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Abstract

In this paper we will study under which conditions the positive cone, or part of
the positive cone, is preserved when solving a weakly coupled system of elliptic partial
differential equations. Such a system will be as follows:

-A; 0 Uy ci1 - Clk Uy fi

0o 0 S e : S I
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on a bounded domain in IR™, with zero Dirichlet boundary condition. The operators
A; will be strictly elliptic such as the Laplacian. The system is said to preserve the
positive cone if f > 0 implies v > 0. We will classify such systems. For noncooperative
systems we need and show pointwise estimates for iterates of the Green function.
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1 Introduction

A system of elliptic partial differential equations is called weakly coupled if there appear no
derivatives in the coupling terms. In such a system a matrix equation and elliptic differential
equations are combined:

the matrix equation: Mv = f fe IRF, find 7 € IR,
the elliptic p.d.e.: Lw (z) = f () feC(Q), findwe Cy(Q);
the system: Li (z) + Mi(z) = f(z) feC(Q)F, find e Co(Q)*.

In the simplest combination, the so called cooperative systems, positivity properties of both
matrix equation and elliptic differential equations support each other. Positivity follows by
combining the results of both type of equations. In noncooperative systems the matrix
involved does not preserve the positive cone. It might preserve a subcone of the positive
cone or no cone at all. Roughly said, these cases correspond to the similar to cooperative
and strictly noncooperative case. To have a positivity result in the last case the classical



maximum principle for elliptic equations is not sufficient. In general the positive cone is
not preserved. However, using pointwise estimates for Green functions, one might still have
a positive solution if the source term lies in a subcone of the positive cone, or one might
obtain positivity for some components of the solution for general positive source term. We
will give such results.

Positivity results for cooperative systems can be found in the book by Protter and
Weinberger [23], and in the papers of Walter [29], De Figueiredo and Mitidieri [12] as well
as in [26], [19]. Problems that are similar to cooperative are studied by Weinberger in [30]
and by Cosner and Schaefer in [7]. Results for noncooperative systems can be found in [25],
[5], [6], [26]. A particular noncooperative system was studied in [11]. Positivity results for
some systems that have coupling in the first order derivatives can be found in [27].

The following we will use throughout the paper.
M(ain) A (ssumptions):

domain: Q C IR™, bounded and 09 C C1!,
n n
2. elliptic operator: L=- aij%é,%j + X bi% +c,
i,j=1 ¢ i=1 ¢

with ¢ > 0 and Ja, 3,y > 0 such that
alél? < 'Zlaz’jngj < B¢,

Z7-]: _
A5, ij ce CON(Q)v

k
— 92
8= z; .

My, () e Mg ()
3. matrix: M = : : , with M; ; € C(),

) Mig(-) -+ M (")
4. ordering in C(Q)*: u>0 meaning wu;(z)>0 Ve, j=1,...k,
u>0 meaning wu;(zx)>0 VreQ,j=1,... k,

5. ordering in £L(C(Q)*): A >0 meaning «>0= Au>0 Yue C(Q)F,
A>0 meaning 0#u>0= Au>0VYu e C(Q)*,
6. first eigenvalue/eigenfunction: (Ao, ¢g) € IR x C(Q; IR), with
Lo = Aogo 1n 2,
¢o =0 on 01,
oo > 0.

L is a second order strictly elliptic differential operator. For its properties see [13].

We will end the introduction by recalling and comparing results for the matrix equation
and the differential equation. In section 2 we will classify weakly coupled elliptic systems.
Section 3 contains and explains necessary and sufficient conditions for cone preserving prop-
erties of a simple non trivial system. In section 4 we will obtain estimates for iterates of
the Green function which we will need in the noncooperative case. In section 5 one finds
results for the cooperative case. Such results have their own interest but we also need them
in order to handle the noncooperative case. The noncooperative case finally is treated in



section 6. We end by stating our result for the problem that was proposed by McKenna
and Walter in [21]:

A2u+bu=f inQ,

Au=u=0 on 0. (1)
There exists ¢ (2) > 0 such that, whenever 0 < b < ¢(Q2), we have f > 0 implies u > 0.
Note that (1) can be written as a system, namely, with v = —Au:
—Au=v in Q,
—Av=—-bu+f inQ, (2)
u=v=0 on 0.

Also note that the classical maximum principle shows that for every f € C(2) with f > 0
there exists a ¢y > 0 such that for 0 < b < ¢y one finds u > 0. This maximum principle
however does not show that inf {cg; f € C(Q)T} > 0.

1.1 Two model operators

Let us consider

i) L an elliptic operator as in MA 2.,
and
ii) M a constant real k x k-matrix, with M = sI — B,

such that 1) B;; >0 for all ¢, j.
2) s> p(B), the spectral radius,
3) B irreducible.

The matrix M as in ii) that satisfies ii.1) and s > p(B) is called an M-matrix. An
M-matrix M is nonsingular if and only if s > p(B). B is irreducible if and only if M is
irreducible. See [3].

A finite element approximation of the operator L with appropriate boundary conditions
gives such an M-matrix.

The next subsection contains some common properties of these two classes of operators.

1.2 Classical results

Let Op either stand for
L:D(L) =Cy (% R)NC** (% R) - C° (% R), (3)

with L as in i), or for
M :D(M)=R" — IR" (4)



with M as in ii).
We will consider the model equation

Opu=Au+f. (5)

For all f € Im(Op) one can find a unique u € D (Op) that solves (5) if and only if
A ¢ 0 (Op), where o (Op) € C denotes the spectrum. Since the inverse of Op is compact,
o (Op) is discrete and consists of at most countably many eigenvalues.

A common feature concerning the spectrum of both operators is the following.
A. Set A\g = inf {ReA; A € 0 (Op)}. Then )\ is an eigenvalue, Ao > 0 and the correspond-

ing eigenfunction/eigenvector ug is unique up to normalization. Moreover, ug > 0 and
it is the only positive eigenfunction/eigenvector.

And with respect to positivity they have the following (related) properties in common.
B. There is A\g > 0 such that

1. a. Forall A € (—oo, \g) one finds (Op — ) ™' is positive:
f >0 implies wu > 0.
b. and even that (Op — A)™! is strongly positive:
0# f>0 implies u > 0.
2. It A=),

0# f >0 implies nonexistence for u.

