the kernel K2,n corresponding to ψ has the
form as the kernel L2,n corresponding to the datum ϕ.

Lemma 1. Let s ∈ R, s ≥ 1
2(n− 4). Then for

K̂2,n,s(x, y) := K2,n(x, y) + sL2,n(x, y), x ∈ B, y ∈ ∂B,(6)

we have

K̂2,n,s(x, y) > 0.

Proof. We observe that for x ∈ B, y ∈ ∂B (i.e. |y| = 1) we have

K2,n(x, y) =
1

2ωn

(1 − |x|2)2

|x− y|n+2

{
n

2
(1 − |x|2) − n− 4

2
|x− y|2

}

=
n

4ωn

(1 − |x|2)3

|x− y|n+2
− n− 4

2
L2,n(x, y).

2
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Proposition 2. Let ϕ ∈ C0(∂B), ψ ∈ C1(∂B). We assume that for some number s ≥
1
2(n− 4) there holds

ψ(x) ≥ 0 and ϕ(x) ≥ sψ(x) for x ∈ ∂B.

Then the uniquely determined solution u ∈ C4(B) ∩ C1(B) of the Dirichlet problem (5) is
positive:

u ≥ 0 in B.

Proof. From (2) and (6) there follows:

u(x) =
∫

∂B
K2,n(x, y)ψdω(y) +

∫
∂B

L2,n(x, y)ϕ(y) dω(y)

=
∫

∂B
K̂2,n,s(x, y)ψdω(y) +

∫
∂B

L2,n(x, y)
(
ϕ(y) − sψ(y)

)
dω(y).

2

Remark. For n = 1, 2, 3, also negative values for s are admissible.

We are interested in whether this positivity result remains under perturbations of the
prototype problem(5). As in higher order Dirichlet problems quite similar phenomena can
be observed, we develop the perturbation theory for the biharmonic Dirichlet problem (5) as
a special case of the perturbation theory for the polyharmonic Dirichlet problem (7) below.
The latter is subject of the following section.

3 Higher order equations. Perturbations

In what follows we always assume m ≥ 2.
First we consider the polyharmonic prototype problem:



(−∆)mu = 0 in B,(
− ∂

∂ν

)j
u = 0 on ∂B for j = 0, . . . , m− 3,(

− ∂
∂ν

)m−2
u = ψ on ∂B,(

− ∂
∂ν

)m−1
u = ϕ on ∂B.

(7)

Except in the radial case u = u(|x|) (see [Sor, Proposition 1, Remark 9]) no positivity result
can be expected with respect to the boundary data of order 0, . . . , m − 3, so we prescribe
them homogeneously.

After some elementary calculations we find from [Ed] or directly from (2) that for ϕ ∈
C0(∂B), ψ ∈ C1(∂B) the solution u ∈ C2m(B) ∩ Cm−1(B) to the Dirichlet problem (7) is
given by

u(x) =
∫

∂B

Km,n(x, y)ψ dω(y) +
∫

∂B

Lm,n(x, y)ϕ(y) dω(y), x ∈ B,(8)

where

Km,n(x, y) =
1

2m (m− 2)!ωn

(1 − |x|2)m

|x− y|n+2

{
n(1 − |x|2) − (n− 2 −m)|x− y|2

}
,(9)
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Lm,n(x, y) =
1

2m−1 (m− 1)!ωn

(1 − |x|2)m

|x− y|n ,(10)

x ∈ B, y ∈ ∂B. As in Section 2 we have

Lemma 3. Let s ∈ R, s ≥ 1
2(n− 2 −m)(m− 1). Then for

K̂m,n,s(x, y) := Km,n(x, y) + sLm,n(x, y), x ∈ B, y ∈ ∂B,(11)

we have

K̂m,n,s(x, y) > 0.

Proposition 4. Let ϕ ∈ C0(∂B), ψ ∈ C1(∂B). We assume that for some number s ≥
1
2(n− 2 −m)(m− 1) there holds

ψ(x) ≥ 0 and ϕ(x) ≥ sψ(x) for x ∈ ∂B.

