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INTRODUCTION

The aim of this article is to give an introduction to the theory of path models
of representations and its associated bases. The starting point for the theory was a
series of articles in which Lakshmibai, Musili and Seshadri initiated a program to
construct a basis for the space H°(G/B, L)) with some particularly nice geometric
properties. Here we suppose that G is a reductive algebraic group defined over an
algebraically closed field k, B is a fixed Borel subgroup, and £ is the line bun-
dle on the flag variety G/B associated to a dominant weight. The purpose of the
program is to extend the Hodge-Young standard monomial theory for the group
GL(n) to the case of any semisimple linear algebraic group and, more generally, to
Kac-Moody algebras. Apart from the independent interest in such a construction,
the results have important applications to the combinatorics of representations as
well as to the geometry of Schubert varieties. Inspired by the classical theory of
Young tableaux for representations of GL,,(C), they generalized the notion of a
tableau to all classical groups and some exceptional groups and affine Kac-Moody
algebras. For the geometric applications note that standard monomial theory pro-
vides proofs of the vanishing theorems for the higher cohomology of effective line
bundles on Schubert varieties, explicit bases for the rings of invariants in classical
invariant theory, a proof of Demazure’s conjecture, normality of Schubert varieties,
another proof of the good filtration property, determination of the singular locus
of Schubert varieties [9], deformation of SL(n)/B into a toric variety [2], etc.

We provide a different access to standard monomial theory which avoids com-
pletely all case by case consideration. In the first section we recall the theory of
path models. The approach we take here is somewhat different from [16,17]: We
start with lattice paths and develop from this point of view the notion of an affine
path and the definition of the root operators ey, fo. We have provided complete
proofs as far as it was made necessary by the new approach. In section 2 and
section 7, we discuss some applications of the combinatorics of the path model to
character theory (shrinking of characters and crystalline excellent filtration).

In section 4 we construct a basis of H°(G/B, £,) which is indexed in a canon-
ical way by the L-S paths of shape A. The main tool in our construction is the
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Frobenius map [23] for quantum groups at roots of unity (section 3). Having in
mind the applications, one could say that in our approach we replace the “alge-
braic” Frobenius splitting of Schubert varieties [25,26,27] by the “representation
theoretic” Frobenius.

The applications to the geometry of Schubert varieties are discussed in sec-
tion 5 and 6. For example, the basis is compatible with the restriction map
H°(G/B, L)) — H°(X, L)) to a Schubert variety X, and it has the “standard
monomial property”. Le. for A, u dominant, there exists a simple combinatorial
rule to choose out of the set of all monomials p.p, € H°(G/B,Lx4,) of ba-
sis elements p, € H%(G/B, L) and p, € HY(G/B,L,), a subset, the standard
monomials, which forms a basis of HY(G/B, Ly+,). Other consequences of the
theory are that intersections of unions of Schubert varieties are scheme theo-
retically reduced, we get a new proof of the Demazure character formula, the
vanishing theorem for higher cohomology groups of dominant line bundles and
Schubert varieties are projectively normal. In the last section we provide a repre-
sentation theoretic application of the basis, we provide a new proof of the fact that
H°(G/B, L)) ® H°(G/B, L,) admits a good filtration. All the proofs are charac-
teristic free and work over the ring R obtained from Z by adjoining all roots of
unity. We restrict ourself here for simplicity to the finite dimensional case, but all
the results hold, with the obvious adaptions to the infinite dimensional case, for
symmetrizable Kac-Moody algebras.

The author wishes to thank the Newton Institute in Cambridge for its hospi-
tality.

1. SOME COMBINATORICS

Let G be a connected complex reductive algebraic group G. Fix a Borel subgroup
B C G and a maximal torus H C G, and let X = X (H) be the weight lattice of
H. We denote by X := X ®z R the corresponding real vector space. We consider
now “weights with tails”. More precisely, let IT be the set of rectifiable paths in
XR starting at the origin and ending in an integral weight. Two paths 7, my are
considered as identical if there exists a nondecreasing, surjective, continuous map
¢ :[0,1] — [0, 1] (a reparameterization) such that m; = w3 o ¢:

IT:= {7 :[0,1] — Xg | 7 rectifiable, 7(0) =0, (1) € X}/(reparameterization).

For simplicity, we will mainly consider the subset Ilg C II of piecewise linear paths
having only rational turning points.

The aim of this section is to give an introduction to the combinatorics of the
path model of a representation. The notion of an affine path is new and is slightly
more general then the notion of L-S paths introduced in [16]. The advantage is that
the definition is less technical then the definition of L-S paths. Though we have
tried to give complete proofs whenever it seemed appropriate, we have skipped the
proofs of those parts which are not used later in the basis construction. We refer
to [16,17,20] for detailed proofs.
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Example 1. By abuse of notation, we write also A for the path X : [0,1] — Xg,
t — tA, which connects the origin with a weight A € X by a straight line.

By the concatenation 7 := 7 * w9 of two paths 71, w2 we mean the path defined
by:
71 (2t), fo<t<1/2
m(t) = { m(1) +ma(2t—1), if1/2<t<1.
The concatenation is an associative operation, so II is a monoide with the trivial
path I :[0,1] — Xg, t — 0, as the unit element. Note that the concatenation of
paths in Ilg is again a path in Ilg, so IIg C II is a submonoide.

Example 2. Lattice paths: Let H C GL,, be the subgroup of diagonal matrices,
note that H is a maximal torus in GL,. Denote by ¢; the projection of a diagonal
matrix onto its i-th entry. The weight lattice X = X (H) is then of rank n with
basis the ¢;, 1 =1,... ,n,i.e., X =Ze1 D ... P Ze, and Xg ~ R"”.