3. For all A € (\g, 00) one finds that if there exists a solution u, then

0# f>0 implies u 20.

The assertion in (A) follows from the Krein-Rutman Theorem. The older finite dimen-
sional result, which is sufficient for the matrix case, is due to the Perron-Frobenius Theorem.
Both theorems use positivity of the inverse operator Op~!. Krein-Rutman uses the compact
imbedding D (Op) in Im (Op).

For elliptic operators assertion (B.1.a) is the maximum principle and (B.1.b) the strong
maximum principle.



2 Classification of weakly coupled elliptic systems

2.1 Cooperative elliptic systems
A combination of the two operators appears in the following weakly coupled elliptic system:
(Igx L)u+ Mu= A u+ f (6)

where u and f are vector functions, and

L 0 0
nxp=| " U (a@ner@) - @) (7)
0 O L

If M is a irreducible M-matrix and L the elliptic operator above then it has been shown
that Op defined by

Iy x L+ M : (Co(@) N C2+€(Q))k = (@) ®)

has the same properties (A) and (B). See [28], [12], [26] and [19].

2.1.1 Generalizations

One does not need the same elliptic operator on every diagonal term. The properties (A)
and (B) also hold for systems where I,, x L is replaced by

Ly 0 0
p=| Y 2 0 (9)
0 0 Ly
where the L,,, with m € {1, ..., k}, are general second order strictly elliptic operators with

sufficiently regular (real) coefficients such that o (L,,) C IR" x ilR.

One may also replace the constant matrix M by a matrix M = M (z) such that M (x)
is an irreducible M-matrix for every x € ). The irreducibility may be weakened to fully
coupled ([26]).

Definition 2.1 We call the matrix M fully coupled if the following holds. For all o, 3 C
{1,...,k} withaUp={1,....,k} and anN =0, there isi € a,j € 8 and x € Q such that
M;; (z) # 0.

Definition 2.2 An elliptic system is called cooperative if the differential equation has the
form
(L+M—M)u=f. (10)

with L as in (9) and M (x) being an M-matriz for every x € .



In summary: under sufficient regularity of L and M the properties (A) and (B) hold
for Op defined by

_ _\k _
L+ M: (Co(Q) nC*(Q)) — (C7(@))" (11)
with L and M as above.

2.2 Elliptic systems similar to cooperative

Since diagonal operators I, x L as in (7) commute with constant square matrices S one may
look for cone preserving properties of (I x L+ M )_1 in other cones as the positive one.
Suppose that S is invertible. Since I x L = S™1S (Iy x L) = S~! (Ix x L) S the system in
(6) is then replaced by

(I x L) Su+ (SMS™') Su= ASu + Sf. (12)

If SMS~ is a irreducible M-matrix, then for A < A\; one finds that
Sf>0 implies Su > 0,
0#Sf>0 implies Su>0.

Here A1 denotes the first eigenvalue of Op defined by
Iy x L+ SMS™': (Cp (Q) N2 (ﬁ))k — (¢ (ﬁ))k . (13)

If there is a matrix S such that SMS~! has only nonpositive off-diagonal entries, then
system (6) is called similar to cooperative.

A disadvantage of this approach is that the preserved cones of system (12) may have
little in common with the positive cone. Conditions such that a constant matrix M can be
transformed to a matrix SMS~! have been studied in [30].

2.2.1 Generalizations

Again one may replace the constant matrix M with M (z). However, since L as in (9) in
general does not commute with matrices S one cannot replace I x L with L straightforwardly.

Instead of using square matrices S one may even use real k' x k-matrices S, with k' > k,
that have a left inverse T'. The system in (6) is then replaced by

(I x L) Su+ (SMT) Su= ASu+ S. (14)

Such an approach is found in [20].



2.3 Noncooperative elliptic systems

Systems as (6) where the coupling matrix M has at least one positive off-diagonal entry
are called noncooperative. In general such a non cooperative system is not similar to a
cooperative system. For example, systems of two equations are similar to cooperative if
and only if the coupling matrix has (two) real eigenvalues.

For noncooperative systems one cannot expect to find the results that are stated in
the properties (A) and (B). See Proposition 3.6 in the next section. Nevertheless, using
pointwise estimates for the Green function belonging to the elliptic operator, one can still
find a restricted positivity result. This will be the subject of a main part of the paper. In the
most general case M is replaced with M (z) = M (x) — M~ (z) with M:FJ (z), M (z) >0
(the system is cooperative if and only if Mg () =0 for all i # j).

3 The simplest nontrivial example
In this section we consider a two-equations system with constant coeflicients:

—Auj; = auy + bus + f1  in Q,
—Aug = cuy +dus + fo  in Q, (15)

up =uo =0 on 0f).

We will give algebraic conditions that are necessary and sufficient for existence of an invari-
ant cone, existence of a positive eigenfunction, and for having a maximum principle. We
will concentrate on the results. For sake of completeness the proofs can be found at the end
of this section. Results for such a system can also be found in [30].

3.1 Results

We assume that the system in (15) is irreducible: bc # 0, and we will restrict ourselves to
the case that one coupling coefficient is positive: ¢ > 0. Since the elliptic operators in both
components are the same (and since the coefficients are constant) we have a real decoupling
of (15) when

L(a—d)® +be > 0. (16)

Now elementary linear algebra yields that (15) is equivalent with

Ta+d) +w 0

—AxSuz(
0 Ta+d) —w
0

) Su+Sf inQ,
(17)

on 0f),

where



The eigenvectors of (£ 3) are

U+:<%(a—d)—|—w>andv_:<%(a—d)—w>' (18)

Cc Cc

They respectively correspond with the eigenvalues ut = 1 (a + d)+w and p~ = 5 (a +d) —

w. The spectrum for (15) consists of eigenvalues: oq4 (—A xI— (8 3)) =og(-A—-pt)U
o4 (—A — u~). Here d stands for Dirichlet boundary condition.

Definition 3.1 For a, 3 € IR?\ {0} we set

K(a,8)={feC% a-f>0, -f>0}.

Definition 3.2 We call K («, 3) an invariant cone for (15) if for all f € K («,3) the
system has a unique solution v and u € K («, [3).

Now let (Mg, ¢o) denote the first eigenvalue of —A¢p = A ¢ on Q with u = 0 on 99Q.