Then the uniquely determined solution u ∈ C2m(B) ∩ Cm−1(B) of the Dirichlet problem (5)
is positive:

u ≥ 0 in B.

As a starting point for the peturbation theory of Proposition 4 we describe the essential
properties ot the integral kernels K̂m,n,s and Lm,n.

For brevity we introduce a notation for the boundary distance

d(x) := 1 − |x| , x ∈ B.(12)

Lemma 5. a) Let s ≥ 1
2(n− 2 −m)(m− 1). On B × ∂B (i.e. for x ∈ B, y ∈ ∂B) we have

K̂m,n,s(x, y)

{
� |x− y|−n−1d(x)m,


 |x− y|−n−2d(x)m+1,
(13)

Lm,n(x, y) ∼ |x− y|−nd(x)m.(14)

b) If we assume additionally that s > 1
2(n− 2 −m)(m− 1) then we have on B × ∂B:

K̂m,n,s(x, y)

{
� |x− y|−n−1d(x)m,


 |x− y|−nd(x)m,
(15)

Here for f, g : M ⊂ Rk → R+ we used the notation:

f ∼ g ⇔ ∃C > 0 ∀x ∈ M :
1
C
f(x) ≥ g(x) ≤ Cf(x),

f � g ⇔ ∃C > 0 ∀x ∈ M : f(x) ≥ Cg(x).

Proof of Lemma 5. The claim follows from 1 − |x|2 ∼ d(x), d(x) ≤ |x− y| and

Km,n(x, y) =
n

2m (m− 2)!ωn

(1 − |x|2)m+1

|x− y|n+2
− 1

2
(n− 2 −m)(m− 1)Lm,n(x, y).
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Remarks. 1) The estimation constants in (15) depend stronly on s.
2) If s = 1

2(n − 2 − m)(m − 1) then we have K̂m,n,s(x, y) ∼ |x − y|−n−2d(x)m+1, i.e. for
x → ∂B we have a zero of order m. We would have expected and actually need in order
to prove perturbation results a zero of order m. Consequently in what follows we have
to assume s > 1

2(n − 2 − m)(m − 1). The estimate (15) is more appropriate. But as
K̂m,n,s(x, y) � ∼|x − y|−n−1d(x)m our perturbation result Theorem 7 below is (necessarily ?)
less general than the corresponding results in [GS1] and [GS2]. In particular we are not yet
able to consider domain perturbations.

For our purposes the following “3-G-type” estimates are essential. We use the multiindex
notation Dα =

∏n
i=1

(
∂

∂xi

)αi

for α ∈ N
n
0 ; |α| =

∑n
i=1 αi. We recall that Gm,n denotes the

Dirichlet Green function for (−∆)m in the unit ball B ⊂ Rn.

Lemma 6. Let s > 1
2(n− 2 − m)(m− 1), α ∈ N

n
0 Then on B × ∂B × B (i.e. for x ∈ B,

y ∈ ∂B, z ∈ B) we have the following.

|Dα
z Gm,n(x, z)| K̂m,n,s(z, y)

K̂m,n,s(x, y)
�

�
{

1, if |α| < 2m− n,

|x− z|2m−1−n−|α| + |y − z|2m−1−n−|α|, if |α| ≥ 2m− n.

(16)

|Dα
z Gm,n(x, z)|Lm,n(z, y)

Lm,n(x, y)
�

�




1, if |α| < 2m− n and n odd,

or if |α| < 2m− n,

log
(

3
|x− z|

)
, if |α| = 2m− n and n even,

|x− z|2m−n−|α| + |y − z|2m−n−|α|, if |α| > 2m− n.