By a lattice path in X we mean a concatenation of the +¢;, i = 1,... ,n, so
such a path is of the form 7 = (Le;,) * (£e€;,) * ... * (£e;.). Denote by L C II
the submonoide of all lattice paths, and let L™ C L be the submonoide of lattice
paths that are concatenations only of the ¢;, i =1,... ,n.

The picture below (n = 2) shows the image of the lattice path:

m=€1%(—€3)x (—€a) *x (—€1) % (—€1) % (—€1) * €a % €1 * €2 % €9 * €2 % €1 * €1 * €1 * €1

€2

€1

Example 3. Let H' C SL,, be the subgroup of diagonal matrices of determinant
1. As above, let ¢; denote the projection of such a matrix onto its i-th entry as
well as the corresponding path €; : [0,1] — Xg, t +— te;, that joins the origin with
the weight by a straight line. Recall that X = Ze; + ... + Ze,, but the sum is no
longer direct because €¢; + ...+ €, = 0.

We denote by LT C II the submonoide of all lattice paths of the form 7« =
€i, * €, % ... x ¢; . Note that for G = SL,, every weight in X is the endpoint of
some m € LT.

Example 4. Suppose G = SLs. Consider the set D(2,1) := {T1,T5,...,T7,Ts}
of all semi-standard Young tableaux (i.e., the entries are strictly increasing in the
columns and non-decreasing in the rows) of shape (2,1):

D(2,1):{T1: ; 1|, 15 = L 1|, T5:= ; 2|, T, := L 2|,

T5 = D)

]3] 113] .. _[2]2] .23|}




We associate to a tableau T a lattice path m € LT, which is a concatenation of
the ¢; according to the entries of the tableaux. We read the entries of the tableau
row-wise, from the right to the left in each row, and we start with the top row:

T, ‘= €1 ¥ €1 * €2, T, = €1 * €1 ¥ €3, Ty = €2 % €1 €z, 7T, = €2 %k €1 * €3,
Ty ‘= €3 % €1 * €2, Ty = €3 % €1 ¥ €3, T, = €2 %€ %k €3, TTg (= €3 * €2 * €3.

The endpoint 77 (1) of the associated path is the weight of the corresponding
tableau.

Example 5. Suppose G = SL,,. The general rule to associate a path to a semi-
standard Young tableau T is the following: Numerate the boxes b1, ... , by of the
tableau row-wise, from the right to the left in each row, and we start with the top
row. Let n; be the entry of the j-th box. We define the path associated to the
tableau 1" to be the concatenation mp := €y, *...*€p,. In this way we can identify
the semi-standard Young tableaux with a special class of lattice paths.

The connection between the combinatorics of lattice paths (or rather the word
algebra) and tableaux has been studied extensively, see for example [8,13].

Example 6. Affine paths Let G be an arbitrary connected complex reductive
algebraic group. It turns out that in the general case it is not sufficient to consider
only lattice paths. The affine paths can be thought of as a generalization of lattice
paths.

We fix a Weyl group invariant scalar product (-,-) on on Xg. Denote by ®
the root system of G, by ®* the subset of positive roots, and for 3 € ®T let
BY = 28/(8,0) be its co-root. We write v = u for two weights v, u € X if the
difference is a sum of positive roots, and for 3 € ® we write 3 = 0 if 3 € &T. For
m € Z denote by Hj' the affine hyperplane:

HY :={veXr|vpB")=m}

Denote by H the union of the H% and by H the union of the affine hyperplanes

Hgl:
"= H= |J Hj.

B=0 B-0,mEZ

Recall that we can characterize the simple roots among the positive roots by the
following property: « > 0 is a simple root if and only if s,(y) = 0 for all v > 0,
~v # «. In other words: « is simple if and only if for any v > 0 the property
Sa(7) < 0 implies v = a.

Let R be a subset of the set of simple roots. We say that 8 € R is simple if for
any v € R the properties sg(v) < 0 and —sg(y) € R implies v = (.

Let v, be rational weights. We say that p is obtained from v by a simple
bending with respect to a positive root (3 if (v,3Y) < 0, sg(v) = Cp for some
C > 0, and S is simple (in the sense above) among the positive roots such that
(v,7) 0.
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For example, if « is a simple root and (v,«) < 0, then (v, s,(v)) is a simple
bending.

Suppose 7 : [0,1] — Xg, 7 € Ilg, is a path with rational turning points,
so we can find rational weights v4,...,1, such that (up to reparameterization)
T=V1%...%Up.

Definition 1. The path 7 is called an affine path if the following conditions are
satisfied:

i) All turning points lie in H.

ii) Suppose P =11+ ...+ v is a turning point and P ¢ X . Then there exist some

positive roots i, ... , 34 such that P € N, Hg‘ for appropriate my,... ,mq €
Z, and vgy; is obtained from v by a sequence of simple bendings: (vs, sg, (vs))
with respect to (1, ..., and (sg,_, ... 8, (Vs), Vs41) With respect to f,.

Roughly speaking, the conditions imply that the path can change its direction
only in a point P lying in the set H, and, if P is not an integral weight, then it
is only allowed to change the direction by applying simple bendings. Note that
these reflections correspond to roots that are associated to the affine hyperplanes
containing P.

A priori, the property of being an affine path depends on the chosen parameteri-
zation. If we speak of an affine path m = vy x. . .xv,., then we assume always that the
path is affine with respect to this parameterization. In particular, all the turning
points P; = v1 + ...+ v; are elements of H.

To explain the “usefulness” of the simple bending, note the following “geomet-
ric” consequence for turning points with respect to simple roots.

Lemma 1. Let 7w = v1*...xv,. be an affine path and denote by P; = v1+...4+v; the
i-th turning point. Fiz a simple root o and suppose that ™ changes in P; its direction
relative to o such that either (v;,a¥) <0 and (viy1,a") >0, or (v;,a¥) =0 and
(Vit1,aY) > 0. Then P, € HT" for some m € Z.

