Addendum without Zorn to [DS]

October 16, 1999

Consider

f(z,u) inQ,
0 on 992,

—Au
u
with 2 a bounded regular domain and f € C (]R X Q) . Suppose that u < U are respectively a sub- and a
supersolution in appropriate sense. Denote by the set F all solutions in [u,7%]}.
Lemma 1 If % is a supersolution and u <7 is a subsolution then there exists a solution u in between:
u<u<T.
Lemma 2 If u; and uy are supersolutions, then u (x) = min (uy (z) ,uz (z)) is a supersolution.

Lemma 38 The set F is equicontinuous. The infimum of a totally ordered subset in F is a solution, that
is every totally ordered subset of F has a minimum.

Proposition 4 There is a minimal solution Umin in [u,T] : for every solution u € [u,T| it holds that
U < Upin SU<LT.

Proof. By Lemma 21 F is nonempty. For every z € Q we define U (z) = inf {uy (z);ux € F}. We
will show that U = uni,, the minimal solution.

If F is finite, Lemma 2 implies that the function %* (z) = min {u (z);u € F} is a supersolution and
Lemma 1 implies the existence of a solution u; € [u,%*], that is vy = @* € F is minimal.

Now suppose that F is not finite. First we will show that for every z € () there is u* € F with
v () =U(x). Let us fix z € Q.

1. By the definition of U there exists {uf};,.y C F such that lim;_, . uf (z) = U (z).

2. Define a new sequence {7 }; .y C F as follows by iteration:
i. U§ =ug for some ug € F,

i. let ¥, be a solution in [y, min (uf,uf,,)].

Note that Lemma 2 implies that min (ﬁf ,uf+1) is a supersolution and that Lemma 1 gives the
existence of a solution %7, ,. The set {uf},.y is a totally ordered set in F and hence by Lemma 3
its infimum is a solution. Let us denote this function by u®.

3. Next let {z;},.y be a countable dense subset of { and define a sequence {u;};cy of solutions as
follows:

i. up = ug for some up € F,
5. let u;4y be a solution in [u, min (u;, T%)].

Proceeding as for the previous sequence one finds that {u;}, N is a totally ordered set and that
Uoo (Z) = lim;— o0 ©; () lies in F.

Since ueo (i) < U (z;) for the dense set {;};cn and U (z) < uq (z) for all z € Q we find that
U = Ugo = Umin. B
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