(17)

Proof. We repeatedly employ d(x) ≤ |x− y| (y ∈ ∂B) without mention.
a) Proof of (16): We use estimate (15) of Lemma 5
The case: |α| ≤ 2m− n and n odd, or |α| < 2m− n.
Here we use Corollary 10.

|Dα
z Gm,n(x, z)| K̂m,n,s(z, y)

K̂m,n,s(x, y)
�

d(x)m−n
2 d(z)m−n

2
−|α| min

{
1, d(x)n/2d(z)n/2

|x−z|n
}

d(z)m

|z−y|n+1

d(x)m

|x−y|n

� d(x)−
n
2 d(z)2m−n

2
−|α| min

{
1,

d(x)
n
2 d(z)

n
2

|x− z|n

}
|y − z|−n−1 (|x− z|n + |y − z|n)

� d(z)2m−|α||y− z|−n−1 + d(x)−
n
2 d(z)2m−n

2
−|α|

(
d(x)
d(z)

)n
2

|y − z|−1

= d(z)2m−|α||y− z|−n−1 + d(z)2m−n−|α||y − z|−1 � |y− z|2m−1−n−|α|.

5



The case: |α| = 2m− n and n even.
We use Lemma 9.

|Dα
z Gm,n(x, z)| K̂m,n,s(z, y)

Km,n,s(x, y)

�
log

(
2 + d(z)

|x−z|

)
min

{
1, d(x)

|x−z|

}m
min

{
1, d(z)

|x−z|

}max{m−|α|,0}
d(z)m

|z−y|n+1

d(x)m

|x−y|n

�
(

1 +
d(x)
|x− z|

)
d(x)−md(z)m min

{
1,

d(x)
|x− z|

}m

·min
{

1,
d(z)

|x− z|

}max{m−|α|,0}
|y− z|−n−1 (|x− z|n + |y− z|n)

=
{
d(x)−md(z)m|y − z|−n−1|x− z|n + d(x)−md(z)m|y − z|−1

+d(x)−md(z)m+1|y− z|−n−1 + d(x)−md(z)m+1|y − z|−1|x− z|−1
}

·min
{

1,
d(x)
|x− z|

}m

min
{

1,
d(z)

|x− z|

}max{m−|α|,0}

� d(x)−md(z)m|y − z|−n−1|x− z|n
(

d(x)
|x− z|

)min{m,n}

·
(
d(x)
d(z)

)max{m−n,0} (
d(z)

|x− z|

)max{m−|α|,0}

+d(x)−md(z)m|y− z|−1

(
d(x)
d(z)

)m

d(x)−md(z)m+1|y − z|−n−1|x− z|n−1

(
d(x)
|x− z|

)min{m,n}−1

·
(
d(x)
d(z)

)1+max{m−n,0} (
d(z)

|x− z|

)max{m−|α|,0}

+d(x)−md(z)m+1|y− z|−1|x− z|−1

(
d(x)
d(z)

)m

∼ d(z)n|y− z|−n−1 + |y − z|−1 + d(z)|y− z|−1|x− z|−1

� |x− z|−1 + |y− z|−1.

The case: |α| > 2m− n and |α| ≤ m.
We use Lemma 9.

|Dα
z Gm,n(x, z)| K̂m,n,s(z, y)

K̂m,n,s(x, y)

�
|x− z|2m−n−|α| min

{
1, d(x)

|x−z|

}m
min

{
1, d(z)

|x−z|

}m−|α|
d(z)m

|z−y|n+1

d(x)m

|x−y|n
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� d(x)−md(z)m|x− z|2m−n−|α||y− z|−n−1

·min
{

1,
d(x)
|x− z|

}m

min
{

1,
d(z)

|x− z|

}m−|α|
(|x− z|n + |y − z|n)

� d(x)−md(z)m|x− z|2m−|α||y− z|−n−1

(
d(x)
|x− z|

)m (
d(z)

|x− z|

)m−|α|

+d(x)−md(z)m|x− z|2m−n−|α||y − z|−1

(
d(x)
d(z)

)m

� d(z)2m−|α||y− z|1−n + |x− z|2m−n−|α||y − z|−1

� |x− z|2m−1−n−|α| + |y − z|2m−1−n−|α|.