Proof. This is obvious if P, € X. We may hence assume that P; ¢ X, so P;
satisfies condition 7). Suppose that p is obtained from v by a simple bending and
(v,a") <0and (u,a¥) >0, 0r (v,a¥) =0 and (u, ") > 0. We will show that the
bending is of the form u = Cs,(v). Since v;11 is obtained from v; by a sequence
of simple bendings, one of them has to correspond to the reflection s,. By the
definition of an affine path, this implies P; € H]' for some m € Z and finishes
hence the proof.

Let 8 > 0, 8 # « be such that u = sg(v) is obtained from v by a simple
bending. Suppose first (v, @) < 0, and (p, @) > 0. Since (v, 3¥) < 0 we can have

(Maav) = (Sﬁ(y)’av) = (V - (Va ﬁv)ﬁaav) = (V’ av) - (Va ﬁv)(ﬁaav) >0
only if (3,«") > 0. But this implies sg(a) < 0. It follows that —sg(«) > 0 and
(v, —sp(a’)) = =(s3(v),a”) = =(p,a”) <0,
which contradicts the assumption that § is simple in the set of v > 0 such that

(v,y) <0.
The same arguments apply also to the case (v,a") =0 and (g, V) > 0. O



Example 7.

i) If gy, ..., pur € X is a sequence of integral weights, then m := p1 % g *. . . %y, is
an affine path. In particular, the lattice paths defined in Example 2 and 3 are
affine paths.

ii) If 7, n are affine paths, then 7 * 7 is again an affine path. So the set of affine
paths forms a submonoide of II.

iii) If necessary, then we can introduce more “turning points” on an affine path.
Let m := v1 *x vy * ... % 1. be an affine path. Suppose 1 < ¢ < r and ¢,d > 0
are such that c+¢ = 1 and P := vy + ... + vj_1 + cv; € H. Then 7/ =
kg k.. kU1 ke k(U kv % ..k v and T have the same image, and
7’ is an affine path: all turning points except P are admissible by assumption.
Further, P € H, so condition 4) is satisfied, and i) is trivially satisfied because
the path does not change its “direction” in P.

Example 8. A way to produce new paths out of given ones is by stretching them:
For n € N and 7 € II let nm be the path obtained by stretching = by the factor
n, i.e., (nm)(t) := n(n(t)) for t € [0,1]. Note that if 7 is an affine path, then nx
is affine too. Further, if € Ilg is an arbitrary path, then we can always find an
n € N such that nn is an affine path. For example, we could choose n such that
all turning points of nn are integral weights.

The evaluation map Char : IT — X, 7 — 7(1), is a map of monoides:
Char(my * mg) = (71 * m2)(1) = m1(1) + 72(1) = Char(m ) + Char(ma).

Let Z[II] be the (non-commutative) Z-algebra generated by II, and let Z[X] be the
(commutative) group algebra over the weight lattice. We extend the evaluation
map to a map of Z-algebras:

k k
Char : Z[I] — Z[X], > aimi— > a;e™?).
=1 i=1

Example 9. For G = SL3 and D := D(2,1), let S be the formal sum ) ..., 77 €
Z|1] over all semi-standard Young tableaux of shape (2,1) (Example 4). The image
Y TeD e™() of § by Char is the character of the adjoint representation of G.

Example 10. Suppose now G = SL,. Recall that the irreducible finite dimen-
sional complex representations of g are in bijection with partitions p = (p1,... ,pn)
of length < n (i.e. p1,...,pn is a weakly decreasing sequence of non-negative in-
tegers). Let V(p) be the corresponding irreducible representation, and let D(p)
be the set of all semi-standard Young tableau of shape p, i.e., the tableau has
p1 boxes in the first row, ps boxes in the second row, etc. It is well-known that
the combinatorics of tableaux and the representation theory of SL,, are closely
related: The character of V(p) is the sum ZD(p) e’(T) where v(T) denotes the
weight of the tableaux T' (= the endpoint of the associated lattice path 7). So in
terms of lattice paths we find: Char V/(p) =3 _rc p(p) err()



Fix a simple root a. To get character formulas for representations as the sum
of endpoints of a set of paths, we define linear operators e,, and f, on Z[II]. More
precisely, these operators are maps II — IT U {0} which will be extended linearly
to all of Z[II].

Example 11. Suppose G = SL,. We will characterize the paths associated to
semi-standard Young tableaux by defining operators on L™ U {0}. For a simple
root o = €; — €;41 and a path m =¢;, * ... *x ¢, set

ha(t) == t{kljx =i, 1<k <t} —t{kljn=i+1, 1<k<t}, for0<t</

Let m™ := min{hy(t)|0 < ¢t < £} be the minimal value of the h,(t), note that
m™ < 0 because hy(0) = 0. We define now operators e;, f; on LT U {0} according
to the value m™.

We set e;(0) = f;(0) :=0.

If m™ = 0, then set e;(m) := 0. Otherwise fix ¢ minimal such that h.(t) = m™.
The minimality of £ implies that j; = i+1,s0 T = €, *.. .x€j,_ *€;11%€5,,  *. . .%€j,.
We set:

ei(T) =€, % ... ¥ €j,_, ¥ € K €j *... %€,

If m™ = ho(€), then set f;(m) := 0. Otherwise fix ¢ maximal such that h,(t) = m™.
The maximality of ¢ implies that ji11 =17, 850 T = €;, *...%€;, €% €, , *...x€j,.
We set:

JilT) =€, % .. k€5, ¥ €1 K €j k.. K Ej,.

