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Hoolswlf dqg sduderolf gl�huhqwldo htxdwlrqv zklfk lqfoxgh dq lqwhjudo whup ri wkh irup]
l

j+{> |> x+|,,g|>

zkhuh  lv wkh erxqghg vsdwldo grpdlq dqg x+|, @ x+|> w, lq wkh sduderolf fdvh/ kdyh dsshduhg

lq dssolfdwlrqv iru txlwh d orqj wlph ~ vhh/ iru lqvwdqfh/ ^47` dqg wkh uhihuhqfhv lq ^:`1

Krzhyhu/ lw kdv rqo| ehhq uhfhqwo| wkdw pruh dwwhqwlrq kdv ehhq sdlg wr wkhvh htxdwlrqv/ dqg

wkdw lw kdv ehfrph fohdu wkdw wkh ehkdylrxu rqh fdq h{shfw iurp vxfk sureohpv lv lq idfw pruh

frpsolfdwhg wkdq wkdw ri vwdqgdug hoolswlf dqg sduderolf htxdwlrqv1 Lq sduwlfxodu/ lw lv nqrzq

wkdw/ iru wkh wlph~ghshqghqw sureohp/ $~olplw vhwv fdq qrz kdyh dq duelwudulo| kljk glphqvlrq/

dqg wkdw hyhq lq wkh fdvh zkhuh wkhuh lv qr h{solflw ghshqghqfh rq wkh vsdfh yduldeoh lw lv srvvleoh

wr kdyh vwdeoh shulrglf ruelwv ^9/ </ 4:`1 Vwloo lq wklv odvw fdvh/ wkh w|sh ri vwdwlrqdu| vroxwlrqv

wkdw pd| qrz eh vwdeoh lv pruh ydulhg wkdq lq wkh orfdo fdvh/ dqg lw kdv ehhq vkrzq wkdw wkhvh

zloo qrz lqfoxgh vljq~fkdqjlqj dqg qrqfrqvwdqw vroxwlrqv lq wkh Glulfkohw dqg Qhxpdqq fdvhv/

uhvshfwlyho| ^;/ 43`1

Wklv pruh frpsoh{ ehkdylrxu lv gxh wr wkh idfw wkdw/ ehfdxvh ri wkh lqwurgxfwlrq ri wkh

lqwhjudo whup/ wkhvh htxdwlrqv zloo qr orqjhu vdwlvi| d irup ri pd{lpxp ru frpsdulvrq sulqflsoh

lq jhqhudo/ dqg/ lq wkh fdvh ri wkh wlph~ghshqghqw sureohp/ wkhuh lv qr orqjhu d jhqhudo O|dsxqry

ixqfwlrqdo1

Lw kdv dovr ehhq vkrzq wkdw/ surylghg wkh qrqorfdo whup vdwlv�hv vrph vruw ri prqrwrqlflw|

frqglwlrq/ wkhq wkh dv|pswrwlf ehkdylrxu ri vroxwlrqv ri wkh wlph ghshqghqw sureohp lv lq vrph

vhqvh vlplodu wr wkdw ri wkh vwdqgdug sduderolf sureohp/ dv djdlq d pd{lpxp sulqflsoh fdq eh

dssolhg ^43`1

Wkh sxusrvh ri wklv sdshu lv wr jlyh frqglwlrqv zklfk hqvxuh wkdw wkh prqrwrqlflw| lv suh0

vhuyhg1 Wklv prqrwrqlflw| krzhyhu grhv qrw iroorz lpphgldwho| iurp vwdqgdug pd{lpxp sulq0

flsohv exw xvhv hvwlpdwhv ri wkh nhuqhov lqyroyhg1 Vxfk w|sh ri hvwlpdwhv duh uhodwhg zlwk wkh

Juhhq ixqfwlrq hvwlpdwhv ri Dqfrqd +^4`,/ Kxhehu dqg Vlhyhnlqj +^46`,/ dqg wkh 6J0hvwlpdwhv ri

]kdr +^4<`, dqg Fudqvwrq/ Idehv dqg ]kdr +^7`,1

Zh frqvlghu d olqhdu lqkrprjhqhrxv qrqorfdo hoolswlf htxdwlrq ri wkh irup+
Ox � %Nx @ i lq >

x @ 3 rq C>
+4,

zkhuh  lv d erxqghg grpdlq lq U? zlwk q � 6 dqg erxqgdu| C 5 F
2ck iru vrph � A 3

dqg zkhuh % lv d uhdo sdudphwhu1 Khuh/ wkh rshudwru O lv wkh xqlirupo| hoolswlf vhfrqg rughu

4
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+5,

iru vrph � A 3 dqg d�� / e� dqg f duh vxfk wkdw O kdv d srvlwlyh sulqflsdo hljhqydoxh1 Wkh fodvv

ri rshudwruv N wkdw zh frqvlghu frqwdlqv lqwhjudo rshudwruv ri wkh irup

+Nx, +{, @

]
l

N +{> |,x +|,g|> +6,

zklfk lqfoxghv wkh fdvh ri d vhsdudeoh nhuqho N +{> |, @ i +{, j +|, frqvlghuhg e| Doohjuhwwr dqg

Edudedqryd +^5`,1

Lq wkh devhqfh ri wkh lqwhjudo rshudwru N/ lw lv zhoo~nqrzq wkdw li i lv d qrqqhjdwlyh ixqfwlrq

lq O
R+,/ qrw lghqwlfdoo| }hur dqg s A

�

2

q/ wkhq wkhuh lv rqh dqg rqo| rqh vroxwlrq lq F
f
+, wr

htxdwlrq +4, +^44`/ Wkhruhp ;163,/ zklfk lv vwulfwo| srvlwlyh lq 1 Pruhryhu/ li s A q wkhq +^44`/

Wkhruhp <148, x 5 Z
2cR +, zklfk lv frpsdfwo| lpehgghg lq F

�+,= Lw lv hdv| wr vhh wkurxjk

dq h{dpsoh wkdw srvlwlylw| zloo qr orqjhu krog iru duelwudu| N1

H{dpsoh Ohw O @ ��/ dqg ghqrwh e| �� / m @ 3> 4> � � �/ wkh fruuhvsrqglqj hljhqydoxhv/ zlwk

3 ? �
f
? �

�
� � � �1 Ghqrwh e| y� / m @ 3> 4> � � �/ wkh dvvrfldwhg hljhqixqfwlrqv/ zklfk duh

dvvxphg wr eh qrupdolvhg dqg ruwkrjrqdo1 Wkh sulqflsdo hljhqixqfwlrq y
f
lv dvvxphg wr

eh srvlwlyh1 Frqvlghu wkh sureohp

��x. %y
f

]
l

y
�
+|,x+|,g| @ y

f
. �y

�
> +7,

zkhuh % dqg � duh uhdo frqvwdqwv +lq wkh fdvh zkhuh wkh vhfrqg hljhqydoxh �
�
lv qrw vlpsoh/

y
�
lv dvvxphg wr eh rqh ri wkh dvvrfldwhg hljhqixqfwlrqv,1 Wklv sureohp kdv rqh dqg rqo|

rqh vroxwlrq/ zklfk lv jlyhq e|

x @
4

�f

�
4�

%�
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�
y
f
.