The case: |α| > 2m− n and |α| > m.

|Dα
z Gm,n(x, z)| K̂m,n,s(z, y)

K̂m,n,s(x, y)

�
|x− z|2m−n−|α| min

{
1, d(x)

|x−z|

}m
d(z)m

|z−y|n+1

d(x)m

|x−y|n

� d(x)−md(z)m|x− z|2m−n−|α||y− z|−n−1

·min
{

1,
d(x)
|x− z|

}m

(|x− z|n + |y − z|n)

� d(x)−md(z)m|x− z|2m−|α||y− z|−n−1

(
d(x)
|x− z|

)min{m,n} (
d(x)
d(z)

)max{m−n,0}

+d(x)−md(z)m|x− z|2m−n−|α||y − z|−1

(
d(x)
d(z)

)m

� d(z)min{m,n}|x− z|m−|α|+max{m−n,0}|y− z|−n−1 + |x− z|2m−n−|α||y − z|−1

� |x− z|m−|α|+max{m−n,0}|y− z|min{m−n,0}−1 + |x− z|2m−n−|α||y − z|−1

� |x− z|2m−1−n−|α| + |y − z|2m−1−n−|α| by Hölder’s inequality.

b) The proof of (17) is almost analogous to the above reasoning with the obvious simplifica-
tions: In the numerator 1

|y−z|n+1 has to be replaced by 1
|y−z|n . Only the case |α| = 2m − n

and n even is different and will be carried out here.
The case: |α| = 2m− n and n even.
We use Lemma 9.

|Dα
z Gm,n(x, z)| K̂m,n,s(z, y)

Km,n,s(x, y)

�
log

(
2 + d(z)

|x−z|

)
min

{
1, d(x)

|x−z|

}m
min

{
1, d(z)

|x−z|

}max{m−|α|,0} d(z)m

|z−y|n

d(x)m

|x−y|n

� log
(

3
|x− z|

)
d(x)−md(z)m|y− z|−n (|x− z|n + |y− z|n)
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·min
{

1,
d(x)
|x− z|

}m

min
{

1,
d(z)

|x− z|

}max{m−|α|,0}

� log
(

3
|x− z|

)
d(x)−md(z)m|y− z|−n|x− z|n

·
(

d(x)
|x− z|

)min{m,n} ( )max{m−n,0}
(

d(z)
|x− z|

)max{m−|α|,0}

+ log
(

3
|x− z|

)
d(x)−md(z)m

(
d(x)
d(z)

)m

� log
(

3
|x− z|

)
d(z)n|y − z|−n + log

(
3

|x− z|

)
� log

(
3

|x− z|

)
.

2

The estimates (16) and (17) in the Lemma above are integrable with respect to z ∈ B
uniformly in x ∈ B, y ∈ ∂B, if |α| ≤ 2m− 2. Our main result is a direct consequence of this
fact.

Theorem 7. Let s > 1
2(n− 2 −m)(m− 1). Then there exists ε0 = ε0(m, n, s) > 0 such that

the following holds.
If ‖bα‖C|α|(B) ≤ ε0 for |α| ≤ 2m− 2, then for every ϕ ∈ C0(∂B), ψ ∈ C1(∂B) with

ψ ≥ 0

ϕ ≥ sψ

}
on ∂B, ψ � ≡0 or ϕ � ≡0,

the Dirichlet problem


(−∆)mu +
∑

|α| ≤ 2m− 2bα(x)Dαu = 0 in B,(
− ∂

∂ν

)j
u = 0 on ∂B for j = 0, . . . , m− 3,(

− ∂
∂ν

)m−2
u = ψ on ∂B,(

− ∂
∂ν

)m−1
u = ϕ on ∂B.

(18)

has a strictly positive solution u ∈ W 2m,p
loc (B) ∩Cm−1(B) (p > 1 arbitrary):

u > 0 in B.