Proposition 3.3 (Existence of invariant cone) Let ¢ > 0. The following are equivalent.

1.%(‘1—(1)2—1—[)020 and /\0>%(a+d)_|_ i(a—d)2—|—bc,

2. There exist independent o, § € IR? such that K («, 3) is an invariant cone for (15).
It will be useful to have an algebraic condition in order to see which cones are invariant.

Lemma 3.4 Let ¢ > 0 and suppose that
i(a—d)2—|—bc>0 and Mo > 3 (a+d)+ i(a—d)2—|—bc.

Let (ut,vt) and (u=,v™) be as in (18) and fir independent vectors o, f € IR®. Then the
following two statements are equivalent.

1. (a) vt € K(a,83) or —vt € K (a, 8), and
(b) v- ¢ K (a, 8)° and —v~ ¢ K (a, 5)°.

2. K («, ) is an invariant cone for (15).



Remark 1: If we replace 1 (a — d)* + be > 0 by t(a— d)? + be = 0 we still have that

2. implies 1. In this case vt = v~ and 1. means v* € 9K (a, 8) or —v" € K (a, 3).

Next we consider the eigenvalue problem

A= " )o4r0 mo
c d (19)

=0 on Of).

Proposition 3.5 (Existence of a positive eigenfunction) Let ¢ > 0. The following are
equivalent.

1. i(a—d)2—|—b020and%(a—d)+ i(a—d)2+bCZO-

2. There exist a positive eigenfunction of (19).

Remark 2: The claim from 1. to 2. follows immediately by an explicit formula. With
(Mo, o) as above a positive eigenfunction & with its eigenvalue A is defined by

Ao=Xo— % (a+d)—/%(a—d)+be,

. <%(a—d)+\/i(a—d)2+bc>¢0‘ (20)

Cc

Proposition 3.6 (Maximum principle) Let ¢ > 0. The following are equivalent.
1.b>0 and Xo>3(a+d)+ i(a—d)2—|—bc,

2. K (((1]), ((1))) is an invariant cone for (15).

Remark 3: Note that in order to have this maximum principle one needs the algebraic
conditions of Proposition 3.3, Proposition 3.5 and b > 0. (The inequality 3 (a —d) +

+(a— d)? 4 be > 0 is implied by be > 0.)

Remark 4: A positive eigenfunction of (19) is a supersolution for (15) with f = 0.
Hence, if _((17;602 < b < 0 there is a positive supersolution but the system does not preserve
the positive cone. This fact denies the conjecture that existence of a positive supersolution
implies the maximum principle.

Remark 5: Suppose that ¢ > 0. Then b > 0 makes the system cooperative and
t(a— d)*4be > 0 makes the system similar to cooperative. If b < 0 or even t(a— d)? +be <

0 holds, the best positivity results that one might hope for are as follows. i) For some

10



K* C K((f), () one has: f € K* implies u € K((p), (3))- ii) For some K** > K((3), ()

one has f € K((é), ((1))) implies u € K**. If b < 0 but § (a — d)?4be > 0 holds such a result

follows from Proposition 3.3 (the similar to cooperative case). If 1 (a — d)? + be < 0 (the
strictly noncooperative case) one needs a different method. Such a type of result is found
in Theorem 6.4.

3.2 Proofs

Proof of Lemma 3.4. (1 = 2) Suppose that Proposition 3.3 1 holds. For f € C(Q)?, there
are unique g1, g2 € C(Q) with f = vTg; + v gs. Because of assumption 1.a) and 1.b) we
find g1 > 0. Since A\g > u > p~ we obtain that (—A — p+) P and (-A — )"t C(Q) —
Co(Q) are well-defined positive operators. We even have (—A — ,u+)_1 > (—A— ,u_)_l > 0.
Hence

u=vt (A=) g o (A=) gy =
=t (A=) = (ca—p) g+ (A —pT) T (T o g).

Since g1 > 0 and v+ € K (o, 3) we obtain v ((—A —ph) Tt (A= ,u_)_l) g1 € K (a, ).

Since vt g1 +v g2 € K (v, 3) we obtain (—A — p~) ! (vFg1 + v~ g2) € K (, 3), and hence
u € K (a, 3).

(2 = 1) Now suppose 1.a or 1.b is not satisfied. Then there are c1, co such that c;v™ +
cov~ € 0K (a, )\ {0} and civt + deqv™ ¢ K (o, 8) for all ¥ € [0,1). Solving for f =
(c1v™ + cov™) ¢ we obtain

a

w=M—pt)" <61’U+ + <1 - u) cw‘) oo ¢ K (o, ).

Ao — p~

Proof of Proposition 3.3. (1 = 2) First suppose that i (a — d)2—|—bc > 0. Hence there ex-
ist independent v, v~ asin (18). By Lemma 3.4 we find that the cone K (v + v~ , v —v7)
is invariant. If 1 (a — d)* 4+ be = 0 we have that v = v~ Let v+ € IR? be perpendicular
to v*. Then either K (’U+, ’UL) or K (’U+, —’UL) is invariant.

(2 = 1) Suppose that there is an invariant cone K («, ) with «, # independent. Since
K (a, ) contains an nonempty open set one finds that 0 ¢ o (—AI - (¢ 3)). Write R =
(—AI - (¢ g))_l and K = K (a, 8)NIR? . For n € K we have Rngo = o “C_AO d_b/\o)_ln €
¢oK . Since K is convex the fixed point Theorem shows that there exists an eigenvector in
¢oK of —AT — (* 1) with eigenvalue A > 0. Since the eigenvalues\functions of (% d_bAO)
are (u™ — Ao, v™) and (u= — A\g,v™) we have n = v and A = \g — ™ € IRT. Condition 1
follows from \g — u* € IRT. O

Proof of Proposition 3.5 (2 = 1) Suppose there exists an eigenfunction and i (a — d)2 +
bc < 0 holds. Then from (17) we obtain a complex eigenvalue for the Laplacian with
Dirichlet boundary condition, a contradiction. Now suppose that %(a — d)2 + bc > 0.
Since the Laplacian has just one eigenfunction with a fixed sign, the only eigenfunctions

11



® of —AT — (¢ 3), with @ (z) € K (a, 8) for all z € Q, are vT ¢ and v~ ¢y. Hence one
of these two should be positive. Since v~ > 0 implies v > 0 (see (18)) we find that

La—d)+ /1 (a—d)*+be>0. m
Proof of Proposition 3.6 (1 = 2) If b > 0 one finds from (18) that v™ > 0 and v~ % 0.