�

��

y
�
=

Lw lv fohdu wkdw lw lv srvvleoh wr fkrrvh � vx�flhqwo| vpdoo dqg % vx�flhqwo| odujh/ vxfk

wkdw wkh ixqfwlrq rq wkh uljkw~kdqg vlgh ri +7, lv srvlwlyh/ zkloh x fkdqjhv vljq ~ iru %

vx�flhqwo| odujh/ x zloo dfwxdoo| ehfrph qhjdwlyh1 Ixuwkhupruh/ iurp wkh uhvxowv lq ^43` lw

iroorzv wkdw wkh vshfwuxp ri wkh rshudwru O� %N lv wkh vdph dv wkdw ri wkh rshudwru O iru

doo ydoxhv ri wkh sdudphwhu %/ dqg wkdw wkh doo y� *v duh dovr hljhqixqfwlrqv iru wkh qrqorfdo

sureohp/ zlwk wkh h{fhswlrq ri y
�
1 Lq sduwlfxodu/ wkh hljhqixqfwlrq fruuhvsrqglqj wr wkh

wkh �uvw +srvlwlyh, hljhqydoxh lv vwloo srvlwlyh dqg htxdo wr y
f1 Wkh vhfrqg hljhqydoxh zloo

qrz kdyh dq hljhqixqfwlrq zklfk lv d olqhdu frpelqdwlrq ri y
f
dqg y
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/
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f

y
f
. y

�
>

dqg zklfk zloo dovr eh srvlwlyh iru odujh hqrxjk %1
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Rqh vlpsoh frqglwlrq wkdw hqvxuhv wkdw d srvlwlylw| uhvxow ri wkh w|sh phqwlrqhg lv vwloo

dssolfdeoh wr +4,/ lv zkhq N lv d srvlwlyh rshudwru/ N 5 O
�
F+,>O^ +,

�
zlwk t A �

2
q> dqg % lv

vpdoo1

Gh�qlwlrq 4 Ohw [ eh d vxevsdfh ri O� +,1 Dq rshudwru N 5 O
�
[>O� +,

�
lv fdoohg srvlwlyh

l�

i � 3 lpsolhv Ni � 3>

dqg vwulfwo| srvlwlyh l�

3 9@ i � 3 lpsolhv 3 9@ Ni � 3=

Krzhyhu/ wkh uhvxow lv vwloo wuxh iru pruh jhqhudo N1 Zh zloo vkrz wkdw lw lv srvvleoh iru

wkh fodvv ri +qrw qhfhvvdulo| srvlwlyh, rshudwruv N wkdw zh frqvlghu wr jlyh d erxqg iru % vxfk

wkdw +O� %N,3� 5 O
�
F+,>Ff+,

�
lv d srvlwlyh rshudwru1 Qhhgohvv wr vd| wkdw wkhvh uhvxowv duh

xqlirup lq i 1 Qrwh wkdw li N lv erxqghg/ wkhq lw hdvlo| iroorzv wkdw iru hyhu| ixqfwlrq i wkhuh

h{lvwv %s iru zklfk wkh uhvxow krogv1

Wklv jhqhudolvhv wkh uhvxowv lq +^5`,/ zkhuh wkh nhuqho frqvlghuhg zdv wdnhq wr eh vhsdudeoh1

Lq sduwlfxodu/ rxu uhvxowv doorz iru N wr eh d Juhhq*v ixqfwlrq dvvrfldwhg zlwk vhfrqg rughu

xqlirupo| hoolswlf rshudwruv/ dqg wkxv lqfoxgh wkh fdvh ri olqhdu hoolswlf v|vwhpv1

Wkhvh uhvxowv duh edvhg rq srlqwzlvh hvwlpdwhv iru wkh Juhhq*v ixqfwlrq dvvrfldwhg wr wkh

orfdo rshudwru O1

2 A�i U*@tt Lu LTih@|Lht @?_ |�i 4@�? hit�*|

Zh dvvxph wkdw N lv wkh gl�huhqfh ri wzr srvlwlyh rshudwruv Nn>N3 = O� +,$ O� +, > wkdw lv

N @ Nn �N3= Li N lv dq lqwhjudo rshudwru zh pd| gh�qh Nn>N3 e| wkh iroorzlqj nhuqhov

Nn +{> |, @ �

2
+N +{> |, . mN +{> |,m, >

N
3

+{> |, @ �

2
+N +{> |,� mN +{> |,m, =

Dvvxpswlrq D Nn> N3 5 O
�
Ff+,>O

^ +,
�
iru vrph t A q=

Ohw � = 
2
�

2
$ U ghqrwh wkh ixqfwlrq

�+{> |> }>z, @
m{� |m?32

m{� }m?32 mz � |m?32

#
4 .

m{� |m2

m{� }m mz� |m

$
=

Zh gh�qh d qrup iru N lq d vxefodvv ri O�
�
2
�
e|

nNn
W

=@ vxs
%c+Ml

]
5Ml

]
�Ml

mN +}>z,m �+{> |> }>z,gzg}= +8,

Rqh pljkw fdoo dq lqwhjudo rshudwru N zlwk lwv nhuqho N vdwlvi|lqj nNn
W

?4 wr eh ri d grxeoh

Ndwr0fodvv w|sh1
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Dvvxpswlrq E Nn> N3 vdwlvi| nNnn
W

?4 dqg nN
3
n
W

?4> zkhuh

nN
�
n
W

@ vxs
%c+Ml

]
5Ml

N
�
+� +{> |> }> �,, +}, g}= +9,

Ohw xv vkruwo| glvfxvv wkh lq�xhqfh riNn dqg ri N
3
e| phdqv ri lqfuhdvlqj % lq +O� %Nn,

3�

f

dqg lq +O� %N
3
,3�
f
/ uhvshfwlyho|1 Khuh dqg lq zkdw iroorzv/ wkh lqgh{ }hur uhihuv wr wkh idfw

wkdw zh duh frqvlghulqj krprjhqhrxv Glulfkohw erxqgdu| frqglwlrqv1

� Wkh srvlwlyh sduw1

Vlqfh iru t A �

2
q wkh rshudwru O3�

f
5 O

�
O

^ +, >Ff+,
�
lv frpsdfw zh �qg wkdw O3�

f
Nn 5

O

�
Ff+,>Ff+,

�
lv d frpsdfw srvlwlyh rshudwru1 Khqfh wkh vshfwudo udglxv �

�
O3�
f
Nn

�
lv

zhoo gh�qhg1 Ohw !f ghqrwh wkh �uvw hljhqixqfwlrq ri

�
O! @ � ! lq >

! @ 3 rq C=
+:,

Vlqfh wkh vwurqj pd{lpxp sulqflsoh iru wkh rshudwru O lpsolhv wkdw iru dq| x 5 O
^ +,

zlwk t A q> dqg khqfh iru x @ Nn!f> hlwkhu O
3�

f
Nn!f @ 3> ru O3�

f
Nn!f � f!f> rqh

�qgv wkdw hlwkhu Nn � 3 rq Ff+, ru �
�
O3�
f
Nn

�
A 3= Lq wkh odvw fdvh lw iroorzv e| wkh

Nuhlq0Uxwpdq Wkhruhp wkdw �fcdn @ �

�
O3�
f
Nn

�
3�

lv dq hljhqydoxh iru

�
O! @ �Nn ! lq >

! @ 3 rq C>
+;,

zlwk !fcdn 5 Ff+, d srvlwlyh hljhqixqfwlrq1 Wkh �uvw hljhqixqfwlrq !fcdn lv dvvxphg wr

eh qrupdol}hg e| pd{!fcdn @ 4= E| wkh Nuhlq0Uxwpdq Wkhruhp doo rwkhu hljhqydoxhv ri

