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What is Lehmer’s conjecture on the Mahler measure?

Re

Im

|z| = 1

The roots of f

Definition Given

f (x) = an

n∏
i=1

(x − αi ) ∈ Z[x ]\{0},

the Mahler measure of f is given by

M(f ) = |an|
n∏

i=1

max(|αi |, 1).

Example

f (x) = x10 + x9 − x7 − x6 − x5 − x4 − x3 + x + 1

M(f ) = 1.1762808 . . .

Conjecture (Lehmer, 1933)
There exists a lower bound µ > 1 such that for all non-zero

f ∈ Z[x ] it holds that

M(f ) = 1 or M(f ) ≥ µ.
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An equivariant version of Lehmer’s conjecture

For simplicity, restrict to f with coprime coefficients.

Let γ =
[(

a b
c d

)]
∈ PGL2(Q), the group of rational Möbius

transformations, act on f ∈ Z[x ] of degree k by

f γ(z) := (cz + d)k f (γz)

taking the representative for γ such that f γ has coprime

coefficients.

Theorem (vI)

For every finite subgroup G < PGL2(Q) for which GS1 6= S1,

there exists a computable µ > 1 such that∏
γ∈G

M(f γ) = 1 or
∏
γ∈G

M(f γ) ≥ µk .

Example (Zagier) G = 〈z 7→ 1− z〉, then µ =
√
ϕ =

√
1+

√
5

2 .
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