By Lemma 3.4 the positive cone is invariant.

(2 = 1) From Proposition 3.3 one finds I (a — d)? +bc > 0 and N\ > t(a+d) +

V3la— d)? + be. If t(a— d)? 4+ be > 0 Lemma 3.4 shows that vt € K (((1)), ((1))) and v~ ¢
K((é),(g))o Hence 3 (a —d)+ /% (a —d)® +be > 0 and 3 (a — d) — /1 (a — d)* 4+ be < 0.
This is equivalent with % la —d| < \/i (a — d)2 -+ be. Since ¢ > 0 it implies that b > 0. If

t(a— d)? + be = 0 one has vt = v~ € K (((1)), ((1))) and hence a = d. Consequently we
find b= 0. O

4 The Green function

4.1 Motivation

If the first eigenvalue/function (Mg ¢o) of

Lé=X¢ mQ,
(21)
¢o=0 on Of)
satisfies A\g > 0 (guaranteed by positivity of the last coefficient of L: ¢(-) > 0), then the
solution of

(22)

Lu=f in €,
u=20 on 0f)

can be written as

u(e) = [Gay)f (@) do.
Q

We will denote u = G f. The operator G is strictly positive on C(£2). By the strong maximum
principle one finds that if f € C(Q) then 0 < f # 0 implies Gf () > 0 for all x € Q. Then
GF or any nontrivial polynomial in G with positive coefficients has the same property. But
what can be said about positivity for general polynomials in G? Is it allowed to have some
small negative coefficients? It has been shown, see [1], [32], [33] and [9], that there is ¢ > 0
such that G2 < ¢ G. Tt can also been shown that G L c G? for any c in any dimension.

In this section we will show that there is a k, € IN such that G¥» can be estimated
from above and from below by a constant times the projection on the first eigenfunction.

In other words, there are c1, co > 0 such that for all f € C(Q)*, 2 € Q:

e (0. ) do(x) < (6" F) () < ea (60, f) o (2),

12



where

o) = [ 1) doly) dy.
Q

As a consequence we have for all k£ > k,, that
L ghn < Apnhgh < 2 ghn, (23)
Cco C1

and hence that some small negative coefficients in a polynomial in G can be compensated
for. That means, the polynomial operator is still positive. In fact (23) allows us to show
positivity for power series in G when the negative coefficients are small compared with the
positive ones. Without this result one is not able to handle systems when its components
contain different elliptic operators. In [26] the positivity result for noncooperative systems
was shown only for systems with the same elliptic operator in every component.

4.2 Estimates for the iterated Green function

Let L be an elliptic operator satisfying MIA 2. The case n = 2 is somewhat special and
in order to use a result from [1] we need additional regularity, namely a;j, b;, c € C(Q).
Again let G (-, ) denote the Green function. Define

G (z,y) = G (z,y)

G (2,9) = /G(w,z) G*(z,y)dz fork=1,2,....
z€Q

Then by changing the order of integration we find for k = 1,2,... and f € C(Q2) that

(9"7) @ = [ ¢ @w) ) dv

yeN

Theorem 4.1 (3G-Theorem of Cranston-Fabes-Zhao) There is a constant A > 0
such that
G (x,y) > A G%(z,y) for all x,y € Q. (24)

Remark 1: The general statement for n > 3 is found in [9]. For the Laplacian see
[32]. For the case n =2 see [1] and [33]. See also [17] and [27].

Theorem 4.2 Let L and 2 satisfy the assumptions in MA. Then there are c1,co > 0 such
that, with k, = [”TH] + 1, the k,'M-iterated Green function satisfies for all x,y € Q

c1 o (z) do(y) < G (z,y) < ca do () o (y). (25)

13



Remark 2: We will not prove it but the theorem also holds for n = 1. For Q = (-1, 1)
and Lu = u” one finds

G(z,y) =51 —lv—yl—ay),
G (r,y) =15 2+2]z—y|l—2*—y*) (1 — |z -yl —zy),
¢o (z) = cos (§ ).

Elementary calculus shows that (25) holds with k; = 2 and also that (25) does not hold
when we replace k1 by 1. Hence the number £ is optimal. We expect the number k,, to be
optimal in every dimension.

Remark 3: Both theorems combined show that the following ordering exists:
GG =G -Gl G g gt

with A > B meaning: there is ¢ > 0 such that cA > B, and A ~ B meaning: there is ¢ > 0
such that cA > B> c 1A

Proof.  The estimate from above can be found by using regularity theory or by doing
some singular integral calculus and using pointwise estimates for the Green function. We
will use the first approach. Redoing the singular integral calculus is more tedious but will
show the best k,,.

By results of Widman [31], Zhao [32] and Hueber-Sieveking [16], [17] the Green function
for n > 3 satisfies for some cq 1,cn2 > 0

CQ,1 Fy (fL',y) SG(J),:I/) SCQQ Fy (x,y) for all x,yEQ, (26)
with
d d
Fu (@,9) = o -y~ min (1, W} (27)
r—y

and d (z) = d (z,092). By [31], [1] and [33] the Green function for n = 2 satisfies (26) with

F (z,y) = log <1 + M) . (28)

|z — y|

Let z*,y* € 0Q be such that |z —z*| = d(z), |y —y*| = d(y). Then d(z) = |z —z*| <
|z —y*| < |z —y|+ |y — y*| = | — y| + d (y). Using that min (1,a® + a) < 2a for a > 0, we
find

2
min (1, %fj;fg”) < min (1, |;l(_y;| + |;l£g;)|2) < 2|g(y;| (29)
and similarly for n = 2
. 2
log (1+ 2782 ) < log (14 54)” < 2514 (30)

Hence for all n > 2 there is ¢ > 0 such that

G(z,y)<clz—y|" "d(y).

