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1 Introduction

In this paper we shall investigate the non existence of ground states of quasi-
linear systems of the form

{ —div (A(|Dul) Du) = f (||, u,v),

. (1)
—div (B (|Dv]) Dv) = g (||, u,v),

in IRN, N > 3. Here D denotes the gradient operator, A, B are positive
scalar functions and f, g are given nonlinearities that will be specified later.

We recall that a ground state of (1) is a positive radially symmetric
solution of (1) such that

lim u(|z]) = 1

|z[—o0 ||

im v (|z]) = 0. (2)
The corresponding scalar problem, i.e.

—div (A (|Dul) Du) = f (||, u) in IRY (3)

has been studied extensively in a series of pioneering papers by Ni and Serrin

([15], [16] and [17]).

In this paper we shall consider some extensions of their results to the
system in (1). As a consequence we shall obtain some results which to our
knowledge are new even in the scalar case.

Besides their intrinsic interest, non-existence results are a useful tool for
proving related existence theorems for the corresponding Dirichlet problem

~div (A(|Dul) Du) = f (2| ,u,v) v
: in B,,(0) C IR",

—div (B (|Dv]) Do) = g (|| ,u,v) (4)

u(x)=v(x)=0 for |z| = ro.

This aspect is by now well understood in the case when the operator on the

left hand side of (4) are linear, that is, in the semilinear case. See for example
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the paper by Gidas and Spruck, [9], or [22]. In view of new applications it is
natural to investigate the possibility of extending the blow-up method (see
9] and [22]) to the quasilinear situation. Other strategies are available for
the study of (4) (see for example [1], [2], [5], [6] [10], [18], [23], [24] and the
references therein). However, it seems that for not necessarily variational
systems containing strong nonlinearities (i.e. ’superlinear’) methods based
on non existence results are more powerful. Some results concerning this last
aspect are contained in [3]. Our study in this paper is based on a property
shared by positive radial supersolutions of the scalar problem:

{ ~div (A(|Dul) Du) 2 0 in IR¥\ B, (0) 9

Zu(z) <0 for |z =ro,

X

).

where n denotes the normal at x € 0B,, (n = Tl

The paper is organized as follows. In section 2 we state the lemma that
allows us to control the behavior at 400 of positive radial supersolutions of
(5). In section 3 we will use this control to obtain non-existence results for
quasilinear elliptic systems. Whenever the system has a variational structure
it is possible to obtain a refined result by using a variational identity from
[20], [25]. This is done in the fourth section.

The sections end with some examples. In the examples quasilinear elliptic
operators such as the p-Laplacian and the mean curvature operator in non-
parametric form will appear.

2 A fundamental Lemma

In this section we shall prove a lemma concerning positive radial supersolu-
tions of (5). This result is our fundamental tool in the rest of the paper.

Let us specify the assumption.
(A1) Let A:[0,00) — [0,00) be such that
JAy €IR: 0<A(t)< Ay forallte|0,00). (6)



Lemma 2.1 Let A satisfy (A1) and let r¢ > 0. If N > 3 and u €
C* (rg,00), with r — A(|u' (r)])u' (r) € C* (rg,00), is a positive radial su-
persolution satisfying (5),

then

1. u'(r) <0 for r>r
2. the function M (-) defined by
M (r) = A(Jd' (r)]) o' (r) + A (N =2) (u(r) —u)  (7)

where Uy = inf,>, u(r) = lim,_u(r), is nonnegative and non in-
creasing on (rg, 00).

Proof. We may suppose that u is not constant. First observe that the
positivity of u and v’ (r9) < 0 imply that «’ (r) < 0 for r > 7. Let us put

—div (A(|Dul) Du) = f,
which can be written in radial coordinates as

- (rN_lA (| (r)|) o (7“))/ =N (r) forr >

h — (PN A ) () = ()
SN2 A W) W)= A ) 0] = ) (8)

Hence by (8), (6) and ' (r) < 0 it follows that

d
=M (r) =~ [rA (' () ' (r) + Av (N =2) (u(r) —u)] 27 f(r)
(9)
which shows that M is non increasing. It remains to prove that M is non-
negative.



By contradiction let us suppose that there exists r; > 7y such that
M (r) < 0. Integrating (9) on (ry,r) we obtain

r Al (M) W (r) + A (N =2) (w(r) —ue) <M (r).  (10)

The positivity of v and the fact that u is decreasing gives

—_

Ay ol (7) < A (Jed (1)) o (r)—l—%AM (N =2) (u(r) ~ uac) < T M (). (1)

Integrating (11) on (s,t) we obtain for r; < s <t that

M (7"1) t
£) —u(s) < 1 <—> . 12
u(®)—u(s) < =5 log (- (12)
By letting ¢ go to infinity we obtain a contradiction. O

Remark: In the above lemma one of the crucial assumptions is that A (-)
is uniformly bounded on (0, c0). This assumption can be weakened somewhat
if we assume that A € C* (ZR+> holds and that A is bounded near 0. This is
due to the fact that, if u is a positive supersolution of (5), then ' (r) < 0 for
large 7. Hence, the function @ (r) = u () — ts, Where uy = lim, o u (1),
is a positive supersolution of (5) such that lim, .., @ (r) = 0. By using an
argument of Ni and Serrin (see page 10 of [16]) for @ (r), it follows that
@ (r) =o' (r) — 0 as r goes to infinity. Then, if A () < M for small ¢, we
can apply the same kind of proof as in Lemma 2.1. For easy reference we
state this result.