Proof. For existence and regularity we refer to [ADN] and [Ag]. First we assume additionally
ψ ∈ Cm+2,γ(∂B), ϕ ∈ Cm+1,γ(∂B). We denote ϕ̂s = ϕ − sψ. Let p > 1 be arbitrary. The
operator

Lm,nϕ̂s(x) :=
∫

∂B
Lm,n(x, y)ϕ̂s(y) dω(y)

maps Lm,n : Cm+1(∂B) → C2m,γ(B) ↪→ W 2m,p(B),

K̂m,n,sψ(x) :=
∫

∂B
K̂m,n,s(x, y)ψ(y) dω(y)

8



maps K̂m,n,s : Cm+2(∂B) → C2m,γ(B) ↪→ W 2m,p(B), while the Green operator

Gm,nf(x) :=
∫

B
Gm,n(x, y)f(y) dy

maps Gm,n : Lp(B) → W 2m,p(B), see [ADN]. We write A :=
∑

|α|≤2m−2 bα( . )Dα. The
solution of (18) is given by u = −Gm,nAu+ K̂m,n,sψ +Lm,nϕ̂s or (I + Gm,nA)u = K̂m,n,sψ +
Lm,nϕ̂s. Here I + Gm,nA is a bounded linear operator in W 2m,p(B), which for sufficiently
small ε0 is invertible. Hence

u = (I + Gm,nA)−1 K̂m,n,sψ + (I + Gm,nA)−1 Lm,nϕ̂s

= K̂m,n,sψ +
∞∑
i=1

(−Gm,nA)i K̂m,n,sψ + Lm,nϕ̂s +
∞∑
i=1

(−Gm,nA)i Lm,nϕ̂s.

We only show how to deal with the first series containing K̂m,n,s, the second series containing
Lm,n is treated in the same way with some obvious simplifications. For i ≥ 1 we integrate by
parts. As A is of order ≤ 2m− 2 and K̂m,n,sψ vanishes on ∂B of order m− 2 no additional
boundary integrals arise. By means of Fubini-Tonelli we obtain for x ∈ B:

(−)i K̂m,n,sψ(x) = (−1)i

∫
z1∈B

G2,n(x, z1)A‡∞

∫
‡∈∈B

G∈,\(‡∞, ‡∈)

. . . · Azi−1

∫
zi∈B

G2,n(zi−1, zi)Azi

∫
y∈∂B

Kn(zi, y)ψ(y) dω(y)dzi . . . dz1

= (−1)i

∫
z1∈B

(
A∗

z1
G2,n(x, z1)

) ∫
z2∈B

(
A∗

z2
G2,n(z1, z2)

)
. . .

. . .

∫
zi∈B

(
A∗

zi
G2,n(zi−1, zi)

) ∫
y∈∂B

Kn(zi, y)ψ(y)dω(y)dzi . . . dz1

= (−1)i

∫
B
· · ·

∫
B

∫
∂B

(
A∗

z1
G2,n(x, z1)

) (
A∗

z2
G2,n(z1, z2)

)
· . . .

. . . ·
(
A∗

zi
G2,n(zi−1, zi)

)
Kn(zi, y)ψ(y)dω(y)d(z1, . . . , zi).

Here A∗ . =
∑

|α|≤2m−2(−1)|α|Dα(bα . ) is the (formally) adjoint operator of the perturbation
A. By virtue of Lemma 6 we find:

∣∣∣(−Gm,nA)i K̂m,n,sψ(x)
∣∣∣ ≤

∫
∂B

∫
B

· · ·
∫

B

Kn(x, y)

∣∣A∗
z1
G2,n(x, z1)

∣∣ Kn(z1, y)
Kn(x, y)

·
∣∣A∗

z2
G2,n(z1, z2)

∣∣ Kn(z2, y)
Kn(z1, y)

· . . .

. . . ·
∣∣A∗

zi
G2,n(zi−1, zi)

∣∣ Kn(zi, y)
Kn(zi−1, y)

ψ(y) d(z1, . . . , zi)dω(y)

≤ (C0ε0)i
∫

∂B
Kn(x, y)ψ(y) dω(y) = (C0ε0)i

(
K̂m,n,sψ

)
(x).