+;, vdwlvi|
��
��cdn

��
? �fcdn =

Wkh h�hfw ri lqfuhdvlqj % +vwduwlqj iurp 3, lv wkdw +O� %Nn,
3�

f
ehfrphv cpruh* srvlwlyh

xqwlo lw ehfrphv vlqjxodu iru % @ �fcdn
/ wkdw lv/ O � %Nn kdv d }hur hljhqydoxh1 Wkh

fruuhvsrqglqj hljhqixqfwlrq lv wkh hljhqixqfwlrq !fcdn ri +;,1

� Wkh qhjdwlyh sduw1

Wkh h�hfw ri lqfuhdvlqj % +vwduwlqj iurp 3, lv wkdw +O. %N
3
,3�
f

ehfrphv cohvv* srvlwlyh

xqwlo srvlwlylw| euhdnv grzq dw vrph �Scd
3

1 Lw phdqv wkdw iru odujhu % wkhuh duh uljkw kdqg

vlghv wkdw duh srvlwlyh exw wkh fruuhvsrqglqj vroxwlrq lv qrw1 Wklv qxpehu lv lq jhqhudo

qrw dq hljhqydoxh1 Qrwh wkdw iru d orfdo rshudwru N
3
> wkdw lv +N

3
x, +{, @ d +{,x +{, zlwk

d 5 O
^ +, dqg dvvxplqj t A q dqg d � 3> rqh kdv �Scd

3

@4=

Wr vwdwh wkh pdlq uhvxow zh vkdoo dovr qhhg wkh qrwlrq ri d vwurqjo| srvlwlyh rshudwru1 Jhq0

hudoo| dq rshudwru D = F+,$ Ff+, lv fdoohg vwurqjo| srvlwlyh li

i 5 F+, zlwk 3 � i 9@ 3 lpsolhv Di +{, A 3 iru doo { 5 =

Zh zloo hyhq vkrz/ dvvxplqj vrph pruh uhjxodulw|/ wkdw wkh rshudwruv zh duh lqwhuhvwhg lq

ehkdyh qhdu wkh erxqgdu| dv lq Krsi*v erxqgdu| srlqw ohppd dqg zloo xvh vwurqjo|W srvlwlyh

lq wkh iroorzlqj fruuhvsrqglqj vhqvh1
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Gh�qlwlrq 5 Zh fdoo dq rshudwru D = F+, $ Ff+, vwurqjo|
W srvlwlyh li iru hyhu| i 5 F+,

zlwk 3 � i 9@ 3 wkhuh h{lvwv fs A 3 vxfk wkdw

Di +{, � fs!f +{, iru doo { 5 >

zkhuh !f lv wkh �uvw hljhqixqfwlrq ri +:,1

Zh zloo vd| x 5 Ff+, vdwlv�hv

x AW 3

li wkhuh h{lvwv d frqvwdqw f A 3 vxfk wkdw x +{, � f!f +{, iru doo { 5 =

Lq rughu wr eh deoh wr xvh vwurqjo|W srvlwlyh zh dvvxph N�x 5 O^ +, zlwk t A q iru

x 5 Ff+,=

Wkhruhp 6 Ohw  dqg O eh dv deryh1 Wkhq wkhuh h{lvwv flcn A 3 vxfk wkdw wkh iroorzlqj krogv1

Li N @ Nn �N3> zlwk Nn dqg N3 srvlwlyh rshudwruv vdwlvi|lqj Dvvxpswlrqv D dqg E / dqg

nNnnW . nN3nW ? flcn> +<,

wkhq +O�N,3�
f

= F+,$ Ff+, lv vwurqjo|
W srvlwlyh1

Uhpdun= Wkh irupxodwlrq ri wklv wkhruhp xvhv d erxqg iru wkh qrqorfdo whup e| d xqlirup

hvwlpdwh/ wkdw lv/ dq hvwlpdwh wkdw lv mxvw ghshqglqj rq wkh n�n
W
0qrup ri Nn dqg N3= Iru �{hg

Nn dqg N3 lq jhqhudo pxfk vkdushu hvwlpdwhv fdq eh irxqg1 Wkh pruh dssursuldwh irupxodwlrq

lv jlyhq dv d fruroodu|1

Fruroodu| 7 Ohw > O/ Nn dqg N3 eh dv deryh1 Wkhq wkhuh h{lvwv flcncdn A 3 dqg flcncd
3

A 3

vxfk wkdw li
w

flcncdn

.
v

flcncd
3

? 4>

wkhq +O� wNn . vN3,
3�

f
= F+,$ Ff+, lv vwurqjo|

W srvlwlyh1

Uhpdun= Li Nn dqg N3 duh orfdo +pxowlsolfdwlrq, rshudwruv/ wkhq flcncdn lv wkh sulqflsdo

hljhqydoxh ri +;, dqg flcncd
3

@4=

� �? |�i ?Lh4 n�n
�

Iluvw zh zloo h{sodlq zk| wklv qrup dsshduv1

Ohppd 8 Wkhuh h{lvwv d frqvwdqw �S vxfk wkdw li N lv d srvlwlyh rshudwru vdwlvi|lqj Dvvxpswlrqv

D dqg E/ wkhq

O3�
f
NO3�

f
� �S nNnW O

3�

f
> +43,

phdqlqj wkdw iru doo i 5 F+, rqh �qgv

i � 3 lpsolhv
�
O3�
f
NO3�

f
i
�
� �S nNnW

�
O3�
f
i
�
=

Pruhryhu/ wkh vshfwudo udglxv � ri O3�
f
N vdwlv�hv � � �S nNnW =
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Surri1 Ohw Jlcn +{> |, ghqrwh wkh Juhhq ixqfwlrq iru O3�f > dqg vxssrvh wkdw N lv dq lqwhjudo

rshudwru1 Wkh rshudwru Rs @ O3�f NO3�f htxdov dq lqwhjudo rshudwru zlwk nhuqho

N
�R

+{> |, @

]
5Ml

]
�Ml

Jlcn +{> },N +}>z,Jlcn +z> |,g}gz=

Lq rughu wr suryh +43, lw lv vx�flhqw wkdw iru doo {> | 5  rqh kdv

N
�R

+{> |, � �
S
nNnWJlcn +{> |, =

Zh xvh wkh iroorzlqj wzr0vlghg hvwlpdwh iru d Juhhq ixqfwlrq rq d erxqghg vprrwk grpdlq lq

U
? zlwk q � 6= Vhh ]kdr +^4<`, iru O @ ��> Dqfrqd +^4`, dqg Kxhehu0Vlhyhnlqj +^46`, iru wkh

htxlydohqfh ri cduelwudu|* Juhhq ixqfwlrqv +dvvxplqj vrph uhjxodulw| frqglwlrqv rq O,/ ru ^4;`1

Wkhuh h{lvw f�> f2 A 3 vxfk wkdw

f� �
Jlcn +{> |,

m{� |m23?plq
�
4>

_E%�_E+�

�%3+�2

� � f2> +44,

zkhuh g ghqrwhv wkh glvwdqfh wr wkh erxqgdu| C =

g +{, @ lqi im{� |m > | @5 j = +45,

Qrz lw lv vx�flhqw wr suryh wkdw wkhuh h{lvwv d frqvwdqw f vxfk wkdw iru doo {> | 5 

]
5Ml

]
�Ml

plq
�
4>

_E%�_E5�

�%35�2

�
plq

�
4>

_E��_E+�

��3+�2

�

m{� }m?32 mz � |m?32
N +}>z,g}gz �

� f nNnW m{� |m23?plq

�
4>
g +{,g +|,

m{� |m2

�
= +46,

Wkh odvw hvwlpdwh lv htxlydohqw zlwk vkrzlqj wkdw

vxs
%c+Ml

]
5Ml

]
�Ml

�%3+�?32

�%35�?32 ��3+�?32

4�?
�
�c
_E%�_E5�

�%35�
2

�
4�?

�
�c
_E��_E+�

��3+�
2

�

4�?
�
�c
_E%�_E+�

�%3+�
2

� N +}> z, g}gz � f nNnW =

Xvlqj g +}, � g +{, . m{� }m dqg d vlplodu hvwlpdwh iru g +z, rqh �qgv

4�?
�
�c
_E%�_E5�

�%35�
2

�
4�?