Lemma 2.2 Let A € C([0,00)) NC ((0,00)) satisfy

0<A(t) < Ay for sufficiently small t > 0 (13)

If N >3 and u € C' (rg,00), with r — A(|u' (r)|) v’ (r) € C* (ry,00), is a
positive radial supersolution satisfying (5),
then

1. u (r) <0 for r>r,

2. there is 7o > 1o such that the function M (-) defined by (7) is nonneg-
ative and non increasing on (T, 00).



The following lemma is essentially contained in [15].

Lemma 2.3 Let A satisfy (A1) and let r¢ > 0. If N > 3 and u €
Ct (rg,0), with r — A(|u' (r)])u' (r) € C*(rg,00) is a non constant pos-
itwe radial supersolution satisfying

— (PN 1A (D) >0 orr > 1y,
(A w) 20 forr > "
u () <0,
then there exists ¢ > 0 such that for all r sufficiently large, we have
w(r) — U > c N, (15)

Proof. We may assume that «’ (r9) < 0. By integrating (14) on (rg,r) we
obtain

—u' (r) A(ju' (r)]) P70 > = (ro) Al (r0)]) 75,
and hence for some ¢q > 0 :

/ Co 1-N € 1-N
—u' (r) > o > )
Al (r)]) M

A further integration on (r,t) gives

L a (2N 2w
u(r)—uooZ—u(t)—i—u(r)Zz_NE (t —r )

By letting t — oo we obtain

Co 2-N
_ >_ 0 0 )
u (1”) Uoso (N 2) > r

O

Now we shall illustrate with some examples how we can apply Lemma
2.1.



Example i) The mean curvature operator in non parametric form.

Let u € C?% (rg, 00) be radial and positive, and such that

—div (#) >0 for r > ry,

1+ |Dul?

u'(rg) < 0.
Therefore Lemma 2.2 applies with

1
Al === <1

The conclusion is that the function

ru'(r)

M (r) = ——
1+ (v (1))

+ (N =2) (u(r) - to)

is non-negative and non-increasing for » > r,. Hence

—r u/(r)

1+ (u (r)?

< (N =2) (u(r) = us),

(16)

and thus lim, ., 7 «/(r) = 0. This implies that there exists € > 0 such

that for » > ry sufficiently large we have
(u'(r))* < e.
From (16) and (17) it follows that

—r(r) < (14e) (N=2) (u(r) —ux) forr>ry,

and hence

v

(T(N—Q)(H-e)u (r))/

(17)

(r¥ 2049 (4 (1) — use)) 20 for > 7. (18)



If we assume that

0<Ayu= inf A(t) and sup A(t) = Asp < 00, (19)

t€[0,00) te[0,00)

holds, then we have the same conclusion as in (18). That is, if u satisfies

- (TN_lA(]u’D u’)/ >0 forr > rp.
u (rg) <0
then the function M (-), defined on [rg, 00) by

M) = 7 () + (N = 2) 52 () — )
satisfies
M (r) >0 forr € [rg,00).

Putting § = (N — 2) i?—‘”f) we find

/

(r* ) = (7 (@) - ) 2 0. (20)

An example of such a situation is the following.

Example ii) Let ¢ € (0,1] and consider
1—e¢ >
V14t N

The corresponding differential inequality associated to A, is

—|eAu+ (1 —¢) div _Du >0 in IR".
V14 |Duf

This regularizing operator is used for example in [11]. It follows from
the preceding analysis that (20) holds with § = (N —2)e™!. The
particular case when € = 1 was already known, see for example [12].

A (t)=¢e+



Another example is given by the following generalized mean curvature oper-
ator. (See [15], [16])

Example iii) Let u € C?(ry, 00) be radial, positive and satisfying

D
—div Y 7 | =0 for r > ry,
(1 + |Du]2> "
u'(rg) < 0.
where m € (1,2]. The case m = 1 is treated above. Lemma 2.2 applies
with .
(14+82) 2

We find for r sufficiently large that

ru (r)

= + (N = 2) (u(r) — us) > 0.
(14 @ (1)?)

Since A (t) < 1 we find for r sufficiently large that
(r V=204 (1)) > (5 (D04 () — ) > 0. (21)

One may also proceed using Lemma 2.1 of [3]. If A is continuously
differentiable and

1) (t A(t)) >0 vt > 0,

2) 0< <C Vt>0,

then the function M (r) = ru/ (r)+6 (u (1) — us), With 8 = (N — 1) C—
1, satisfies
M (r) >0 forr>r.

We have C = ﬁ and with 6 = %%T’ we obtain

(R 2 (i) ) 20 (@)



For small € the exponent in (21) is larger than in (22) and hence gives
a better estimate. However, since the estimate depends on € and it is
valid only for large r, it is not uniform.

3 Non-existence results

3.1 A system with mean curvature operators

As a first example of a non-existence result we consider the following system.

B (rN_lu’—(r)z) =rNt f(v(r)) forr >0,
(r))
(23)

Proposition 3.1 Let f,g € C(IR) with f(0) = g(0) = 0. Suppose that
there exists ¢ > 0 such that for small uw and v we have

fw)=elf o, (24)
g(u) = clul""u, (25)
where p,q > 1. If N > 3 and
N —2 —1
W=2pa=U _ cip+1,q0+1) (26)

2

then problem (23) has no non trivial ground states.