For a partition p = (p1,... ,pn) set

TP = €1%... k€ k€2 k... k€% ... K€y k... %Ep,

p1 P2 Pn

and denote by B(p) C L™ the smallest subset containing 7p such that B(p)U{0}
is stable under the operators e;, f;, 1 <7 < n — 1. We leave it as an exercise for
the reader to verify that

B(p) = {mr | T semi-standard Young tableau of shape p}

For the action of the operators on tableaux for other classical groups and related
combinatorial problems we refer to [7,12,14,18,22], for the connection to Gelfand-
Tsetlin patterns and its generalizations we refer to [1,22].

Example 12. We extend the definition of the operators to affine paths. Let m =
V1 * Vg % ... % Vp be an affine path. Fix a simple root «, and let m < 0 be minimal
such that H? NIm 7w # (. Recall that any turning point relative to a simple root
lies on an affine hyperplane corresponding to this root (Lemma 1), so the image
of 7 lies in the affine halfspace B> := {v € Xg | (v,a") > m}.

If m = 0, then set ey(w) := 0. Otherwise, let j be minimal such that 14 +
...t v; € H? and let 1 < i < j be maximal such that vy + ... +v; € HPFL

)
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We may assume that such a turning point exists by Example 7, and note that
g
(Viz1,aY), ..., (vj,a¥) <0 by Lemma 1.) We define

ea(m) i=vr k. % vk Sq(Vig1) * .. % Sa (V) ¥ Vg1 % ..k Uy

The definition of the operators f, is similar. If m = (7(1),a"), then we set f, (1) :=
0. Otherwise let ¢ be maximal such that 1 + ...+ v; € H)}, and let ¢ < j <1 be
minimal such that v1+...+v; € H?. (We may assume that such a turning point
exists by Example 7, and note that (v;41,a"),...,(vj,a¥) > 0 by Lemma 1.) We
define

fa(m) i =v1 ko x v x8qVig1) %o % 8o (V) % Vjg1 % ... % 1y

Note if eo(m) # 0, then e, (7)(1) = 7(1) + «, and if f,(7) # 0, then f,(7)(1) =
(1) — . In particular, ey (), fo(7) € g U {0}.

Note if G = SL,, and 7 is a lattice path, then f,(7) respectively e, () is the
same path as defined in Example 11.

It remains to point out that the new paths (if different from 0) are again affine.
We will prove this only for the path ey (7) = ug *...* ., the arguments for f, ()
are similar.

Let Pp=1v1+...+ v and Q¢ = p1 + ... + ¢ be the turning points of the path
7 and ey (w). Let ¢ and j be as in the definition of e, above. Then P, = Q, for
1<¢<i, Pp=Q¢—afor j <{<rand Qy is obtained from P, by an affine
reflection. Since H is stable under these operations we see that the Q, € H. If the
turning point is an integral weight, then nothing is to prove. So suppose in the
following that the turning point is not an integral weight.

Further, (e, pte+1) = (ve, ve41) for £ < i and j < £, so pie41 is obtained from g
by a sequence of simple bendings.

For i < £ < j we have (g, te+1) = (Sa(¥e), Sa(Ve41)). Suppose A, v are rational
weights such that (\,a),(n,a") > 0 or (A, @), (n,a¥) < 0, and Cv = sg(A) is
obtained from X by a simple bending. It is then easy to see that s, (n) is obtained
from s,(A) by a simple bending with respect to the root s,(3). It follows that
Sa(ve41) is obtained from s, (v¢) by a sequence of simple bendings.

Note that (u;, tti+1) = (Viy Sa(Vit1)). Since v;y1 is obtained from v; by a se-
quence of simple bendings and (v;11, $4(Vi+1)) is a simple bending, it follows that
1i+1 is obtained from p; by a sequence of simple bendings.

It remains to consider the pair (u;, tj+1) = (SaVj,Vjt1). We know that v;
is obtained from v;;1 by a sequence of simple bendings, let 3i,...,3, be the
corresponding positive roots. Since (vj,a¥) <0 and (vj41,a") > 0, we have seen
in the proof of Lemma 1 that at least one of the §; has to be equal to a. Suppose
that 1 < ¢ < ¢ is minimal with this property, one sees then easily that the roots
sa(B),... ,8a(Be=1), Bes1,- .. , B¢ provide a sequence of simple bendings for the
pair (sqvj,viq1). O

Since all turning points relative to the direction of a simple root lie on an affine
hyperplane H', it follows easily that if 7,n are affine paths, then e, (7 * n) =

(eqm) *m or m* (eqn). Similarly, fo(m%n) = (fom) *n or 7* (fon). More precisely,
a simple calculation shows that:
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Lemma 2. If w,n are affine paths, then e, (m *n) = mx (eqn) if there exists an
n > 0 such that efn # 0 but f7m = 0, and it is equal to (eqm) * 0 otherwise.
Similar, fo(mxn) = (fam) *n if there exists an n > 0 such that fm # 0 but
en =0, and it is equal to w* (fon) otherwise.

We generalize the operators now to arbitrary piecewise linear paths. The def-
inition of these operators have been inspired by the work of Kashiwara on crys-
tal bases, see [4,5]. Note that the operators defined on affine paths “commute”
with stretching, i.e. n(fa(7)) = f2(nm) respectively n(eq(7)) = el(nw), and
with “shrinking”, i.e., if 17 is also an affine path, then & (f2(r)) = fo(:7) and
Lien(m)) = ea(2m).

We have seen that if 7 € Ilg, then we can always find an n such that nr is
affine. We define

falm) = 2 fR0um),  ea(m) i= el(nm).

Since on affine paths stretching/shrinking commutes with the operators, the defi-
nition is independent on the choice of n.