�
�c
_E��_E+�

��3+�
2

�

4�?
�
�c
_E%�_E+�

�%3+�
2

� � 4 .
m{� |m2

m{� }m mz � |m

dqg khqfh +46, iroorzv zlwk f @ 4= Wkh hvwlpdwh lq wkh Ohppd iroorzv zlwk �
S
@ f22f

3�
� 1

Wkh odvw vwdwhphqw zh suryh e| frqwudglfwlrq1 Dvvxph wkdw � A �
S
nNnW = Wkhq wkh Nuhlq0

Uxwpdq Wkhruhp/ vlqfh O3�f N lv srvlwlyh/ frpsdfw dqg kdv d srvlwlyh vshfwudo udglxv/ lpsolhv

wkdw � lv wkh sulqflsdo hljhqydoxh ri O3�f N1 Wkh fruuhvsrqglqj hljhqixqfwlrq !fcd lv srvlwlyh dqg

khqfh

� O3�f N!fcd @ O3�f NO3�f N!fcd � �
S
nNnWO

3�
f N!fcd>

d frqwudglfwlrq1 �
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e �hLLu Lu |�i 4@�? hit�*|

e�� � uLh4@* @t)4T|L|�U i T@?t�L?

Zh vhw % @ 4 dqg zh surfhhg irupdoo| �uvw1 Xvlqj wkh lqyhuvh rshudwru ri O zlwk Glulfkohw

erxqgdu| frqglwlrq zh �qg wkdw +4, lv htxlydohqw wr

x @ O3�
f
Nx. O3�

f
i ru x @

�
L � O3�

f
N
�
3�

O3�
f
i=

Li wkh vhulhv frqyhujhv zh kdyh

x @

"[
&'f

�
O3�
f
N
�&

O3�
f
i=

Li N lv d srvlwlyh rshudwru wkhq d zhoo gh�qhg vhulhv zrxog lpso| wkdw +O�N,3�
f

lv d srvlwlyh

rshudwru1 Li N
3
9@ 3 wkhq wkh vhulhv pljkw vwloo eh zhoo gh�qhg exw srvlwlylw| lv qrw reylrxv1

Qrwh wkdw hyhq wkh hyhq srzhuv
�
O3�
f
N
�&

gr qrw kdyh wr eh srvlwlyh1

Uhpdun= Iru Nn @ 3 dqg N
3
9@ 3 wkh �uvw wzr whupv lq wkh vhulhv

S
"

&'f

�
O3�
f
N
�&

> qdpho|

L � O3�
f
N
3
duh qrw srvlwlyh iru dq| qrq}hur N

3
= Lqghhg/ iru i 5 F+, zlwk 3 9@ i � 3 dqg

vxssruw +i, 9@  rqh �qgv e| wkh vwurqj pd{lpxp sulqflsoh iru O3�
f

wkdw
�
L �O3�

f
N
3

�
i +{, ? 3

iru { 5 q vxssruw +i, =

Iru d vljq0fkdqjlqj ru qhjdwlyh N zh kdyh wr vhsdudwh srvlwlyh dqg qhjdwlyh sduw1 Djdlq

dvvxplqj wkdw wkh vhulhv frqyhujhv lw fdq eh grqh dv iroorzv =

+O�N,3�
f

@
�
L . +O�Nn,

3�

f
N
3

�
3�

+O�Nn,
3�

f
@

@

"[
&'f

�
� +O�Nn,

3�

f
N
3

�&
+O�Nn,

3�

f
@

@

#
"[
&'f

�
+O�Nn,

3�

f
N
3

�2&$�
L � +O�Nn,

3�

f
N
3

�
+O�Nn,

3�

f
= +47,

Lq rughu wr vkrz srvlwlylw| iru wkh vroxwlrq rshudwru +O�N,3�
f

lw lv khqfh vx�flhqw wr vkrz wkdw

� wkh vhulhv
S
"

&'f

�
O3�
f
Nn

�&
frqyhujhv>

� wkh vhulhv
S
"

&'f

�
+O�Nn,

3�

f
N
3

�2&
frqyhujhv>

� wkh rshudwru
�
L � +O�Nn,

3�

f
N
3

�
+O�Nn,

3�

f
lv srvlwlyh1

e�2 A�i tih�it uLh |�i TLt�|��i T@h|

Ohppd 9 Ohw �S eh dv lq Ohppd 81 Li �S nNnn
W

? 4/ wkhq

41 �

�
O3�
f
Nn

�
? 4 dqg +O�Nn,

3�

f
@
S
"

&'f

�
O3�
f
Nn

�&
O3�
f

>

51 +O�Nn,
3�

f
lv vwurqjo|W srvlwlyh dqg frpsdfw1
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Surri1 Zh pd| vxssrvh wkdw Nn 9@ 3= Wkh vhulhv
S
"

&'f

�
O3�
f
Nn
�&

frqyhujhv li wkh vshfwudo

udglxv vdwlv�hv �
�
O3�
f
Nn
�
? 4= Vlqfh wkh frqglwlrqv lpso| wkdw O3�

f
Nn lv srvlwlyh dqg frpsdfw

dqg kdv d srvlwlyh vshfwudo udglxv/ wkh vshfwudo udglxv htxdov wkh lqyhuvh ri wkh �uvw hljhqydoxh

iru +;,1 Wkh dvvxpswlrq �S nNnnW ? 4 jxdudqwhhv �
�
O3�
f
Nn
�
? 4= Khqfh

+O�Nn,
3�

f
@

"[
&'f

�
O3�
f
Nn
�&
O3�
f

lv zhoo gh�qhg dqg O3�
f

ehlqj vwurqjo|W srvlwlyh lpsolhv wkdw
S
"

&'f

�
O3�
f
Nn
�&
O3�
f

lv vwurqjo|W

srvlwlyh1 �

e�� A�i tih�it ��|� |�i ?i}@|��i T@h|

Ohppd : Ohw �S eh dv lq Ohppd 81 Li

�S nNnnW . �S nN3nW ? 4>

wkhq �

�
+O�Nn,

3�

f
N3

�
? 4 dqg khqfh

S
"

&'f

�
+O�Nn,

3�

f
N3

�2&
lv zhoo gh�qhg dqg vwulfwo|

srvlwlyh1

Surri1 Zh pd| dvvxph wkdw N
3 9@ 3 dqg kdyh wr glvwlqjxlvk wzr fdvhv1

Li Nn @ 3 wkhq wkh vhulhv frqyhujhv li wkh vshfwudo udglxv vdwlv�hv �
�
O3�
f
N3
�
? 4= E|

Ohppd 8 zh �qg wkdw �
�
O3�
f
N3
�
� �S nN3nW dqg zh duh grqh1

Li Nn 9@ 3 dqg �S nNnnW ? 4 zh xvh wkdw

+O�Nn,
3�

f
N3 @

"[
&'f

�
O3�
f
Nn
�&
O3�
f
N3=

Vhw �
W @ �

�
+O�Nn,

3�

f
N3

�
= Erwk O3�

f
Nn dqg O3�

f
N3 duh srvlwlyh rshudwruv1 Pruhryhu/

O3�
f
N3 lv frpsdfw dqg vlqfh zh kdyh wkdw iru dq| srvlwlyh ixqfwlrq x hlwkhu O3�

f
N3x A

W 3 ru

O3�
f
N3x � 3 zh �qg wkdw wkhuh lv d f A 3 vxfk wkdw O3�

f
N3!f A f!f dqg khqfh wkdw �W A 3= E|

wkh Nuhlq0Uxwpdq Wkhruhp �
W lv dq hljhqydoxh zlwk d/ hyhq wkh rqo|/ srvlwlyh hljhqixqfwlrq1

Ohw !W ghqrwh wkh fruuhvsrqglqj sulqflsdo hljhqixqfwlrq1 Vlqfh !W A 3 dqg vlqfh !W @ O3�
f
x

zlwk x @
S
"

&'f

�
NnO

3�

f

�&
N3!