10



Proof. Let (u,v) be a non trivial ground state of (23). By integrating the
first equation in (23) on (rg,r), for r large, and using ' (r) < 0 respectively
v (r) < 0 jointly with (24), (25) we obtain

—ru' (r)

—— >cr?u(r)?, (27)
1+ (u'(r))

V) ey, (r)?, (28)
L+ (v (r))

and hence by Lemma fundamentallemma

(N =2 u(r)>cr*v(r)?, (29)

(N —=2)v(r)>cr®u(r). (30)

This implies that there exist ¢i,co > 0 such that for large r

u(r) < e, (31)
and ™
v(r) <y r PhaT, (32)
By Lemma 14 we also deduce that
cg PN <u(r), (33)
and
ey PN <w(r), (34)

for some ¢3,c4 > 0 and r sufficiently large. Combining (31)-(33) and (32)-
(34) we obtain a contradiction for r — oo when the strict inequality holds in
(26). Next consider the case that

(N —2)(pg —1)
2

=max{p+1,¢+ 1}.

11



Without loss of generality we may assume that p > ¢. In this case we
have pg = 2]{’,+]2V . From the first equation of (23) and the assumption that
f (v) > cvP for small v we find that for large r that

!
_ (TN—I ' (r) ) > ¢ V-1 ypa 2P
L+ (' (r))*

Integrating on (s,7) and using (31) shows, for some ¢* > 0, that

N 1u/ (7,

> C*/ngl ¢@-Nipa ¢ ge — c*/{l ¢ = c¢* logg.

>C/€N1 pq 2pd£>

Hence, by Lemma 2.1:

(N —2)rV 2y (r) > 7162 > c logr,

which gives a contradiction with

_ 72P+1
TV 2u(r) < cr iV = ¢

following from (31). O

Remark: The same result holds if we replace the mean curvature oper-

ators by
Ty = —div(A(|Du|) Du),

T = —div (B (|Dv|) Dv),
with A and B satisfying the assumption (A1).

12



3.2 Uniformly bounded elliptic operators

In this section we shall consider some non-existence results for ground states
of systems of the form

{ —div (A (|Dul) Du) = f (Je] ,u,v),
—div (B (|Dv]) Dv) = g (Ja] ,u,v).

Let N > 3 and suppose that:

(A2) A, B:[0,00) — (0,00) are C' functions that satisfy
0 < At = i[onf )A(t) <A(t) < sup A(t) = Asp < 00,
€|0,00

t€(0,00)
0< Bins= inf B(t) < B(t) < sup B(t) = By < 00.
t€[0,00) tef0,00)
Define A B
= (N —2) = (N —2) 2.
aA ( ) Ainf ’ @ ( ) Binf

The following result generalizes Proposition 3.1:

Theorem 3.2 Suppose that condition (A2) is satisfied. Let f,g € C <1R+ X ]R2>

with f (r,0,0) = g (r,0,0) = 0 ¥r > 0. Moreover suppose that for large r and
small u,v we have

f(ryu,v) >al(r) |v|q —1 v, (36)
g(ru,0) > b JufP ~ La, (37)

for some p,q > 1, where a,b : [0,00) — [0,00) are continuous.
If, either

o p
(4) / 91U g (9) ( / b(s) s79% ds| d¥ =400, (39

0

[e.9]

or

o0 00 q
(i) / 9108 § (9) ( / a(s) s7P% ds| d9 = +oo,  (39)
9

then the system (35) has no non trivial ground state.

70

13



Proof.  The proof is by contradiction. Let us prove the assertion in the
case when (38) holds. The other case is similar. Let (u,v) be a non trivial
positive and radial ground state. Then (u,v) satisfies for r > 0 :

{ = (A ) (1) =N (),

) (40)
- (TNfl B (Jv' (r)]) ' (r)) =rN g (r,u,v).

Since (u,v) is positive and u (r),v (r) — 0 as 7 — oo it follows that there

exists 7o sufficiently large such that u'(ro) < 0, and hence «'(r) < 0 for

r > ro. A similar result holds for v. We may assume that for some large r

we have

{u’(r)§0 for r > o,
(41)
V' (r) <0 forr >
Let us define
{ My (r) = A(ju' (r)]) o/ (r) + Aap (N = 2)u(r),
- (42)
Mg (r)=1r B(|v' (r)]) v’ (1) + Bsup (N —2) v (r) .
Similar as (9) one shows that
{ —40MA(r) > ra(r) WP,
) (43)
—d%MB (ry > rb(r) ud,

on (rg,o0). By applying Lemma (2.1) it also follows that the two functions
M4 (+) and Mp (-) are nonnegative on (rg, 00). Integrating both inequalities
in (43) on (r,t) with r > rq it follows that

Ma(r) > —Na(t)+Ma(r) > /Ttsa(s) v (s)P ds, "
My (r) > —Mg(t)+ My (r) > /Ttsb(s) u ()% ds.

and hence using the fact that A, Bir > 0 and «/,v" < 0 for r > rg we
obtain, with Cy = Ay, (N —2) u(rg) > 0, that

Ca > Aqp (N = 2)u (1) > My (r) 2/:3 a(s) v(s)Pds>

14



> (raB v(r))p /:s a(s) st~ P%(s,

and similarly, with Cg = By, (N —2) v (1) > 0, that

(45)

Cp > Bup (N =20 (r) > (r® u(r))’ / Tsb(s) sU%ds. (46)

T

In the last two estimates we have used the fact that on (rg, 0o

v

0,
0.