We provide now a different description of the operators, we leave it as an exercise
to verify that the definitions coincide. For a path 7 € Ilg let A" be the function
defined by:

RT:[0,1] = R, tw (7(t),a"),

and let m™ := min A" be the minimal value attained by the function A™. If A™(1) —
m™ > 1, then fix ¢y € [0, 1] maximal such that h7(ts) = m™ and let ¢; be minimal
such that h™(t) > m™ + 1 for ¢t > ¢1. Denote by ¢, : [0,1] — R the function:

0, if t € [0, to];
¢+ (t) ;== ¢ min{h™(s) —m™ | s € [t,t1]}, ift € [to,t1];
1, if ¢ € [t, 1].

FIGURE 1.  The functions h™(t) and ¢4 (¢)



10

Definition 2. If A™(1) — m™ < 1, then set f,(7) := 0. Otherwise let fo(7) € Ilg
be the path defined by f,(7)(t) := 7 (t) — ¢4+ ().

The definition of the operator e, is similar. If m™ < —1, then fix ¢ty € [0, 1]
maximal such that h™(t) > m™ + 1 for ¢ < ¢; and let ¢; be minimal such that
h™(t) = m™. Denote by ¢_ : [0,1] — R the function:

0, if t € [0, t0];
¢—(t) := < max{m™ —h7(s)+1|s € [to,t]}, ift € [to,t1];
1, if £ € [t1, 1].

Definition 3. If m™ > —1, then set ey (7) := 0. Otherwise let e, (7) € IIp be the
path defined by e, (7)(t) := 7 (t) + ¢_(t).

A chamber C' C Xg is a connected component of Xg — ), and an alcove A is a
connected component of Xg — H. The closure C of C respectively the closure A
of A is taken in the usual topology on R™. The closure of the chamber Cy := {v €
Xr | (v,BY) > 0VB = 0} is called the dominant Weyl chamber. The following
properties follow easily from the definition of the operators:

Lemma 3.

a) If eqm # 0, then eq(m)(1) = (1) + @ and fo(eqm) = 7.

b) If fam #0, then fo(m)(1) = 7(1) — @ and eq(for) = 7.

¢) Let p be half the sum of the positive roots. Then e,m = 0 for all simple roots if
and only if p+Imn (the image of 7 shifted by p) is completely contained in the
interior Cy of the dominant Weyl chamber Cy.

d) Let m,n be mazimal such that em # 0 resp. fi'm # 0. Thenn—m = (r(1),a"),
and

m=max{a€Z|a<|m"|}, n=max{ac€Z]|a< (n(l),a’)—m"}.

e) The stretching of paths commutes with the operators, i.e., n(e,m) = e (nx) and
n(fam) = f& (nm).

Extend the operators linearly to the algebra Z[Ilg]. For a path 7 denote by
B(m) C IIg the set of all paths one gets from 7 by applying the operators. The
Z-span ZB(w) C Z[Ilg] is then the minimal submodule which is stable under the
operators and contains 7.

Example 13. Recall that we denote by u € X also the straight line joining the
origin with the weight p. For a simple root o set n := (i, ). It is easy to see that
if n > 0, then eq(p) = 0 and f2(u) = sq(i), and if n < 0, then fo(u) = 0 and
e;™ () = sa(p). As a consequence we find all the paths w(u), w € W, in B(u).

Example 14. By part e) of the lemma we have a well defined map B(w) —
B(nm), n — nn. We can hence identify B(r) with the subset of B(nr) obtained
by applying only n-th powers of the operators to nr.
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Proposition 1. The set B(w), m € g, is finite.

Proof. Let w: [0,1] - Xg, T = 11 % ... %1, be an affine path. By Example 7 we
may add turning points if necessary and assume that all “parts” of the path are
completely contained in the closure of some alcove. I.e., we may assume that for
all j = 1,...,q, there exists a (not necessarily unique) alcove A; such that the
image of the path ¢ — tv;, shifted by the weight 4 +...+v;_1, is contained in A;.
In particular, Im7 C | y A;. So we can think of the path as a sequence of alcoves
Aj together with a segment S; C A; joining two points p1,p2 € A; — A;.

Suppose fo(m) = p1*...xp, # 0. If we want to choose alcoves for this path with
the same properties as above, then, by the construction of the operators, we know
that there exist 4,5 such that we may take for f,(7) the alcoves A, for 1 < £ < i,
the alcoves Ay + a (i.e., shifted by the root a) for j < ¢ < p, and Saym(Zg) for
i < ¢ < j (and appropriate m). Here s, m denotes the affine reflection at the affine
hyperplane H”. The same arguments apply also to a path of the form e, ().

It follows that we can view the set B(w) as a subset of the set of paths we get
by rearranging a given finite set of “marked” alcoves. Recall that a face F' of an
alcove A is the intersection ANHT' N...N HZ:T of A with some affine hyperplanes

1
HZ?, . ,Hgl: € 'H. So applying the operators is like rearranging the alcoves such

that they are still joined along common faces, and the segments of two such joined
alcoves have each an endpoint in the common face, and these endpoints match.

The moves which are allowed for the “rearrangements” are affine reflections
and translation with respect to simple roots. Since these rearrangements have
to be connected to the origin (i.e., the first segment has the origin as one of the
endpoints), we see that there are only a finite number of possibilities. In particular,
B(r) is a finite set.

Now suppose 7 € Ilg is an arbitrary path. In Example 14 we have seen that we
can identify B(w) with a subset of B(nw). If we choose n such that nr is affine
(Example 8), then B(nm) is finite by the arguments above, and hence B(r) is a
finite set. O

Remark 1. The proof shows that we can think of the “affine” paths as a kind of
domino game in the affine space Xg. The pieces are closed alcoves together with
mark: a segment joining two points in A — A. One rule to join two pieces along
a face is of course that the the endpoints of the segments should match, but, if
the “direction” of the segment changes, then one has to assure that the change
is obtained by a sequence of “allowed” simple bendings. This definition assures
that the root operators f,, e, translate in this language into operators on a given
arrangement of marked “pieces”, i.e., the alcoves.