W 5 O
^ +, dqg x � 3> zh kdyh wkdw

�

W

!

W @ +O�Nn,
3�

f
N3O

3�

f
x @

"[
&'f

�
O3�
f
Nn
�&
O3�
f
N3O

3�

f
x �

�

"[
&'f

+�S nNnnW,
&
�S nN3nWO

3�

f
x @

�S nN3nW
4� �S nNnnW

!

W

=

Khqfh

�

W �
�S nN3nW

4� �S nNnnW
=

Wkh vhulhv lq wkh ohppd frqyhujhv li

�S nN3nW
4� �S nNnnW

? 4

zklfk lv htxlydohqw zlwk

�S nN3nW . �S nNnnW ? 4=

�
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e�e A�i LTih@|Lh �t TLt�|��i

Ohppd ; Ohw �S eh dv lq Ohppd 81 Li

�S nNnnW . �S nN3nW ? 4 +48,

wkhq +O�N,3�f lv d vwurqjo|W srvlwlyh rshudwru1

Surri1 Xvlqj wkh h{suhvvlrq lq +47, dqg wkh suhylrxv wzr ohppdv lw lv vx�flhqw wr vkrz wkdw

�
L � +O�Nn,

3�
f N3

�
+O�Nn,

3�
f

lv d vwrqjo|W srvlwlyh rshudwru1 Lq rwkhu zrugv/ zh kdyh wr vkrz xqghu wkh frqglwlrq +48, wkdw

iru doo x 5 F+,

x � 3 lpsolhv +O�Nn,
3�
f x � +O�Nn,

3�
f N3 +O�Nn,

3�
f x=

VwurqjW srvlwlylw| zloo iroorz iurp wkh vwulfw lqhtxdolw| lq +48,1 Vlqfh

+O�Nn,
3�
f @

"[
&'f

�
O3�f Nn

�&
O3�f

zh �qgzlwk Ohppd 8 wkdw

+O�Nn,
3�
f N3 +O�Nn,

3�
f @

"[
&'f

"[
6'f

�
O3�f Nn

�&
O3�f N3

�
O3�f Nn

�6
O3�f �

� �S nN3nW

"[
&'f

"[
6'f

�
O3�f Nn

�&
+�S nNnnW,

6O3�f @

@
�S nN3nW

4� �S nNnnW
+O�Nn,

3�
f =

Rqh frqfoxghv e| xvlqj +48,1 �

D 5L4i i @4T*it

Zh vwduw e| frqvlghulqj orfdo rshudwruv

Nx +{, @ * +{,x +{, = +49,

Ohppd < Ohw s A q= Iru N dv lq +49, zh �qg wkdw wkhuh lv d frqvwdqw f
R

l vxfk wkdw iru doo

* 5 OR +, =

nN�nW � f
R

l n*�nuREl� =

Surri1 Vlqfh iru t ? ?

?3�
rqh kdv

��� �

�u3+�
?3�

���
u^El�

� flc^ lqghshqghqwo| ri |> zh �qg vwudljkw0

iruzdugo| e| xvlqj
�%3+�

�53%��53+�
� �%35�n�53+�

�53%��53+�
@ �

�53+�
. �

�53%�
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wkdw iru �
R
. �

^
@ 4

nN�nW @ vxs
%c+Ml

]
5Ml

*� +}, � +{> |> }> }, g} @

@ vxs
%c+Ml

]
5Ml

*� +},
�

�%3+�?32

�53%�?32�53+�?32
.

�%3+�?

�53%�?3� �53+�?3�

�
g} �

� f vxs
%c+Ml

]
5Ml

*� +},
�

�

�53+�?32
. �

�53%�?32
.

�%35�

�53+�?3�
.

�53+�

�53%�?3�

�
g} �

� f
�
lc^ n*�nuREl�

�

Ohw * 5 O
R +, iru vrph s A q= Xvlqj wkh ohppd deryh rqh uhfryhuv Krsi*v erxqgdu| srlqw

Ohppd iru �
��x� *x @ i lq >

x @ 3 rq C>

zkhuh n*n
uREl� lv vpdoo/ exw * qrw qhfhvvdulo| erxqghg deryh srlqwzlvho|1

Dq lpsruwdqw idplo| ri rshudwruv wkdw duh doorzhg duh wkh iroorzlqj1 E| uhvxowv ri Ju�xwhu dqg

Zlgpdq +^45`, rqh �qgv wkdw d vhfrqg rughu xqlirupo| hoolswlf rshudwru zlwk Glulfkohw erxqgdu|

frqglwlrqv dqg zlwk txlwh jhqhudo frh�flhqwv kdv d Juhhq ixqfwlrq vdwlvi|lqj

3 � J +{> |, � n m{ � |m23?
= +4:,

Dovr rwkhu krprjhqhrxv erxqgdu| frqglwlrqv vxfk dv Qhxpdq + Y

Y?
x @ 3, ru Urelq/ dvvxplqj

wkdw wkh vshfwuxp olhv lq wkh uljkw kdoi sodqh/ kdyh d Juhhq ixqfwlrq vdwlvi|lqj d vlplodu hvwlpdwh1

Vxfk dq hvwlpdwh fdq eh suryhq vlploduo| dv lq Wkhruhp 719144 ri ^8`1 Vhh dovr wkh uhpdun rq

sdjh ;< ri ^8`1

Ohppd 43 Li N lv d lqwhjudo rshudwru zlwk nhuqho vxfk wkdw iru vrph % A 3

N +{> |, @ m{ � |m03?P +{> |,

dqg P 5 O
R
�
2
�
zlwk

s

q
A pd{

�
4>
4

%

�
> wkhq iru vrph frqvwdqw f

Rc0

l

nNnW � f
R

l nPn
uREl2� =

Surri1 Zh zloo glvwlqjxlvk irxu duhdv=

L= }>z 5  vxfk wkdw m} � {m � �
�
m{� |m dqg mz � |m � �

�
m{� |m >

LL= }>z 5  vxfk wkdw m} � {m � �
�
m{� |m dqg mz � |m A �

�
m{� |m >

LLL= }>z 5  vxfk wkdw m} � {m A �
�
m{� |m dqg mz � |m � �

�
m{� |m >

LY= }>z 5  vxfk wkdw m} � {m A �
� m{� |m dqg mz � |m A �

� m{� |m >

dqg lq hdfk ri wkhvh irxu fdvhv zh zloo �uvw hvwlpdwh wkh h{solflwh sduw ri wkh lqwhjudqg=

m} �zm03?