Vv

(r® u(r))

(r® v (r))

Indeed, the first estimate of (47) follows from (44) and
/ 1

(raA u (r)) = @Ta/rl (Ainer /(1) + (N = 2) Aspu(r)) =

for r > ro. By (45) and (46) we find that for r > rg
/OO a(s) st P¥%ds < oo,

/OO b(s)s'™9Mds < oo.

T

)

(47)

i'r’aA’l]\ZA (r)

inf

(48)

(49)

If one of the integrals in (49) equals 400 the proof is complete. If not we
proceed as follows. For some c¢,, ¢, > 0 it follows from (45)-(46) that

() 2 0 0 )P ([ ae) 5t Peas)”

(50)
oo p
@) 2 % ()P ([T b(s) s 10as)
From the first inequality of (43) and (50) it follows that
- iM (r)y>c,ralr) (ra“‘ u (T))pq /Oob(s) st=4% s ! (51)
dr A = T '

15



Integrating (51) on (r,t) yields

>[5 a(s) (% ) ([ b &1 ae) as >

>0 (@) [s 0t ([T b© 0 ac) as

and then, using (48) again,

(rO‘A u(r))l > L o=t AL, (r) >

inf

t

> % -t (raA u(r))pq/ s a(s) (/:ob(f) g4 df)pds.

T

Setting ¢ (r) = r®u (r) we find from (53) that

d ¢ 00 p
; _]-pq% (¢ (T))l—pq 2 C; 7004471/74 S a(s) (/s b(g) £1fqu df) dS?

with ¢, = Acb . An integration of (54) on (r,7) gives
inf
() Pz —— (6 () P —— (o)) P >
1—pq 1 —pq 1 —pq B

> [ [Csato) ([T p@ e amac)” ds s =

IS
+

=7

16
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with ¢ = ¢,/a,. Now we first let ¢ go to infinity and then 7. Since the
second term is bounded by (45) and (52), and the third term goes to infinity
by assumption, one finds that

(¢ (1) P! = 0 when r — oo

1-pq
which shows that
lim ¢ (r)=0.
But this contradicts the fact that ¢/(r) > 0 for r > 7. O

3.3 Possibly unbounded elliptic operators

Next we shall consider a general non-existence result for a different class
of quasilinear operators. Our theorem can be applied for example to the
case when the left hand side of (1) involves two generalized Laplacians. The
explicit statement can be found in the last theorem of this section.

(A1’) Let A, B : IR" — (0,00) be C*' and suppose that for some 64,55 >
0, ca,cg >0 and my,mp > ﬁ we have

(1) 4 A(t) <mad (t A@t)) <cat’s t>0, »
(i)5 B(t)<mpd (t B(t)) <cpt® t>0. (56)

(A2’) Let f,g : IRT x IR*> — IR be C° with f(2,0,0) = g(x,0,0) = 0
and suppose that for small u, v and large = € IR there are continuous
a;; : [0,00) — [0,00), with 7,7 € {1,2}, such that we have

(ii)A f (x,u,v) > aq (|3§|) |u|p11*1u + ag (|$|) |,U|p1271 v,

(1) 5 g (z,u,0) > ag (J2]) [ul " u+ as (J2]) |0 o

(57)



Theorem 3.3 Suppose that the above conditions (56) and (57) are satisfied.

Moreover assume that

1. prapa1 > (1+94) (14 0p) and

P21

[e.0]

0o 140 4
/5(1-&-63)(14-05) Qo1 (5) (/ 81+6A—05P12a12 (S) ds) dé = 400,
ro

§

or

2. P12P21 > (1 + (SA) (1 + 53) and

P12

o0

(58)

- Ttig
/§(1+5A)(1+9A) a1s (5) (/ Sl+5579,4p21a21 (8) ds) dé = 400,
T0

3

or

3. p11>14+04 and

/5(1+6A)(1+9A)*9AP11 an (5) df = 400,

0

or

4. pao >1+0p and

o0

/5(14—63)(1—&—03)—931722 ag (€) dé = +oo,

T0

with 04 =ma (N —1)—1 and g = mp (N — 1) — 1.
Then the problem
—div (A(|[Dul) Du) = f(lz[, u,v),
—div (B (|Dv|) Dv) = g(lz|, u,v),

in IRN

has no non trivial ground state.

18
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(62)



Proof. = We start by showing that there is no non trivial ground state when

(58) holds.

First we set 5
Ea(t) =5t A1),

By (t)= 2 (t B(t)).

System (62) can be rewritten as

1-N
—Ea () v+ ——uA(Ju']) = f (r,u,v) for r > 0,
r

1-N

—Eg (V') v" +
and by the estimates in (57) we obtain for large r
{TE“uwww<1anuuw>amv>rwa

By (W) v" + (1 — N)B(|']) > a (r) r uP,

and hence
A(Ju)) apg (r) r
—ru” + (1 —N)u > VP
=N Q) = B ()
B(|v') _ax(r)r
—rv" 4+ (1 = N)o > ub
=N g (o) = B (o)

By (56) and v’ < 0 we find

a1 (1”)7“1)1012 o A ,|_5A

—ru" 4+ (1= N)magu > ———"— >
L= Nymawt = Gy = ma

and similarly with v' < 0 that
c _
=70+ (1= N)mpv' > m—B [/ 5 4y, (r) r ub?.

We put .
{ Ma(r)y=ru + (ma(N—-1)—1)u,

Mg (r)=rv + (mg(N —1)—1)v.