Lemma 4. For m € Ilg there exists an n € llg such that p +Imn C Cy and
B(n) = B(w). If 7 is affine, then there exists an affine n such that Imn C Cy and
B(n) = B(r)

Proof. We know by Lemma 3 a),b): B(w) = B(n) for n € B(r), so we may replace
B(w) by B(eqn) if eqm # 0. Since B(w) is finite, we may hence assume that
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eqm = 0 for all simple roots. By Lemma 3, this is equivalent to Imn + p C Cp. If
7 is affine, then e, (7) = 0 means that Im 7 N H;! = (. So Im 7 lies in the affine
halfspace HOF (see Example 12), and hence Imn C Co. O

Theorem 1.

a) Let B C II be a finite subset such that the span ZB C Z[II] is stable under the
root operators, and let my,... ,ms € B be the paths such that Imm;+p C Cy. The
sum Char B := ZnGB(ﬂ') e’V is the sum of the characters of the finite dimen-
stonal irreducible representations of G of highest weight Ay := m1(1),... , A5 :i=
7s(1).

b) For a dominant weight A € X T denote by X\ : [0,1] — Xgr also the path t —
tA. Then Char B(\) is the character of the irreducible representation V(X) of
highest weight .

Remark 2. The part b) of the theorem above holds in much more generality, but
in the rest of this paper we need only the weaker statement above. Note that b)
is true for any set of paths of the form B(w), where 7 is a path that such that
its image is completely contained in the dominant Weyl chamber (see [17] for a
proof).

Proof. By the Weyl character formula we have to show: (e(w) := the sign of w)

S

Z ™M = ZChar Vin) = Z ( Z e(w)ew(kﬁp))/( Z e(w)e“’(”)).

weB i=1 i=1 weWw weW

To prove the latter is equivalent to prove that

S

Z e(w)ew(l)er(p) - Z( Z e(w)ew(Aier))_

nTeEB,weW =1 weW

The terms on both sides are semi-invariant with respect to the action on the Weyl
group on Z[X]. So to prove the equality above, it is sufficient to compare the terms
corresponding to dominant weights:

3 e(w)em () — Z —

TeEB,weW,n(1)+w(p)eX+

Let B’ be the set of pairs (7, w) such that 7 € B and w € W are such that w(p) +
(1) € X and (m,w) # (m;,id) for some i. In other words: B’ is the set of pairs
(m, w) occurring in the sum on the left above which have the property that Im 7 +
w(p) is not completely contained in the interior of the dominant Weyl chamber.
So to prove part a) is equivalent to prove that Z(mw)eB, e(w)emM+wlr) = g,

Let p € Cy — Cy be a point lying on a face of the dominant Weyl chamber.
Denote by B’(p) the subset of paths (m,w) € B’ such that 7(ty) + w(p) = p for
some to € [0,1] and 7(¢) + w(p) lies in the interior of the dominant Weyl chamber
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for top < t < 1. Since B’ is the disjoint union of such B’(p), to prove a) it suffices
to prove > yen(p) e(w)e™ M+ () = 0 for such a point p.

We define an involution I on B’(p). For (m,w) € B'(p) let ty € [0,1] be such
that m(to) + w(p) = p and 7(t) + w(p) lies in the interior of the dominant Weyl
chamber for typ < ¢ < 1. Let a be a simple root such that (p,aV) = 0 and set
n:= (w(p),a"). Suppose first n > 0. Since (w(p), ") + (7(t9),a¥) = (p,a") =0,
we know that the minimum of the function ¢ — (7(t),a") is smaller or equal to
—n. By Lemma 3 this implies that ' := e”(7) # 0. Consider the pair (7, sqw).
Since 7(t) +w(p) lies in the interior of the dominant Weyl chamber for tg < ¢ < 1,
by the definition of the operator e, we know that ' (t) = 7 (¢t) + na for ¢ > ty and
hence

w(p) + 7(t) = sqw(p) +7'(t) for t > t.

In particular, (7', sqw) € B’(p). So for n > 0 we define I(m, w) := (7', sqw).

If n < 0, then similar arguments show that I(m, w) := (f; "7, sqw) € B'(p)
and w(p) + 7 (t) = sqw(p) + f,"n(t) for t > to. It is easy to check that I is an
involution. Since e(w)e™ M) 4 ¢(s w)e™ DHsaw(p) = 0 for (7', sqw) = I(7, w),
it follows that 3= e pi(p) e(w)erM+wir) = g,

It remains to prove part b). By a) we have to show that the only path 7 € B(\)
such that Im7 + p C Cj is the path 7 = A. Since A is an affine path (Example 7),
all paths in B(X) are affine.

Let n = p1 % ... % u, € B(\) be an arbitrary path. For all ¢ = 1,... ,r we can
find an element w; € W/W), such that u; = c;w;(\). Suppose wy > ... > w,. It is
easy to check that then the corresponding Weyl group elements for f,n, e,n have
the same property. Since the starting path A = id(A) has obviously this property,
it follows that all elements in B(A) have the property that the associated sequence
of elements in W/W), is decreasing in the Bruhat order.