Analogously we have:∣∣∣(−Gm,nA)i Lm,nϕ̂s(x)
∣∣∣ ≤ (

Ĉ0ε0

)i
(Lm,nϕ̂) (x).
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The constants C0 = C0(m, n, s), Ĉ0 = Ĉ0(m, n) do not depend on i. If ε0 = ε0(m, n, s) > 0
is chosen sufficiently small, we come up with

u ≥ 1
C

K̂m,n,sψ +
1
C
Lm,nϕ̂s.(19)

The general case ϕ ∈ C0(∂B), ψ ∈ C1(∂B) follows from (19) with help of approximation,
the maximum estimates of [Ag] and local Lp-estimates [ADN]. 2.

A Appendix

For the reader’s convenience here we collect a technical lemma and the Green function esti-
mates from [GS1].

Lemma 8. On B2 (for x, y ∈ B) we have with p, q ≥ 0 fixed:

i. min
{

1,
d (y)
|x− y|

}
∼ min

{
1,

d (y)
d (x)

,
d (y)
|x− y|

}
,

ii. min
{

1,
d (x) d (y)
|x− y|2

}
∼ min

{
d (y)
d (x)

,
d (x)
d (y)

,
d (x) d (y)
|x− y|2

}
,

iii. min
{

1,
d (x)p d (y)q

|x− y|p+q

}
∼ min

{
1,

d (x)p

|x− y|p ,
d (y)q

|x− y|q ,
d (x)p d (y)q

|x− y|p+q

}
,

iv. min
{

1,
d (x)p d (y)q

|x− y|p+q

}
∼ min

{
1,

d (x)
|x− y|

}p

min
{

1,
d (y)
|x− y|

}q

.

On B2 (for x, y ∈ B) we have with p, q ≥ 0 and p + q > 0 fixed:

v. log
(

1 +
d (x)p d (y)q

|x− y|p+q

)
∼ log

(
2 +

d (y)
|x− y|

)
min

{
1,

d (x)p d (y)q

|x− y|p+q

}
.

Lemma 9. Let α ∈ Nn. Then on B2 we have the following.

1. For |α| ≥ 2m− n and n odd, or, |α| > 2m− n and n even:

(a) if |α| ≤ m then

|Dα
xGm,n (x, y)| � |x− y|2m−n−|α| min

{
1,

d (x)m−|α| d (y)m

|x− y|2m−|α|

}
;

(b) if |α| ≥ m then

|Dα
xGm,n (x, y)| � |x− y|2m−n−|α| min

{
1,

d (y)m

|x− y|m
}
.

2. For |α| = 2m− n and n even:

10



(a) if |α| ≤ m (that is m ≤ n) then

|Dα
xGm,n (x, y)| � log

(
2 +

d (y)
|x− y|

)
min

{
1 ∧ d (x)m−|α| d (y)m

|x− y|2m−|α|

}
;

(b) if |α| ≥ m (that is m ≥ n) then

|Dα
xGm,n (x, y)| � log

(
2 +

d (y)
|x− y|

)
min

{
1 ∧ d (y)m

|x− y|m
}
.

3. For |α| ≤ 2m− n and n odd, or, |k| < 2m− n and n even:

(a) if |α| ≤ m− 1
2n then

|Dα
xGm,n (x, y)| � d (x)m−1

2
n−|α| d (y)m−1

2
n min

{
1,

d (x)
1
2
n d (y)

1
2
n

|x− y|n

}
;

(b) if m− 1
2n ≤ |α| ≤ m then

|Dα
xGm,n (x, y)| � d (y)2m−n−|α| min

{
1,

d (x)m−|α| d (y)n−m+|α|

|x − y|n

}
;

(c) if m ≤ |α| then

|Dα
xGm,n (x, y)| � d (y)2m−n−|α| min

{
1,

d (y)n−m+|α|

|x− y|n−m+|α|

}
.

In general the following estimate is weaker than Part iii. of Lemma 9 but still appropriate
and more convenient for our purposes.

Corollary 10. For |α| ≤ 2m− n and n odd, or, |α| < 2m− n and n even we have:

|Dα
xGm,n (x, y)| � d (x)m−1

2
n−|α| d (y)m−1

2
n min

{
1,

d (x)
1
2
n d (y)

1
2
n

|x− y|n

}
.
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