19

v'B (|v'|) = g (r,u,v) for r > 0,

(63)

(64)

(65)

(67)

(68)

(69)



From (67) and (68) it follows that for r large enough we have

With 64, 05 as above this is equivalent to

(ref‘ u(r))/ >0 for r>rmr,
(r(’B v (r))/ >0 for r>rmr,

for some 71 > 0. Hence by Lemma 2.1 of [3] we find that

Ma(r) >0,
{ MB (7’) 2 0.

Since v’ <0, v < 0 we deduce from (72) that

{ Oau(r)>—rud (r)=r |u(r)

for r > rq,
Opv(r)>—rov(r)=r |

v (r)| for 1>

By integrating (68) on (s, r) with s > r and using (73) we find that for some
positive ¢; we have

cov(s) > Mp (s) > — Mgy (r) + Mp (s) >

> [ azi(€) € u(e)™ de

>

T

2o € 0 (&) an (§) €ule) de >

S

Z Co VU (S)_éB /§1+5B—9AP21 91 (5) <§0A u(g))Pm df >

20

(71)

(73)



> ¢y v(s)_(SB (89A u(s))p2l /€1+63—6Ap21 as (€) dE. (74)

Hence there exists ¢ > 0 such that

v (S)1+53 > ¢ (SgA u(s))p21 /£1+5B—0Ap21 oy (5) d. (75)

S

Using (67) and (73) it follows that there exist positive constants ¢; such, that
for all » > rq

_dirMA (1) > ¢ o4 u(r)fa“‘ ap (r) ro(r)’* >

1+op

> ¢ 14w () ans (1) 7 (( u(r))™ [ €0 an (6) d&)

(76)
We continue as in the uniform case. Integrating (76) on (s,t) for s > ry
yields

cou(s) > My(s) > —My(t)+ My(s) >

P12

Pi2p21 _ 5,

t o) 1+6p
> 02/ pi+0alt0a) g0 (1) (7“0"‘ U(T)) s (/ gHHos=barn g, (¢) dé) dr >

t 0 1+ép
P12P21 _§
> ey (s u(s) T8 T [ st 4, ) ( [errnonm gy () d&) dr.
(77)
And again for some ¢ > 0 we have

(17 wn) = r iy ()

P12

P12b21 5, ! 7 e
> er 7t (50w () T [ ag () ([0 0amay (€) dg |,
n

r

(78)
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Hence ,

((rf’A u(r) ) >

¢ oo 1+dp
>c r"Afl/ Pl Hoa0+04) g o (1) (/€1+539Ap21 asy (€) d§> dn. (79)
o n

Integrating (79) on (s1, s2) gives

14064 — B12221 1464 —Bl2k2l
(sze*“ u (52)) e (810“‘ u (81)) >

P12

5o t oo 1+
> 0/7’9“‘71/ n1+6A(1+9A) aio (77> (/€1+539Ap21 a9 (5) df) dn dr =
S1 T n

P12 =52

t 0 1+0p
- TGA/ 771+5A(1+9A) a1s (77) (/ £1+5B*9AP21 a9y (5) df) dn —+
r n

r=si

P12

52

00 Ttég
+ C//TQA T1+§A(1+9A) a12 (T) (/514—5]3—0/1]721 ao1 (5) dé’) d’)" —

S1

P12

t 00 T+ip
— SgA/ 771+6A(1+0,4) a1 <n> </£1+539AP21 aoq (5) df) dn —+
n

52

P12

t 0 1+ép
_ S?,q/ T]1+5A(1+€A) a1 (77) (/ £1+§B—9Ap21 a9 (é) dé‘) dn +
n

S1

P12

52

oo 1+6
+ C//T(I—HSA)(LFQA) ara (1) (/ 51—&-63—0,41721 as (€) df) e dr.
S1 r

(80)
Now we let ¢ go to infinity. The second term is bounded independently of ss.
Next we let so go to infinity and with (58) we obtain a contradiction. Simi-
larly a contradiction is obtained in the case that (59) holds. This concludes
the proof in the cases when (58) or (59) hold.
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In order to obtain a contradiction in the cases when (60) or (61) hold, we
proceed as before until (67). This estimate is replaced by

— M (r) = —ru" (r)+ (1 = N)my o (r) >

Ll(T)ru'r’p“ EA T gy () T ou ()P
> P S = O an) P

By (73) we find that there exists ¢ > 0 such that

% [ (r)| 7 an (r) ()™ Z e rtu(r)

—3a P11

apy (r) ru(r)™,

and as in (74), since p1; > d4 + 1 > 04, we obtain that

-5
> ¢ <89A u(s))p“ A/ PIHa=0401=00) ¢ (1) dr. (82)

s

The last inequality is equivalent to

t
-5
(" u(s)) Z e (P ule)) "7 0 [t oy (1) dr

or
1 14+6a-p11)’ /
0.4 A— 11) > GA—I/ 1+54—04(p11—954) d
— (s u(s c s r ay (r) dr.
1+§A—p11(< (5)) = J 11 (r)
(83)
From (83) and py; > 1+ 04 we find for some ¢ > 0 and for s, > s; that
1 04 1+64—p11
—— (57" u(s >
P — (1 + 5,4) ( 1 ( 1)) =
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s2

t
> ¢ / SGA—l/ £1+5A—9A(p11—5A) ayy (&) d€ ds =

S1
52

+
S1 (84)

t

SeA/ €1+5A*9A(p11*5z4) ai (f) df ds

:Cl

52

S1

A contradiction follows if (60) holds. A similar argument is used when (61)
holds. This concludes the proof of the theorem. O