�
�%3+�

�%35���3+�

�
?32 �

4 .
�%3+�2

�%35���3+�

�
@ +�, =
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dg L1 Xvlqj m} � zm � �
�
m{� |m dqg m{� |m2 � �

b
m} � {m mz � |m zh �qg=

+�, � 6?30

#
m{� |m032

m{� }m?32 mz� |m?32
.

m{� |m0

m{� }m?3� mz � |m?3�

$
�

� 6?30
43 m{� |m0

m{� }m?3� mz � |m?3�
=

dg LL1 Xvlqj mz � |m � �
� m{� |m zh �qg=

+�, � 6?32
4

m} �zm?30 m{� }m?32
. 6?3�

m{� |m

m} �zm?30 m{� }m?3�
=

dg LLL1 Xvlqj m} � {m � �
�
m{� |m zh �qg=

+�, � 6?32
4

m} � zm?30 mz� |m?32
. 6?3�

m{� |m

m} �zm?30 mz � |m?3�
=

dg LY1 Xvlqj mz � |m � �
�
m{� |m dqg m} � {m � �

�
m{� |m zh �qg=

+�, � 6?32
43

m} �zm?30 m{� }m?32
=

Vlqfh iru t vdwlvi|lqj t +%� q, A �q dqg t +4� q, A �q/ wkdw lv

t ? plq

�
q

q� %
>

q

q� 4

�
>

zh �qg wkdw wkhuh h{lvwv f^c0cl A 3 vxfk wkdw]
5Ml

]
�Ml

�
4

m} � zm?30 m{� }m?3�

�
^

gzg} �

@

]
5Ml

m{� }m^E�3?�

3
C ]

�Ml

m} �zm^E03?� gz

4
Dg} � f^c0cl

lqghshqghqwo| ri {> | 5 = Vlploduo| doo rwkhu whupv fdq eh hvwlpdwhg dqg rqh �qgv e| K�roghu

wkdw

nNn
W

@ vxs
%c+Ml

]
5Ml

]
�Ml

m} � zm03? mP +}>z,m �+{> |> }> z, gzg} � f
�

^c0cl nPn
uREl2�

iru s vxfk wkdw �
R
. �

^
@ 4= Wkh uhvwulfwlrq rq t lpsolhv wkdw s A pd{

�
4> %3�

�
q= �

H{dpsoh 5 Frqvlghu wkh v|vwhp ;AA?
AA=

��x. dy @ i lq >

x @ 3 rq C>

+��. 4, y @ x lq >
Y

Y?
y @ 3 rq C=

Ohw s A q= Wkhq wkh iroorzlqj uhvxow krogv1
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Li ndnuREl� lv vx�flhqwo| vpdoo wkhq 3 9@ i � 3 lpsolhv x AW 3=

Qrwh wkdw wkhuh lv qr vljq frqglwlrq iru d= Wklv uhvxow iroorzv e| xvlqj y @ J� +x, > zkhuh

J� +x, lv wkh Juhhq rshudwru +��. 4,3��i�4@?? = Wklv rshudwru kdv d nhuqho J� +{> |, vdw0

lvi|lqj

J� +{> |, @ j +{> |, m{� |m23?

zlwk j 5 O
"
�
2

�
=

H{dpsoh 6 Frqvlghu wkh elkduprqlf erxqgdu| ydoxh sureohp

�
+�,2 x. j +�> x>Gx>�x>G�x, @ i lq >

x @ �x @ 3 rq C>

zkhuh Gx @
�

Y
Y%�

Y
Y%2

> = = = >
Y

Y%?

�
= Dvvxph wkdw j 5 F

�
�
��U�U? �U� U?

�
dqg wkdw

j +�> 3> 3> 3> 3, @ 3= Vxssrvh wkdw x 5 F
e
�
�
�
lv d vroxwlrq1 Wkhq wkh iroorzlqj krogv1

Li p lv vx�flhqwo| vpdoo dqg mj�m
"
� p wkhq 3 9@ i � 3 lpsolhv x AW 3=

Lw lv vkrzq dv iroorzv1 Gh�qlqj y @ ��x zh rewdlq

�
��y .K +{, � +Jy>GJy> y>Gy, @ i lq >

y @ 3 rq C>

zkhuh J @ +��,
3�
f > wkh Juhhq ixqfwlrq iru wkh Srlvvrq sureohp/

K +{, @

] �

f

G�j +{> vx +{, > vGx +{, > v�x +{, > vG�x +{,, gv

dqg G� ghqrwhv gl�huhqwldwlrq zlwk uhvshfw wr wkh odvw 7 frpsrqhqwv1 Wkh erxqg rq j
�

lpsolhv wkdw K lv vpdoo dqg khqfh wkdw i � 3 lpsolhv y � 3= Wkh fodvvlfdo pd{lpxp

sulqflsoh lpsolhv wkdw x @ Jy � 3=

Lq wkh qh{w h{dpsoh zh �{  @ E� +3, @ i{ 5 U?> m{m ? 4j dqg frqvlghu

Nx +{, @ x +|,g�+ +4;,

zkhuh

]
lv wkh dyhudjh=

]
�+�'�%�

x +|,g�+ @

U
�w�'�

x +m{m �,g�

U
�w�'�

4g�
=

Wkh rshudwru N lv duwl�fldo exw lw vkrzv dq rshudwru wkdw fdqqrw eh zulwwhq e| phdqv ri d nhuqho

N +{> |, rq 2
= Ehiruh zh vwdwh wkh uhvxow iru wklv h{dpsoh zh qhhg wkh qh{w ohppd1

Ohppd 44 Ohw N eh dv lq +4;,1 Wkhq nNn
W
lv erxqghg1
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Surri1 Ohw xv ghqrwh $? @
U
�w�'� 4g�= Zh kdyh

nNnW @ vxs
%c+Ml

]
5Ml

N +� +{> |> }> �,, +}, g}

@ $
3�
?

vxs
%c+Ml

]
5Ml

]
�w�'�

�+{> |> }> m}m �,g�g} @

@ $
3�
?

vxs
%c+Ml

]
5Ml

]
�w�'�

�
�%3+�?32

�53%�?32 ��5�w3+�?32
.

�%3+�?

�53%�?3���5�w3+�?3�

�
g�g} @

@ $
3�
?

vxs
%c+Ml

]
5Ml

3
EC �%3+�?32

�53%�?32�5�?32

]
�w�'�

_w
�
�
�w3

+

�5�

�
�
�

?32 .
�%3+�?

�53%�?3��5�?3�

]
�w�'�

_w
�
�
�w3

+

�5�

�
�
�

?3�

4
FDg}= +4<,

Zh �uvw hvwlpdwh wkh wzr lqqhu lqwhjudov=
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Khqfh wkh �uvw sduw ri +4<, lv hvwlpdwhg dv iroorzv
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Wkh vhfrqg sduw ri +4<, zh vsolw lq wzr=
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� f vxs
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dqg e| Fdxfk|0Vfkzdu} zlwk s @ 2?3�
2?32

dqg t @ 5q � 4 zh �qg wkdw wkh lqwhjudo lv erxqghg

xqlirupo| lq {> |= Ilqdoo| zh �qg wkdw wkh uhpdlqlqj lqwhjudo lq
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lv erxqghg xqlirupo| lq {> |= �

H{dpsoh 7 Frqvlghu �
��x. *Nx @ i lq E� +3, >

x @ 3 rq CE� +3, >

zlwk N dv lq +4;,1 Iurp wkh odvw ohppd zh �qg=

li n*n
u"E��Ef��

lv vx�flhqwo| vpdoo wkhq 3 9@ i � 3 lpsolhv x A
W 3=

Ohw s A q= Wkh uhvxow hyhq krogv li n*n
uRE��Ef��

lv vx�flhqwo| vpdoo1

S A�i @ttLU�@|i_ i�}i?�@*�i ThLM*i4

Zh qrz frqvlghu wkh vshfldo fdvh zkhuh N lv d erxqghg lqwhjudo rshudwru zlwk d vhsdudeoh nhuqho

ri wkh irup

+Nx,+{, @ d+{,

]
l

e+|,x+|,g|>

dqg vwxg| wkh vshfwuxp ri wkh fruuhvsrqglqj rshudwru Ox�Nx ~ khuh O zloo eh dvvxphg wr eh

vhoi~dgmrlqw/ vr wkdw wkh uhvxowv iurp ^43` fdq eh dssolhg gluhfwo|1 Qrwh wkdw N lv qrw uhtxluhg

wr eh vhoi~dgmrlqw/ dqg vr wkh uhvxowlqj rshudwru zloo qrw/ lq jhqhudo/ eh vhoi~dgmrlqw hlwkhu1