14



Then

< f < i
Lr(Q) 00 or p n_ 1

sup Hd(y)_1 G(,y)
yeN

Using the regularity results for elliptic differential equations, see Theorem 9.19 of [13], we
find for £ > 1 that

21618 Hd(y)—l GF ("y)HW%—Q*P(Q) < 00 for p < %

By the Sobolev imbedding Theorem, see page 158 of [13], we obtain if 2k — 2 — % > 1 that

sup Hd(y)_1 Gk (,y)’ < 0. (31)

yeN

()

Hence (31) holds when k > 1 (n+2). Since d(y) Gk (z,y) =0 for y € O,z € 9N and
since 00 € C1®, we obtain that there exists ¢ > 0 such that

d(y) ' GF (z,y) < cd(x) for all z,y € Q. (32)
The estimate from above follows since for C“-domains there exist ¢, ¢co > 0 with

1 d(x) <¢o(x) <cod(x) for all x € Q. (33)

For the estimate from below fix compact K CC Q with K° # (). Then we find that
in}f{d (x) > 0 and that there exists ¢ > 0 such that, both for n > 3 and n = 2, we have
re

G (z,y) > cd(x) forallz € Q,y € K,
G (z,y) >cd(y) forallz € K,y € Q.

A straightforward estimate gives ¢*, ¢** > 0 such that
G* (z,y) > c*// d(x) 1 - 1d(y)dzy...dzx—1 =™ d(z) d(y)
K K
for all z,y € Q. The proof finishes by (33). 0

Instead of (22) it will be useful to consider

Lu=a() f in Q,
() (34
u=20 on 012,
and the corresponding eigenvalueproblem
Lu=Xa() u in €,
(35)
u=0 on 0.

The Green function for (34) is G4 (z,y) = G (z,y)a(y). Let (A, ¢q) denote the first
(positive) eigenvalue\function of 35.
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Lemma 4.3 Let a € C(Q) such that 0 < a # 0. Then there are c1,c2 > 0 such that

¢ (Gt G<GF < ey (Go) 6.

Proof. The first estimate follows for ¢; = ||a||(1>o_k" For the second estimate take a

compact K C Q such that a (z) > o > 0 for x € K. For n > 3 one finds by using (32) that
there exist ¢, ¢ > 0 such that

Gk (z,y) < cd(z)d(y) <

oy —1
< // |z — 2> " min (1,%) a(z1) < I ok — 2o *" (I(Zk)>

k=2
21,...,an_1€K

. d —
...min (1, Izrkn(—iyg—yl) |2k, —1 — y\2 " dzy ... dzg, 1

and replacing K with €2 we may continue by

k=2

. ken—1
<c // G (z,21) a(z) ( H G (zk-1,2k) a(zr) ) G (zk,-1,y)dz1 .. .dzg, -1 =

21,...,an_1€Q

=c / GFn=1(2,2) G (2,9) dz.

zeQ

Similar arguments show the lemma for n = 2. a

Remark 4: It follows that for all z,y € Q

c1 do (x) ¢o(y) aly) <G (2,y) < c2 do(z) do(y) aly). (36)

Since there are c1,co > 0 such that c1¢g < ¢, < c2¢g we may replace ¢y by ¢, in (36).
It is also allowed to have different L and a at successive steps. Denoting G;(x,y) =
Gr, (x,y) a;i(y), i = 1,...,k, and GF = GuGr_1...Gy one may prove that there exist
c1,¢2 > 0 such that for all x,y €  we have

c1 ¢o(z) do(y) a1 (y) < G* (z,y) < ez do () ¢o(y) a1 (y). (37)
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5 Results for cooperative systems

5.1 Eigenvalue problems

Let L, as a (9), and M be such that the system is fully coupled and cooperative. It follows
from Proposition 3.1 of [26] that there is a unique eigenvalue Ay with positive eigenvector
<I>0 of

Lu4+Mu=XTu in Q,

38
u=20 on Of). (38)

The eigenvalue Ag is the first one and has multiplicity one. If we assume that Ag > 0
one finds by Theorem 1.1 of [26] that (L + M) : Co(Q)* — C(Q)* exists and satisfies
(L+M)™t>o0.

Instead of (38) we consider the eigenvalue problem which has a nonnegative matrix B
as a weight on the right hand side, namely

Lu+ Mu=XBu in Q,

39
u=20 on Of). (39)

The eigenvalue problem with B = —M is studied in [15]. See also [4].

Theorem 5.1 Let L+M be cooperative and fully coupled. Suppose that Ag > 0. Let the
matriz B satisfy

Bij () € Co(2)  foralli,je {1,...,k},
Bij () >0 foralli,je{l,...,k},
B #0.

Then there exists an eigenvalue Ag (L + M) > 0 of (39) such that

1. for A < Ap (L + M) we have L4+M — AB is invertible and (L + M — AB)™* > 0,
2. the corresponding eigenspace is {¢ ®p;c € IR} for some ®p > 0,

3. (up to normalization) ®p is the only positive eigenfunction of (39),

4. there exist c1,co > 0 such that c1¢g < (PR); < cago  for allie {1,...,k}.

Remark 1: A converse also holds. Let L,M and B be as above. If Ag(L+ M) >0
holds, then Ay > 0.

Remark 2: Except for the estimate in 4 we do not need that 9 is C1'!. An exterior
cone condition is sufficient to obtain a first eigenvalue with a unique positive eigenfunction.
In the next prove we will not use the C1! regularity of the boundary. Using C»! some steps
in the proof can be simplified by the strong maximum principle.
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Proof.  The main difficulty in the proof is the fact that B is not strictly positive. We
just have B > 0. It can be solved as follows. Define

Q}B:{xeﬂ;zk:Bij(x);éO},
=1
C]B:{feC’(@);f(w):0forx6@ﬂaﬂ},

cB=cBx...xcP
The sets Q}B are open subsets of ). CJB and CP are Banach lattices. Denote
Rp: C(Q)* — CB  the restriction,
Ep:CP — C(Q)* the extension by zero.

The operator B o Eg : C® — C(Q)F is strictly positive: if f € CB satisfies 0 < f # 0, then
0 < Bo Epf # 0. The operator B o Ep is continuous. Instead of the eigenvalue problem
® = \(L+ M) ' Bd in C(Q)*, we consider

d=ARp (L+M) ' (BoEg) ® inC"E. (40)
By Lemma 1.4 of [26] the operator (L4 M) e L (C()™) is positive, irreducible and
compact. One even has (L4 M) ™" > 0. Hence Rg (L+ M) ' (BoEp):C? - CPisa
positive, compact and irreducible operator. A theorem of De Pagter (Theorem 3 in [22])
shows that the spectral radius is strictly positive. By the Krein-Rutman Theorem ([18])
there exists a unique positive eigenvalue Ap with a positive eigenfunction ®p in C?. One

—1
has A\p = (p (RB (L+M) ™ (Bo EB))) . See also Theorem V.5.2 of [24] or the appendix

of [26]. The eigenvalue/eigenfunction in C(Q2)™ is defined by

AB(L—I—M) = ApB
dp = Ap (L—I—M)_l (BOEB) <i>B.