Example iv) Consider (1) with
f(u0) = 2| [ul™ el ol o,
T e e e I o T G2
If P12P21 > (1 + 5,4) (1 + 53) and

L+c+pa)(1464)+ (14 b+ p12) pn
prapa1 — (L4 04) (1 4+ 0p)

N—1§ (mB)_l(

Y

Or Pi12P21 > (1 + (5A) (1 + 5]3) and

1L4+b+pi2) (1 +0p)+ (1 +c+ pa) pro

1 (
N —1< (ma) prapar — (1+64) (1+ 6p)

Y

or pi1 > 1+ 94 and

-1 l+a+pn
N 1< (my) t—¢7ph
< Uma) W+ o)
or pay > 1+ 9dp and
1 1+d+poxo
N-1<(mp) ' —o 182
< (ms) P22 — (14 0p)

then (1) has no non trivial ground state.

24



Example v) (a generalization of Corollary 2.2 of [12]). Consider

—div Du —
(1 + ]Du|2)T

o

= [z|” v

in IRY (85)
Dv _
<1 + |DU|2)T

= |2|” Jul""u

—div

with m,n € (1,2]. If N > m,n and p,q > 1 and

1+08+(1+a+q)p

N-1<(n-1
= ) pg—1

or
l+a+(1+8+p)q

N—-1<(m-1)
pq—1

9

then (85) has no non trivial ground state.

Remark: The technique used above allow us to obtain non-existence
theorems for ground states of systems containing an arbitrary (finite) number
of equations. However, for systems containing more than two equations the
conditions will become rather involved. Some examples in this direction are
studied in [14].

An application of Theorem 3.3 is the following. Consider a system that
involves two degenerate generalized Laplacians, namely

—div (|Dul’ > Du) = f(z|,u,v)
( , ) in IRY, (86)
—div (\Dv\q_ Dv) = g(|z],u,v)

where p, ¢ are such that 2 < p,q < N and f,¢ : IR x IR* — IR are given
functions specified next.

The result is an analogy of Theorem 3.2 in the degenerate case (i.e. p,q >
2). It generalizes Theorem 3.1 of [3].
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Theorem 3.4 Suppose that N > p,q > 2. Let f,g € C (1R+ X ZR2> with
f(r,0,0) =g(r,0,0) =0Vr > 0. Further assume that there exist continuous

a,b,c,d: IRT — IR" with a(r),b(r),c(r),d(r) >0 forr >0 and such that
for large v and small u,v we have
a(r)|ul* u+b(r) ],

§ 57)
g(ru,v) > () |u] u+d(r) \0\5_1 v

where «, 3,7,0 are positive constants. If one of the following conditions is
satisfied:

1. By > pq and

v

/ N1 (s (/ ﬂplﬁqlcﬁ)dﬁ)mds:Jroo, (88)

2. By > pq and
8

[ (s) (/:019(1_1_7%17(19) d19> Tds = 400, (89)

T0

3. a>p and

/ = a(s) ds =+oo, (90)
o

4. 6 >q and
o0 N—q
/ sV d () ds = +oo, (91)
ro

then (86) has no non trivial ground states.
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Proof. The demonstration follows straightforwardly from Theorem 3.3 by
choosing

o = p—1 op = q—1

N—p N —q

0, = —= 0y = —

A -1 B —1
1 1

my = —— mp = ——

A p—1 B g—1

P11 = « P21 =

P12 = B P22 = )

Remark: The above theorem can be applied to the scalar case
—div (|Du|q_2 Du) = f(z,u) in IR",
with for some continuous a : [0, 00) — [0, 00)
fz,u) > a(|z])|ul*"u  for r large and u small.

In this case we have non existence of ground states if
z N1l _
/ s =1 q(s) ds = +o0. (92)
0
For a (r) = a > 0 condition (92) is equivalent with (see [16], [17])

N
N —q

a < (g—1).
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4 Variational systems

In the case that the system under consideration has a variational structure
it is possible to obtain refined versions of the preceding results by using the
variational identities that were proved in [19], [4], [20] and [25]. In this section
we shall consider a general result of this type and discuss some particular case.

We will start by recalling some facts about the scalar case. Consider the
Lagrangian density

1 5 1
J(u) = = p_ - ot
(1) =~V = — fal’

with 1 < p < N. From the paper [20] one may derive the following identity
1— i N—-p N+§
_pj[ (x-n) do= ( p_ANF > /‘x|6 |u|** da. (93)
P s )

P a+1
Using identity (93) one finds that the boundary value problem

8_u
on

—div (|Vu|p_2 Vu) — |z wlu|*" inQ,
(94)

u=0 on 0f),

has no positive solution when €2 is a bounded starshaped domain in IR" and

p(N~|—5).

1>
a-+1> N—p

(95)

See for instance [4]. By variational techniques it can be shown that (94) has
a non trivial solution if
p(N +9)

1< 96
which is equivalent to
a+1
, - (o)
N+46< | (97)
-1+
p
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Taking Q = IR" and restricting to radially symmetric solutions, the situ-
ation reverses, and (94) does not have positive radially symmetric solutions
when (96) holds. However, when (95) holds radially symmetric positive so-
lutions are known to exist. See [16]. In the case of systems and more general
nonlinearities we can derive a similar non-existence result by imposing nat-
ural growth conditions on H.