We have seen in the proof of Lemma 4 that the condition Im 7+ p C Cy implies
for an affine path in fact Imm C Cp. Suppose m = vy * ... * v, € B()), then
Im 7 C Cy implies that Cv; = A for some C > 0. But this implies for the path 7
that the associated sequence of elements in W/W), starts with w; = id, so w; = id
for all 7 and hence 7 = \. O

As noted above, the second part holds more generally for arbitrary paths having
its image in the dominant Weyl chamber. Let now 7,7 be affine paths having its
image in the dominant Weyl chamber. Denote by A := m(1) and g := n(1) the
endpoints. The set of all concatenations of paths in B(w) and B(n) is denoted by
B(m) * B(n). By Lemma 2, B(m) « B(n) U {0} is stable under the root operators.
So we get:

Proposition 2. B(m)xB(n) = U,, B(w*n'), where n' is running over all elements
in B(n) such that the image of w*n' is contained in the dominant Weyl chamber.

The character formula implies the following generalization of the Littlewood-
Richardson rule:
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Corollary 1. V(A) ® V(n) = ,, V(A +1'(1), where i’ is running over all el-
ements in B(n) such that the image of m* 1’ is contained in the dominant Weyl
chamber.

We have already pointed out in Remark 2 that the character formula holds for
all sets of the form B(r), where 7 € Ilg is such that its image is contained in the
dominant Weyl chamber. This independence on the chosen path has in fact a much
deeper background. Denote by G(m) the associated colored directed graph having
as vertices the set B(r), and we put an arrow n——n’ with color a simple root «
between two paths n,n’ € B(w) if fo(n) = n’. A proof of the following theorem
can be found in [17] or [20]. The theorem implies that the graph is isomorphic to
the crystal graph of the corresponding representation (see [6] or [3]).

Theorem 2. Suppose w, 7' € Ilg are such that Im7,Im 7’ are contained in the
dominant Weyl chamber. The map m — 7' extends to an isomorphism of colored

directed graphs G(w) — G(x') if and only if 7(1) = «'(1).

2. CONTRACTING CHARACTERS

There are many ways to transform the path model of a representation such
that the new set of paths is stable under the operators and hence corresponds to
a character of a representation. One method is that of contracting or shrinking
the paths. This section is not really needed in the following, but the results are
interesting on its own and have been the motivation for the construction of the
basis in the next section.

For a dominant weight A € X let V(\) be the corresponding irreducible com-
plex representation of G. Fix a natural number ¢ € N, and let p € X be half the
sum of the positive roots. By the contracted character Char V()\)% we mean the
(Weyl group invariant) sum

Char V()7 := > dimV,(Nef.
neLx

Proposition 3. Char V(/\)% is a nonnegative linear combination of characters of
wrreducible representations:

CharV(\)? = Y mK, CharV(v).
veX+

The multiplicity m¥ , with which the character of V,, occurs in the sum above is
equal to the multiplicity of V((€ — 1)p + Lv) in the tensor product V(({ —1)p) ®
V(A).

Proof. As before, denote by A also the path joining the origin with A by a straight
line, and let B()\) be the corresponding set of paths obtained by applying the root
operators. The character of V() is given by

CharV(\) = > "),

neB(N)
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If n(1) € £X, then the path (n/¢) : [0,1] — Xg, t — n(t)/¢, is again an element of
Mg (but not necessarily affine). Denote by B(\)¢ the set of paths n € B(\) such
that (1) € £X, and let

B(\) = {n/t|n e B\}

be the set of contracted paths. We have obviously: Char V(\)7 = 2 oneBO) en),

The root operators commute with “stretching”: For all £ € N and all n € II we
have f.(kn) = f*(n) and en(kn) = ek (n). Since B(\)* U {0} is stable under the
{-th powers of the root operators, it follows that the set B(\)U{0} is stable under
the root operators. The character formula implies:

Z () — Z Char V(n(1)),

neB(N) neB(N),

where B()\)+ C B()) is the subset of paths 7 such that Imn + p is contained in
Cy. The latter is equivalent to say that Im(¢n) + £p is contained in Cy. Since £1 is
affine, this is equivalent to say that Im(£—1)p*¢n is contained in Cy. By the tensor
product formula this implies that the multiplicity mj , is equal to the multiplicity
of V(UL—=1)p+lv)in V(£—-1)p)@V(N). O

We describe now a different version of the contraction procedure which, as we
will see later, has a representation theoretic interpretation. We fix a numeration
of the simple roots aq,...,an, let A = (a;;)1<ij<n be the Cartan matrix of g
and denote by A? the transposed matrix. Fix d = (dy,... ,dy), d; € N, minimal
such that the matrix (d;a; ;) is symmetric. We denote by d the smallest common
multiple of the dj, and we set d = (dy,... ,d,), where d; := d/d;. The form (-,-)
is chosen such that (o, h) := (a;, h)/d;.

The transposed matrix A* = (@;;), @;; := a;; is the Cartan matrix of the
root system ®! dual to the root system ® of g. To realize ®' as a root system in
$H*, note that the d; are minimal with the property that (d;a; ;) is a symmetric
matrix. The triple (9, T,TV) defined by 7; := a;/d; € H* and v, :==d;a) € His a
realization of A!, i.e., y1,...,7, is a basis of a root system isomorphic to ®¢, and
the v,/ form a set of co-roots. Denote by X* the weight lattice for the dual root
system:

Xt={NeH*|Vi: (\,v’)€Z}={\€H*|Vi:di(\a)) €T}

It follows immediately from the definition: dX* Cc X C X*.

Denote by g the Lie algebra of G. Suppose now A\ € X! is a dominant weight
for the semisimple Lie algebra g* associated to the Cartan matrix A?, let V/(\) be
the corresponding complex irreducible highest weight representation. Fix a natural
number [ divisible by d and set £ := £/d. Let p* € X* be half of the positive roots
for the root system of gt.
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Proposition 4. Char(V(\)!)! = > ueix dim VH()\)te% is a monnegative linear
combination of characters of irreducible g-representations:

Char(V(\)") = 3 mK, Char V(v).

veX+
The multiplicity m¥ , is equal to the multiplicity of Vi (Zp —pt+ Zu) in the tensor
product of gt-representations V*t(€p — pt) @ VE(N).