Since 0 # ®p > 0 one finds 5 > 0 and hence on a C11-domain Hopf’s boundary point
Lemma implies 4. It remains to show that ®p is unique up to normalization. If (A, ®)
with ® > 0 is an eigenvalue/function of (39), then ® = A (L+ M) 'B & and hence
®=0o0r®>0. Ifd > 0 holds, then ® = Rpd is a positive eigenfunction of (40).
Since the positive eigenfunction of (40) is unique we have ®p = ¢® for some ¢ > 0. Hence
dp =g (L+M) ' (BoEg) &p = cd. O

5.2 Estimates for a vectorvalued Green function

Without loss of generality we may assume that My; < 0. (We may write (L 4+ ¢I + M — ¢I) ™"
instead of (L 4+ M) ™' .) For simplicity we define the positive matrix A by A = —M. The
corresponding constant matrix A is defined by

(A)ij—{ 1 if O#AijZO,

— 41
0 if A =0. (1)
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We will assume that either A;; > 0 on Q or A;; = 0.

Definition 5.2 Let s be the smallest number such that
(A”) >0 foralli,je{l,....k}.
ij

We call k the coupling number of A (or M ).
Since the system is fully coupled x exists and is less than or equal to & — 1.

Lemma 5.3 Let L—A be cooperative and fully coupled. Suppose that Ag > 0. Then there
exist ¢ > 0 such that, for kK, = max (/@, [”—Jf}) we have

T (@a,f) PA<LT (4 L—l)“"fgc (Da, f) Ba for all0 < f e C(Q)"

k

Here (O, f) = > [®;(z) fi(z) dx and 4 is the positive eigenfunction of (39) with B =
i=1Q

A=—

Proof. Since s, > [i] one finds by Lemma 4.3 that there exist cq, co > 0 such that

1 6o (o) [ A () dy < (L7 (A1) 1) ()
Q
and

(L—1 (A L—l)”" f) () < ¢z ¢o (:v)//l“" f ) ¢o(y) d

Q

for all z € Q and f € C(Q)*. Since k, > & all entries of A" are strictly positive. Hence
there exist cs, cq4 > 0 such that for all y € 2 :

c3l-f(y) <A™ f(y)<eal-f(y) 1
By using Theorem 4.2 and

cs ¢o(r) 1< @a(x) <cgo(x) 1

for some c5, cg > 0 the proof concludes. ad

Lemma 5.4 Let L, A and k, be as in the previous Lemma. Let A be as in (41) and let G
denote the Green function for the Laplacian with Dirichlet boundary condition. Then there
exists ¢ > 0 such that

LS Am G p < (Lo Ay f<e SO AT G F forall 0 < f € C(Q)F.

Remark 3: In the case that 0 # A;; > 0 but A;; # 0 the first k,, — 1 terms have to be
estimated in a more tedious way.
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Proof. From Theorem 5.1 one finds that A4 (L — A) > 0. The operator AL~! is positive
and its spectral radius p satisfies

p=p(ALT) =(AaL-A)+ 1) <1.
Hence we have

(L—A)y =11 f: (aL )™,
m=0

Using Lemma 5.3 and the positivity of A and L™ we find for m > &, and 0 < f € C(Q)*
that
T pT (@, f) @4 <LTH(ALTY)T f <o p T (@, f) Ba. (42)

Using L™ A®4 = p® 4, estimate (42), Theorem 4.1 and Theorem 4.2 it follows that for
some ¢; > 0

Kn—1 m 0 m
L-A)7 f=1t > (AL ) 4t > (A p <
m=0 m==~Kn
Kn—1 0
<G (AG"f +er D, p M (a, f) Pa <
m=0 m==~Kn
Kn—1 R m 00
Seg Y (AG) f+e X p (@A f) By <
m=0 m==~Kn
Kn—1 1 Kn
< Am m+1 ) ) < Am m+1 )
_037;::0 g f+C41_p<A,f> A_C5m§::0 gnTf
By using Lemma 4.3 one finds that there exists ¢ > 0 such that G A G < ¢ G A G and the
estimate from below follows similarly. a

6 Results for noncooperative systems

We consider

Lu=Au— Bu+f in Q,
(43)

u=20 on Of).

Now A and B are matrices of C(€)-functions with A;;, B;; > 0 for ¢ # j. We assume that
B;; = A;; = 0 (nonzero diagonal terms can be included in the elliptic operator L). Moreover,
we assume that either A;; = 0 or A;; > 0 on Q. We will also need a related cooperative
system, namely

44
u=20 on Of). (44)

Note that L—A being fully coupled implies that L—A — B is fully coupled.

[Lu:Au—l—Bu—l—f in ,
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6.1 Existence

Theorem 6.1 Let A, B be as above with L_—A fully coupled. We assume that we have
Ar(L—A—B) > 0. Then for every f € Co(Q)F there exists a unique solution u of (43) in
(Co() N W?’72(Q))k, with p € [1,00), and

o0

u=3 (- (L—A)—lB)m(L—A)—l f. (45)

m=0

Remark 1: Note that A; (L — A — B) > 0 is a condition for the related cooperative
system (44). The solution @ of (44) satisfies

isy (L-a'B) " @-a"r (46)

m=0

Remark 2: Instead of assuming that 9Q € C'! one may assume that 0f is regular

k
(see [13]) for the operators L;. The theorem still holds with u € (C’O(Q) N Wp’2(Q)) .

loc

Proof. Since A;(L—A—B) >0 we find A;(L—A) >0and Ag(L —A) > 1. By The-
orem 5.1 there exists a unique positive eigenfunction of (39). Since (L — A)™' B is positive
and compact, the Krein-Rutman Theorem implies that p ((L — At B) = (Ag(L—A)'<
1. Hence the formulas in (43) and (44) are well defined. The solution in (43) is unique.
Indeed, since (L — A) ™! is well defined