Our next result deals with the case when the system is the Euler-Lagrange
equation ¢ {.J (u)} = 0 of the functional

J (u / Duzpd:c—/ x|, u) du, 98
(u) ”pz | D o (2] ) (98)

that is, with a system of the form

—div <|Dul|pl*2 Dul) = a%1[—[ (||, )
: in IRY. (99)
—div (|Duk|p’“_2 Duk> = 9 H(|z|,u)

ouy,

Here k > 1, N > p; > 1 foralli € {1,...,k} and H is a given potential that
satisfies the following assumptions.

(H) Let H : IR" x IR* — IR be a C'-function such that a%,-H (r,0) =
0Vr>0,ie{l,...,k} and
i) for all (r,u) € IR" x IR*:

PN - pi
=~ p

N H (r,u) +r&H (r,u) > H(r w),  (100)

ii) there exist d;, o; and ¢; > 0 such that for all large r and sufficiently
small u € IR* we have:

al—‘rl

k
ui%H(Tu> H
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iii) there exists 0 € IR, c > 0 such that for all large r and sufficiently
small u € IR* we have:

k
H(ryu) <er® [ |w™t,
i=1

iv)

v) subcriticality:

N+o< |[= : (101)

Remark 1. For kK = 1 (i.e. the scalar case) condition (101) reduces

to the usual subcriticality condition (96). For the pure power case, that is
H(ryu) =cr® 1%, Ju]™™", (100) coincides with (101).

Remark 2. The strict inequality in (100) can be replaced by > if one
assumes that there is a sequence {r,} with r, — oo for which the strict
inequality holds.

Theorem 4.1 Assume that the above condition (H) is satisfied. Then the
k
system (99) has no non trivial ground states in C* (lRN) .

The proof of the theorem is based on the following version of the identity
proved in [20].

30



Proposition 4.2 Let u € C? (ZRN)k be a radial solution of (99). Then the
following identity holds.
For any R > 0 we have

R ) ko (pi—N (R o)
N H —H N—-1 ? N-1_
/0 ( (ryu) +r o (r, u)) r dr —i-; ( /0 r U; 5

H(r,u) dr) -

Di g
k P 1 N — A -
=3 (PR R T R R () ) +
i=1 i ‘
+ RY H(R,u(R)) (102)

In order to prove the theorem we shall also need some asymptotic esti-
mates.

k
Lemma 4.3 Letu € C? (]RN) be a ground state of (99). If (H) ii), iii) and
iv) hold, then there exists ¢ > 0 such that for all sufficiently large r we have

H(ryu(r)) <c ro—H
i1 % (pi + )
—1 0 atl

=1 p;

with p =

Proof. Let u € C? (]RN>k be a radial ground state of (99). By ii) it
follows that for r sufficiently large we have u} (r) < 0 for all 4, and, for some
¢ > 0 and all 7,

/
- (TN_I ) (r)|P 2 (r)) > e Ny ()T () g ()

- (103)

Integrating on (r,t) we obtain for all

0 ") 2

i—1 _
P N ()
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t
>c / SN ()M (9)™ L g (8) T ds, (104)
and hence by using Lemma 2.2, that is (see (71))
0 !
(r L (7’)) >0 for large r,
with 0, = %, we obtain

pi_l >

Y i (2)

s ) P () [ 109

where 3; =6, + N —1+6; — le 6, (a; +1). Using again the inequality

rup (r) +0; ui (r) =0 for r >, (106)

and u; (r) <0, we deduce from (105) that there exist ¢ > 0 such that

A 2 e (P (0) () (P )™ [ as

T

(107)
By choosing ¢t = 2r in (107) we obtain
oN=pi  N=pi . (r>pi—1 >
> c (relul (r))a1+1 - (reiui (T))ai . (rekuk (r))akH y; TP (108)

2P+l _q

with ; = 5 if 3; +1+#0and v, =log2if 3;+1 = 0. Thus for some C'
and for every ¢ and sufficiently large r we have

a;+1
123

k
C u; (7“)a"Jrl > (rpi+5i H U, (r)ajﬂ) ) (109)
j=1
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After combining the % inequalities in (109), we obtain

k k k
CF T wi (r)* > 11 (rpﬁ‘;i 1w (r)o‘jH) —
i=1 i=1 j=1

Now by using condition (H) iv) in (111) it follows that

k
C* 2 T'N H ’LL] (T)aj+1 :
j=1
with
X (it )

k a;+1
—1 + Zi:l Pi

1L

From (112) and condition (H) iii) we find for large r that

k
H(r,u(r)) <c rd H u; (7")0‘]'Jrl < e TR
j=1

This concludes the proof of Lemma 4.3.

(110)

(111)

(112)

(113)

O

Proof of Theorem 4.1. We argue by contradiction. Let u be a non
trivial ground state of (99). Applying identity (102) to this specific situation
it follows that the left hand side of (102) is bounded away from zero for
R large. On the other hand by using Lemma 2.1 of [3] and the fact that
u, (R) < 0 Vi we know that the first term of the right hand side of (102) is
non positive. We conclude the proof by using Lemma 4.3 in order to show
that the second term of the right hand side of (102), namely H(R,u (R)) RY,
converges to zero as R goes to +00. As a result we obtain a contradiction. O
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Remark: The same technique used in the proof of the last theorem
allows to study more general systems than (99). It is possible to show that
non-existence results can be obtained for systems of the form

—div (Ay (|Duq]) Duq) = %H(M ,U)

—div (A (|Dug|) Duy) = a%kH (||, u)

where each operator A; satisfies (i) 4, of (56) and where the potential H (|z|, u)
is controlled by a suitable growth condition. This problem will be considered
in a forthcoming paper ([14]).