Dowkrxjk wklv lv d yhu| sduwlfxodu fdvh/ lw lv txlwh lpsruwdqw dv lw lv wkh w|sh ri olqhdu rshudwru

wkdw zloo dulvh qdwxudoo| zkhq frqvlghulqj wkh olqhdul}hg hljhqydoxh sureohp dvvrfldwhg zlwk d

qrqorfdo uhdfwlrq~gl�xvlrq htxdwlrq ri wkh w|sh

x| .Ox @ i+x> �x,>

zkhuh

�x @

]
l

j+{> x+{> w,,g{=

Wkh ixqfwlrq d+{,e+|, fohduo| idoov lqwr wkh fodvv ri nhuqhov frqvlghuhg li/ iru lqvwdqfh/ d dqg e

duh dvvxphg wr eh frqwlqxrxv lq �1 Zh vkdoo qrz frqvlghu wkh dvvrfldwhg hljhqydoxh sureohp

dqg jlyh frqglwlrqv iru wkh h{lvwhqfh ri d srvlwlyh hljhqixqfwlrq dvvrfldwhg zlwk wkh vpdoohvw

uhdo hljhqydoxh1 H{lvwhqfh ri vxfk dq hljhqixqfwlrq lv hqvxuhg e| wkh Nuhlq~Uxwpdq Wkhruhp/

surylghg wkdw wkh rshudwru kdv d frpsdfw lqyhuvh zklfk lv vwurqjo| srvlwlyh1 Wkxv Wkhruhp 6 dx0

wrpdwlfdoo| lpsolhv wkdw li wkh lqwhjudo whup kdv d vx�flhqwo| vpdoo qrup wkhq wkh �uvw hljhqydoxh

zloo kdyh dq dvvrfldwhg srvlwlyh hljhqixqfwlrq1 Zh vkdoo qrz jlyh d uhvxow zklfk lv lqghshqghqw

ri wkh qrup ri wkh qrqorfdo whup/ dqg zklfk dssolhv hyhq zkhq wkh rshudwru lv qr orqjhu srvlwlyh1
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Sursrvlwlrq 45 Dvvxph wkdw wkh rshudwru O lv vhoi~dgmrlqw dqg frqvlghu wkh rshudwru D gh�qhg

e|

Dx @ Ox� d+{,

]
l

e+|,x+|,g|=

Ohw yf ghqrwh wkh �uvw +srvlwlyh, hljhqixqfwlrq ri +:,1 Wkhq/ li d lv srvlwlyh dqg

]
l

e+|,yf+|,g| A 3>

wkhuh zloo h{lvw dq rgg qxpehu ri uhdo hljhqydoxhv ri D zklfk duh vpdoohu wkdq �f1 Ixuwkhupruh/

wkh hljhqixqfwlrqv dvvrfldwhg zlwk wkhvh hljhqydoxhv fdq eh fkrvhq wr eh srvlwlyh1 Lq sduwlfxodu/
wkhuh h{lvwv d �uvw +qrw qhfhvvduloo| vlpsoh, hljhqydoxh zklfk lv vpdoohu wkdq �f dqg zklfk zloo

kdyh dvvrfldwhg zlwk lw d srvlwlyh hljhqixqfwlrq1

Surri1 Iurp wkh k|srwkhvlv zh kdyh wkdw

dfef @

]
l

d+{,yf+{,g{

]
l

e+{,yf+{,g{ A 3=

Lw qrz iroorzv iurp wkh uhvxowv lq ^43` wkdw wkh rshudwru D zloo kdyh dq rgg qxpehu ri uhdo

hljhqydoxhv ��c� ? �f1 Ohw � eh rqh ri wkhvh hljhqydoxhv dqg xf wkh fruuhvsrqglqj hljhqixqfwlrq1

Wkhq wkh rshudwru +O� �L,
3�

f
zloo eh srvlwlyh/ dqg dv

]
l

e+|,xf+|,g| 9@ 3

+iru rwkhuzlvh � zrxog kdyh wr eh dq hljhqydoxh ri wkh orfdo rshudwru O,/ lw iroorzv wkdw xf fdq

eh fkrvhq lq rughu wkdw wkh lqwhjudo whup lv srvlwlyh1 Wklv/ wrjhwkhu zlwk wkh idfw wkdw d+{, lv

srvlwlyh/ lpsolhv wkdw xf A 3 lq 1 �

Uhpdun= Fohduo| wkh dujxphqw lv deoh wr vkrz wkdw wkh hljhqixqfwlrq fdq eh fkrvhq wr eh

srvlwlyh grhv qrw ghshqg rq wkh vshfldo irup ri wkh qrqorfdo whup dqg fdq eh dssolhg rqfh lw lv

nqrzq wkdw wkhuh h{lvwv lq idfw d uhdo hljhqydoxh wr wkh uljkw ri �f1

Lq wkh fdvh zkhuh N @ Nn/ wkdw lv/ wkh shuwxuelqj rshudwru lv srvlwlyh/ wkhq wkh uhvxowv lq ^49`

lpso| wkh h{lvwhqfh ri d sulqflsdo grplqdqw hljhqydoxh �f/ wkdw lv/ d uhdo vlpsoh hljhqydoxh zkrvh

hljhqixqfwlrq lv lq wkh frqh ri srvlwlyh ixqfwlrqv/ lw lv wkh rqo| vxfk hljhqixqfwlrq/ dqg doo rwkhu

hljhqydoxhv zloo eh wr wkh uljkw ri �f1 Khuh/ ehfdxvh N lv qrw qhfhvvduloo| srvlwlyh/ wkhuh zloo qrw/

lq jhqhudo/ h{lvw vxfk dq hljhqydoxh dv wkh iroorzlqj h{dpsoh vkrzv1

H{dpsoh Frqvlghu wkh hljhqydoxh sureohp

;?
=
�x�� � %

�S
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d& vlq+n�{,

]
�

f

�S
&'�

e& vlq+n�|,x+|,g| @ �x

x+3, @ x+4, @ 3

+53,

Gxh wr wkh irup ri wkh qrqorfdo whup/ doo exw wkh �uvw wkuhh hljhqydoxhv zloo uhpdlq

frqvwdqw iru doo uhdo ydoxhv ri wkh sdudphwhu %1 Wr ghwhuplqh wkh ghshqghqfh ri wkhvh wkuhh

hljhqydoxhv rq %/ zh qrwh wkdw lw lv srvvleoh wr uhgxfh +53, wr d �qlwh~glphqvlrqdo sureohp

ri wkh irup

+G � %�,y @ �y>

zkhuh

G @
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Wkh sroh~dvvljqphqw Ohppd +vhh ^9`/ iru wkh xvh ri wklv uhvxow iurp frqwuro wkhru| wr

wklv fdvh,/ hqvxuhv wkdw lw lv srvvleoh wr sodfh wkh hljhqydoxhv ri wkh pdwul{ G � %� lq

wkh frpsoh{ sodqh dv ghvluhg +qrw frxqwlqj pxowlsolflwlhv,/ e| fkrrvlqj wkh udqn~4 pdwul{