(L-—A)u=—-Bu+f inQ
u=20 on 0N

is equivalent with
w=(L—A) "' (~Bu+ f)
or
(I+@C-A)"B)u=(L-4)"f
Since p ((L — A)_1 B) < 1 the left hand side can be inverted. Regularity follows from the
regularizing property of (L — A)~" since u = (L — A) "' w where w € C(Q)* is defined by
w=yx(-BL-4")"r 0

m=0
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6.2 Motivation for restricted positivity

Another way of writing the solution of (43) is

o0

u="> ((L-4)7"B)

m=0

2m

(1-@-a7"B)L-a)"rf

2
The operators Y o ((L — At B) " and (L — A)~! are positive. But the third operator,
(I — (L - A)_1 B), is not positive, not even when the coefficients of B are small. However,

in some cases the operator (I —L-4)7" B) (L — A)™" will preserve a subcone of the

positive cone for small B. It motivates the following question.

o Which subcones of the positive cone are preserved by the operator
T.=(I-e(L-A)"B)(L-4)": ) - Cc(@)F (47)

for smalle >0 ¢

If we set u =T, f and v =Ty f we find the following system:

(L-—A)u=f—eBv in{,
(L-—A)v=f inQ, (48)
u=v=0 on 0f).

In the one equation case it is shown (see [25], [5], [6] and [26]) that (1 —€ (—A)_l) (=A)t
is positive for sufficiently small e. This operator corresponds with a system as in (48),

namely:
—Au=f—ev inQ,

—Av=f inQ,
u=v=0 on 0f).

Other related questions are
_ =+ _ +
e For which subcone K C (C’(Q)k) does one find T.K C (C’(Q)k) ?

o IfK = (C’(Q)k)+ which components satisfy (T.K), >0 ¢

Note that T1f > 0 implies that the solution u of (43) satisfies u > 0.
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6.3 Restricted positivity

Which subcone of the positive cone will be preserved depends merely on the way how the
system is coupled, that is: on the matrices A and B. We need some technical conditions.
To compare the coupling of A and B we need the following.

Definition 6.2 Let A and B be as in (41). We define the matriz By € INF¥F by

(BA)U =1+ min {m € IN; (E ApBAm—pej) # 0} )
p=0 i

Here € is the j*" unit vector in IRF.

Remark 3: Let I'y and I'p denote the directed graphs corresponding with the coupling

of A respectively B (1,...,k are the nodes, there is an arc in I'y from j to 4 iff A;; # 0).
The number in (B A) ~ denotes the length of (= number of directed arcs in) the shortest
ij

path in 'y UT'p from j to ¢ that uses exactly one arc of I'p.

We will also use

P, : C(Q)F = C(Q),
{ Piu = u;,
and its right inverse
E;: C(Q) — C(Q)F,
{ Ewu=(0,...,0,u,0,...,0).

ith entry

Theorem 6.3 Let A, B be as above with L—A fully coupled. Moreover, we assume that
Ar(L—A—-B) > 0. Then there exists e > 0 such that for all ¢ € [0,e0] the following
holds. Leti,j € {1,...,k}.

Ifi=7j or

(59, 20 {[57] 639,

then P;oT, OEj > 0.

If we set

x={is (Ba),, = min{ [22], (4), b toranj 2 i}
¢ = {5 (Ba),, = min{[252]. (Aa) | foralli 2 5}

the main result follows directly from the previous theorem.
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Theorem 6.4 Let A, B be as above with L—A fully coupled and Aj (L — A —_B) > 0. Let
g0 > 0 be as above. Then for all ¢ € [0,eq] we have the following. Let f € C(Q)F.

1. If f >0, then (T.f), > 0 for alli € x.
2. If f>0and fj =0 for all j ¢, then T.f > 0.

Examples. The entries where (49) is satisfied contain - and we put a * if (49) is not
satisfied.

1. Let
11000 00100
0110 0 10000
A=A=]|001 11| andB=B=|000 0 0
00011 00100
1000 1 00000
Then

112 3 4 2 31 2 3

411 2 3 1 23 45

Ay=13 4112 |andBs=]|5 6 2 3 4

2 3 411 451 2 3

1 23 4 1 342 3 4

and the critical entries, respectively the index sets y and ¢ appear as follows:

forn=2,3 forn=4,5 forn > 6
* . . . . * * . . . * * *
* * *
* . . . . * . . . . *
* . . . . * *
x =12,4,5} x =1{2,5} x = {2}
¢ =1{3,5} ¢={3} ¢={3}

2. Let A be the same and replace B by

00100 *
00010 *

B=B=|000 0 1]|.Thenforn=2:| - - - - «
10000 *
01000 *

For all n > 2 we get x =¢ = 0.
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Remark 4: The dots show that the corresponding coupling is positive for € > 0 but
small enough. The theorem does not give an actual estimate for £y. For a particular system
such estimates can be obtained. See the last section where the system from McKenna and
Walter is studied.

Proof of Theorem 6.3. The condition in (49) shows that there is sy > 0 such that
for s € [0, so] one finds

((Am—i—l —s EAP B Am—p) ej) >0 form< [n?—I—Q] (50)

p=0

There also is s; > 0 such that for s € [0, s;] one finds

((A s A B Am—P) ej) >0 o> 112, (51)
p=0 i

From (50) it follows that for small s

[252] m
E (Am—i—l _s EAP B Am—p) Gm+2 E;if| >0 (52)
m=0 p=0

and from (51) and Theorem 4.2 it follows that for small s

Kn—1
Angett S S ar B Avrgn | Bp | 20 (53)

m=[2£2]+1p=0 .
(2

Since G does not mix the components we find for all 0 < f € C(Q) that we have for small s

Kn—1
(E (Am“ s EAP B A™™ P) Gg"t? Ej f) > 0. (54)

m=0 p=0

Ifm+1> [%] + 1 we find by Theorem 4.2 and Lemma 5.3 that there is ¢; > 0 such that
for all 0 < v € C(Q)* we have

c1 AP B APl gmtly > Arngrntly, (55)

Hence there is s; > 0 such that for s € [0,s1] and 0 < f € C(Q) :

m=—1 p=max(0,m—kKn)