Example vi) See [24]. As an example of a system with a variational
structure we consider

—div (|Du"? Du) = [af* [ul*"" o] u,

(114)
—div (|Dv]** Do) = |z [u*"" [o]"" v,
We have, after a possible rescaling, that

H(ryu) =10 |u]*th o]t

Suppose ) 4 B 5 1 and N > p, g > 2. If

p q

N+6§< 2L

then there is no non trivial ground state of (114). The proof follows
from a straightforward calculation using Theorem 4.1.

Acknowledgement. This paper was completed during a visit of Enzo
Mitidieri at the Stieltjes Institute/Delft University in October 93. He wishes
to thank this institution for its support and for the kind atmosphere during
his visit. He also thanks Professor Pohozaev for bringing the paper [19] to
his attention.

34



References

[1]

2]

Ph. Clément, D.G. de Figueiredo and E. Mitidieri, Positive solutions of
semilinear elliptic systems, Comm. in P.D.E. 17 (1992), 923-940.

Ph. Clément, D.G. de Figueiredo and E. Mitidieri, A priori estimates
for positive solutions of semilinear elliptic stems via Hardy-Sobolev es-
timates, Relatorio de Pesquisa, Julho RP 20/92 Universidade Estadual
de Campinas.

Ph. Clément, R. Manésevich and E. Mitidieri, Positive solutions for a
quasilinear system via blow-up, to appear in Comm. in P.D.E. 1993.

H. Egnell, Existence and non-existence results for the m-Laplacian equa-
tion involving critical Sobolev exponents, Ph.D. Thesis Uppsala Univer-
sity 1987.

D.G. de Figueiredo and P.L. Felmer, On superquadratic elliptic systems,
to appear.

D.G. de Figueiredo and P.L. Felmer, A Liouville-type theorem for elliptic
systems, preprint.

B. Gidas, Symmetry properties and isolated singularities of positive solu-
tions of nonlinear elliptic equations, in Nonlinear Differential Equations
i Engineering and Applied Sciences ed. R.L. Sternberg, Marcel Dekker,
New York 1979, 255-273.

B. Gidas and J. Spruck, Global and local behavior of positive solutions
on nonlinear elliptic equations, Comm. Pure Appl. Math. 34 (1981),
525-598.

B. Gidas and J. Spruck, A priori bounds for positive solutions of non-
linear elliptic equations, Comm. in P.D.E. 6 (1981), 883-901.

J. Hulshof and R.C.A.M. van der Vorst, Differential systems with
strongly indefinite variational structure, J. Functional Analysis 114
(1993), 32-58.

35



[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

P. Marcellini and K.Miller, Asymptotic growth for evolutionary sur-
faces of prescribed mean curvature, in Nonlinear Functional Analysis
and its Applications, Proceedings of Symposia in Pure Mathematics of

the A.M.S. 45 Part 2, 1986, 175-178.

E. Mitidieri, Nonexistence of positive solutions of semilinear elliptic sys-
tems in RN, Quaderno Matematici 285, Report Universita Trieste 1992.

E. Mitidieri, A Rellich type identity and applications, Comm. in P.D.E.
18 (1993), 125-151.

E. Mitidieri, G. Sweers and R.C.A.M. van der Vorst, Existence and non
existence of ground states for quasilinear systems, in preparation.

W.M. Ni and J. Serrin, Non-existence theorems for quasilinear partial
differential equations, Rend. Circ. Mat. Palermo, suppl. 8 (1985), 171-
185.

W.M. Ni and J. Serrin, Existence and nonexistence for ground states
of quasilinear partial differential equations, the anomalous case, Atti
Convegni Lincei 77 (1985), 231-257.

W.M. Ni and J. Serrin, Non-existence theorems for singular solutions of
quasilinear partial differential equations, Comm. Pure Appl. Math. 39
(1986), 379-399.

L.A. Peletier and R.C.A.M. van der Vorst, Existence and non-existence
of positive solutions of non-linear elliptic systems and the biharmonic
equation, Differential and Integral Equations 54 (1992), 747-767.

S.I. Pohozaev, On the eigenfunction of quasilinear elliptic problems,
Mat. Sbornik 82 (1-4) 2 (1970), 171-188.

P. Pucci and J. Serrin, A general variational identity, Indiana Univ.
Math. J. 35 (1986), 681-703.

P. Pucci and J. Serrin, Continuation and limit properties for solutions
of strongly nonlinear second order differential equations, Asymptotic
Analysis 4 (1991), 97-160.

36



[22] M.A.S. Souto, Sobre a existencia de solucoes positivas para sistemas
cooperativos nao lineare, PhD thesis, Unicamp Brasil 1992.

23] R. Soranzo, A priori estimates and existence of positive solutions of a
superlinear polyharmonic equation, TU Delft Report 93\12, 1993.

24] F. de Thelin and J. Velin, Existence and nonexistence of nontrivial so-
lutions for some nonlinear elliptic systems, preprint.

[25] R.C.A.M. van der Vorst, Variational identities and applications to dif-
ferential systems, Arch. Rational Mech. Anal. 116 (1991), 375-398.

37