� dssursuldwho|1 Krzhyhu/ wklv uhvxow grhv qrw jxdudqwhh wkdw lw lv srvvleoh wr gr vr

zkloh nhhslqj wkh ixqfwlrq d lq Sursrvlwlrq 45 srvlwlyh1 Zh qrz vkrz wkdw wklv lv lqghhg

srvvleoh dqg wkdw dv % lqfuhdvhv zh jr iurp rqh vlwxdwlrq zkhuh wkhuh h{lvwv rqo| rqh

srvlwlyh hljhqixqfwlrq wr wkh fdvh zkhuh wkhuh duh wkuhh hljhqydoxhv wr wkh ohiw ri wkh �uvw

hljhqydoxh ri wkh orfdo rshudwru/ dqg wkxv wr d vlwxdwlrq zkhuh wkhuh duh wkuhh srvlwlyh

hljhqixqfwlrqv1

Ohw +d�> d2> d�, @ +5> 4> 4, dqg +e�> e2> e�, @ +4>�43> 43,1 Wkhq

� @

5
7

5 �53 53

4 �43 43

4 �43 43

6
8

dqg/ dv % lv lqfuhdvhg iurp }hur/ wkh �uvw wkuhh hljhqydoxhv zloo vwduw prylqj lq wkh iroorzlqj

zd|= �f +%, dqg �2 +%, zloo ghfuhdvh zkloh �� +%, lqfuhdvhv1 Li zh frqwlqxh lqfuhdvlqj %/ dw

vrph srlqw �� +%, dqg �2 +%, zloo froolgh dqg ehfrph frpsoh{1 Li % lv lqfuhdvhg ixuwkhu/ wkhq

wklv sdlu ri hljhqydoxhv zloo ehfrph uhdo djdlq/ exw zloo qrz dsshdu ehorz �f +%, zklfk lv

vpdoohu wkdq �f +3,1 Dv wkh ixqfwlrq d+{, lv srvlwlyh iru wklv fkrlfh ri +d�> d2> d�,/ lw iroorzv

iurp wkh Uhpdun diwhu Sursrvlwlrq 45 wkdw wkh wkuhh fruuhvsrqglqj hljhqixqfwlrqv zloo eh

srvlwlyh1
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+iuihi?Uit

^4` D1 Dqfrqd1 Frpsdudlvrq ghv phvxuhv kduprqltxhv hw ghv irqfwlrqv gh Juhhq srxu ghv

rs�hudwhxuv hoolswltxhv vxu xq grpdlqh Olsvfklw}lhq1 F1U1Dfdg1Vfl1Sdulv 5<7 +4<;5,/ 838~

83;1
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^5` Z1 Doohjuhwwr dqg D1 Edudedqryd1 Srvlwlylw| ri vroxwlrqv ri hoolswlf htxdwlrqv zlwk qrqorfdo

whupv/ Surf1Ur|1Vrf1Hg1 459D +4<<9,/ 976~9961

^6` P1 Ehuwhur/ J1 Wdohqwl dqg J1D1 Yldqr1 Vfdwwhulqj dqg erxqg vwdwh vroxwlrqv iru d fodvv ri

qrqorfdo srwhqwldov +v0zdyh,1 Frpp1 Pdwk1 Sk|v1 9 +4<9:,/ 45;~4831

^7` P1 Fudqvwrq/ H1 Idehv dqg ]1 ]kdr/ Frqglwlrqdo Jdxjh dqg srwhqwldo wkhru| iru wkh

Vfku�rglqjhu rshudwru1 Wudqv1Dphu1Pdwk1Vrf1 63: +4<;;,/ 4:4~4<71

^8` H1E1 Gdylhv1 Khdw nhuqhov dqg vshfwudo wkhru|/ Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh/

4<;<1

^9` E1 Ilhgohu dqg S1 Sro�d�flf1 Frpsolfdwhg g|qdplfv ri vfdodu uhdfwlrq gl�xvlrq htxdwlrqv zlwk

d qrqorfdo whup1 Surf1U1V1H1+D, 448 +4<<3,/ 49:~4<51

^:` S1 Iuhlwdv1 D qrqorfdo Vwxup~Olrxylooh hljhqydoxh sureohp/ Surf1 U1V1H1+D, 457 +4<<7,/

49<~4;;1

^;` S1 Iuhlwdv1 Elixufdwlrq dqg vwdelolw| ri vwdwlrqdu| vroxwlrqv ri qrqorfdo vfdodu uhdfwlrq~

gl�xvlrq htxdwlrqv/ M1G|q1Gl�1Ht1 9 +4<<7,/ 946~95<1

^<` S1 Iuhlwdv1 Vwdelolw| ri vwdwlrqdu| vroxwlrqv ri d qrqorfdo uhdfwlrq~gl�xvlrq htxdwlrq/

Txduw1M1Phfk1Dssolhg Pdwkhpdwlfv 7; +4<<8,/ 88:~8;51

^43` S1 Iuhlwdv dqg P1S1 Ylvkqhyvnll1 Vwdelolw| ri vwdwlrqdu| vroxwlrqv ri qrqorfdo uhdfwlrq~

gl�xvlrq htxdwlrqv lq p~glphqvlrqdo vsdfh/ wr dsshdu lq Gl�huhqwldo dqg Lqwhjudo Htxd0

wlrqv1

^44` G1 Jloeduj dqg Q1 Wuxglqjhu1 Hoolswlf sduwldo gl�huhqwldo htxdwlrqv ri vhfrqg rughu +5qg

hg1,/ Vsulqjhu~Yhuodj/ Ehuolq dqg Qhz \run/ 4<;61

^45` P1 Ju�xwhu dqg N10R1 Zlgpdq1 Wkh Juhhq ixqfwlrq iru xqlirupo| hoolswlf htxdwlrqv/

Pdqxvfulswd Pdwk1 6: +4<;5,/ 63606751

^46` K1 Kxhehu dqg P1 Vlhyhnlqj1 Xqlirup erxqgv iru txrwlhqwv ri Juhhq ixqfwlrqv rq F�c�0

grpdlqv/ Dqq1Lqvw1Irxulhu 65 +4<;5,/ 438044:1

^47` M1 Olrxylooh1 Vroxwlrq qrxyhooh g*xq sureo�hph g*dqdo|vh/ uhodwli dx{ sk�hqrph�hqhv wkhupr~

p�hfdqltxhv/ M1Pdwk1 Sxuhv hw Dsso1 5 +4;6:,/ 76<~7891

^48` H1 Plwlglhul dqg J1 Vzhhuv1 Zhdno| frxsohg hoolswlf v|vwhpv dqg srvlwlylw|/ Pdwk1 Qdfku1

4:6 +4<<8,/ 58<05;91

^49` U1Qdjho/ hg11 Rqh~sdudphwhu vhpljurxsv ri srvlwlyh rshudwruv/ Vsulqjhu Ohfwxuh Qrwhv lq

Pdwkhpdwlfv/ Ehuolq~Khlghoehuj/ 4<;91

^4:` S1 Sro�d�flf dqg Y1 �Vr�vryl�fnd1 Vwdeoh shulrglf vroxwlrqv ri d vsdwldoo| krprjhqhrxv qrqorfdo

uhdfwlrq~gl�xvlrq htxdwlrq/ Surf1Ur|1Vrf1Hg1 459D +4<<9,/ ;9:~;;71

^4;` J1 Vzhhuv1 Srvlwlylw| iru d vwurqjo| frxsohg hoolswlf v|vwhp e| Juhhq ixqfwlrq hvwlpdwhv/ M1

Jhrphwulf Dqdo|vlv 7 +4<<7,/ 454~4751

^4<` ]1 ]kdr1 Juhhq ixqfwlrq iru Vfku�rglqjhu rshudwru dqg frqglwlrqhg Ih|qpdq~Ndf jdxjh/

M1Pdwk1Dqdo1Dsso1 449 +4<;9,/ 63<~6671



Iuhlwdv dqg Vzhhuv 4;

0

200

400

epsilon

-400

-200

0

200

Re

-150
0

150
Im

0

200

400

epsilon
-150

0
150

Im

Iljxuh 4= Wkh ixqfwlrqv �� = U$ F ri wkh odvw h{dpsoh1