Q
fn—l 2k min(m,ky ) o
E Amtt gmt2 _ g E E APB Amv | gmt2 |\ Bif| >0, (56)
m=0 .
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By Lemma 5.4 one finds that there are co, c3 > 0 such that for all 0 < v € C(Q)* we have

Kn Kn Rn
T.v > c3 E A™ gLy — ey e EAPQPH B E/lq gitly =

m=0 p=0 q=0

Kn—1 2kn, min(m,kn )
—¢3 ( E Amtl gmt2 _ @ . E ( E Ar B Am—p) gm+2) . (57)
)

m=—1 €3 m=0 \ p=max(0,m—krn

Combining (56) with (57) one finds that P; o T, o E; is positive for small €. O

7 Application

Walter an McKenna proposed the problem

2u ou = in
[A +b() f Q, (58)

u=Au=0 on 0f).
They studied (58) in the one dimensional case in relation with a problem appearing for

nonlinear oscillations of a suspension bridge. We will consider the higher dimensional case.
Setting v = —Awu one obtains with b (z) > 0 for some x € Q2 the noncooperative system

_ v _ (0 =b() v f n
)= (E) e,
u=v=0 on 0f2.

We will write a (-) = —b (-).

a > 0. Then (and only then) the system in (59) is cooperative. The system is positivity
preserving if and only if there is a positive strict supersolution (see [12], [26]). A suffi-
cient condition for (¢, t¢g) to be such a solution is a (z) < A3. Another way of getting
a supersolution is (¢q, td,) with A2 < a (z)™', where (Ay, ¢q) is the eigenfunction of
—A¢p =a¢in Q, ¢ =0 on 0.

a < 0. We cannot apply Theorem 6.3 straightforwardly since the cooperative part is not
fully coupled. This only gives a minor difficulty. Trying to solve (58,59) for u we
obtain

(I+(=2)7b())u=(-A)"F.
Writing B for the multiplication by b and assuming p (G?B) < 1 we obtain

-5 @0 -en)o s
m=1
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Since 0 < B and 0 < G?B < G2 ||b|| we find that b (z)? < Ao is a sufficient condition
for p (G2B) < 1. For positivity of (I —G2B) G note that

(1-¢°B) ¢ :(1—ag)g+ag(1—§g3>g. (60)

Let A, denote the largest constant such that (I — AG) G is positive. Then with o =
6], we find that the operator in (60) is positive for ||b|_ < A2.

a changes sign. We write a = ay — a— and set 0 = /||al|,. The system that we use is
0 ay/o 0 a_/o .
~AxLhw= + — Q
X Ig w <U 0 )w <0 0 )w—l—g n {2, (61)

w=20 on 012,

with w = (% %) and g = (4 (/)”). With our previous notation A = (g ‘“{)") and B =

(g “‘{f’). The operator —A x I — A can be inverted if |lay], < A3. In order to

apply Theorem 6.1 we need a positive strict supersolution for —A x Iy — A — B. The
couple (¢g, ¢p) is such a supersolution if the following inequalities are satisfied

a a_

{ Xodo > — o+ — o,
g g
AoPo > o ¢p.

Since [|afl, = lla4 — a—[| = max ([lat ||, [la-llc) = lla+ + a—]| a sufficient condi-
tion for existence is ||al|,, < A3. Now using

(~-AxIh—A+B) =
e 1 2m 1 1
-3 ((—AXIQ—A) B) (12—(—A x I — A) B) (=A x I, — A)
m=0
it is sufficient to show positivity of (Ig —(—Ax Iy — A)_1 B) (—A x Iy — A)_l. As

above we have

(AxL- A =3 GA"G=3 (GA™ G (+AG) =

m=0 m=0
_i Ga,G 0 " (G o 1 ay/o g
_m:0 0 G?a, 0 ¢ cg 1 ‘
Or similarly
2m
-1 1 Gay/o s Ga. G 0 G o0
et (g )90 ) (T5)
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With some computations we get

(L= (-AxL—A)7"B) (-Ax - A)' <f(/)a> _

=0

- <alg> i (GarG)™ <g - ga—gi(ga+g)ig> f/o. (62)
m=0

It shows that is sufficient to have G (I —a_GY 2, (ga+g)i g) positive. Using that
G? < \71G we have if |las ||, < A2 that

o0

gz (Ga1G)'G <" (latlly)’ 677 <

=0 =0

00 ) /\2
—21 2 — C 2' 63
ZZ:% ||(1_|_|| /\c g /\g — ||a+||oog ( )

Hence

=0

> I — /\72 2] >

32— llasll — o]
C o0 Oog 64
N —Jar] (64)

and we find that f > 0 implies u > 0 if ||ay |, + [la—||., < A2. The condition is the
same as for negative a.

g <I —a_G fj (Ga,G)' g) >

We summarize:

Theorem 7.1 Let u be a solution of (58). Let A\, be the largest constant such that
G—AG*>0. If

1. a>0 and |la]|, < A2, or

2. a <0 and |lal|, < A2, or
3. a changes sign and ||at | + |la—||, < A%,

then u is unique and f > 0 implies u > 0.
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Remark 1: From the closely related Barta inequality (see [2]) one finds that the first
eigenvalue satisfies

. (Gf) (x)
— g I
= SR () (@)
where K = {f € C(Q);0 < f # 0}. Note that the anti-eigenvalue ). satisfies
e G) ()
A= [ (G (@)

Remark 2: Instead of /\g one may use A. > /\g, where \.. denotes the largest constant
such that G — A\G® is positive. Similar arguments can be used to close some of the gap
between 1 and & in the theorem. Let A.» the largest constant such that G — AG'™™ is
positive. Then 3/A.m — A; as m — oo and a more careful estimate would replace (63) for
any € > 0 with

G (60,:6) G < C(¢) A :
ST N -t el

=0

The estimate in & is then replaced by
(1 _1_5) ||a+2||oo _1_0(5) ||a—2||oo < 1.
Af A2

Remark 3: Explicit values for A, in the radial symmetric case are found in [5]. For
general domains estimates of A. can be found by using a relation with conditional Brownian
motion. The constant (/\C)_1 equals sup {7 (z,y);z,y € Q} where 7 (x,y) denotes the ex-
pected lifetime of Brownian motion starting at z, killed on 92 and conditioned to converge
to y. See [26]. Optimal estimates in two dimensional domains can be found in [14].
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