Proof. We attach to a g'-object a ! to distinguish it from the corresponding g-
object. Note that the dominant Weyl chamber in Xg = X}, is for both the same.
Let A be the path that joins the weight A with the origin by a straight line. Denote
by B be the set of paths obtained from A by applying the root operators f,, e,.
The character of V() is equal to 3°, e,

Denote by B the subset of Bt of paths ending in a point of the lattice £X, and
let B be the set of paths {n/¢ | n € B}. We will show that the set B U {0} is
stable under the root operators fo,,€q;-

Since 7" = d;a) and v; = «;/d;, it follows by the definition of the operators that

i = fa,. By assumption we know that ¢ is divisible by d and hence ffyijé/ - ff;i.
If n € BY and ff;i (n) # 0, then O{i (n) = ;lje/d(n) € B!, and the endpoint of
the path is n(1) — foy; € £X. This proves: f% (n) € B, and therefore: B U {0} is
stable under the root operators f,,, ¢ = 1,... ,n. The proof for the operator e,,
is similar.

Now the same arguments as in the proof of Proposition 3 apply. We have to look
for those paths 1 € B such that p + Im7 is in contained in Cy, but this condition
is equivalent to the condition that £p 4+ Im(¢n) stays in Cy. Since 7 is affine (for
g'), this condition is equivalent to Im ((¢p — p*) * ¢n) is contained in Cy. The same
arguments as above prove hence the multiplicity formula. O

3. THE QUANTUM FROBENIUS MAP

We use the same notation as in section 2. For a dominant weight A € X% let
N(X) be the Weyl module for the quantum group Uy (g') at a 2¢-th root of unity.
The subspace €P,,c7x IV(A), admits in a natural way a U(g)-action, which gives
a representation theoretic interpretation of Proposition 4. We assume throughout
the rest of the article that ¢ is divisible by 2d.

Let Uy(g') be the quantum group associated to g' over the field Q(q), with
generators B, F,, K, and K, 1. We use the usual abbreviations

n} _ [n);!

[m]i![n — m];!’

o= T o= (b |

where the latter is supposed to be zero for n < m. We write sometimes E;, K, . ..
for £, K,,,... and

. (ri»74)®
g :=q"'=q *2 )

Ki;c} _ ﬁ Kiqai(c—s-i-i) — K qdietsm1)
p

i qdis _ qfﬁ.;s
s=
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Let Uy, 4 be the form of U, defined over the ring of Laurent polynomials A :=
Z[q,q"1]. We denote by R the ring A/I, where I is the ideal generated by the
20-th cyclotomic polynomial, and set Uy g := Uy 4 ®4 R.

Similarly, let U, ; (respectively U,") be the subalgebra generated by the E; (F;),
and denote by U;r 4 (respectively U, . 1) the subalgebra of U, 4 generated by the
divided powers E™ := % (F™ = %) Let U, be the algebra U, ® 4 R,
and denote by U;R the algebra U;A R4 R.

We use a similar notation for the enveloping algebra U(g). To distinguish be-
tween the generators of U(g) and U,(g'), we denote the generators of U(g) by
XayHo, Yo or X;, H; Y, Let U = U(g) be the enveloping algebra of g defined
over Q, let Uy be the Kostant-Z-form of U, set Ur := Uz ®z R, etc. We fix the
symmetric bilinear form (-,-) on $ such that (o), h) = (a;, h)/d;, and let (-,-)! be
defined accordingly. We use the forms to identify $) with $*, it will be clear from
the context which form we use.

Denote by v the image of ¢ in R. Set ¢; := %li, then, by the definition of d, ¢;
is minimal such that ( )t p

i Vi =5
Iz 5 = lid; =0, Z e (7.
Let N(\) be the simple U, (g")-module of highest weight A € X%, fix an A-lattice
NN == Ug.amy in N(A) by choosing a highest weight vector my € N(X). Set
N\ g := N(A)4 ®4 R, then N(\)g is an Uy g-module such that its character is
given by the Weyl character formula. Consider the weight space decomposition:

NNr= @ NNry andset NVg = @ NNry.
HEX'? neELX
The subspace N (/\)% is stable under the subalgebra of U, r generated by the E (nf:)

3
and Fi(nei): If 4 € £X, then so is p+ nly; = p+ "‘Z;é% = 1+ nla.

Theorem 3. The map

x™ s gt v s pt)

3

~ _ H;+m K;;ml; ~
NV NV n )7 e |Ivor

extends to a representation map Ur — Endpr N()\)g.

Some remarks to the proof. One has to prove that the map is compatible with the
Serre relations. For Ul'pt and Uy, this is a direct consequence of the higher order
quantum Serre relations ([23], Chapter 7). For a detailed proof see [23], section
35.2.3. For the proof that also the remaining Serre relations hold see [15].

Let N = €D,cx: Nu be a finite dimensional U,(g")-module with a weight
space decomposition. If N admits a U, 4(g")-stable A-lattice N4 such that N4 =
®D,cxt Nau (where Na,, := NaNN,), then we denote for any A-algebra R by
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Np the Uy r(g")-module N4 ®4 R. We have a corresponding weight space decom-
position Ng = Gauexf Ng,p.

The same arguments as above show that we can make N§ := ®D,.cix Nr,u into
an Ug(g)-module by the same construction. Let S be the antipode, the action
of Uy r(g") on the dual module N}, := Homp(Ng, R) is given by: (uf)(m) :=
F(S(u)(m)) for u € Uy r(g") and f € Nj;. It is easy to check:

Proposition 5. The map Ur — Endp (Ng)* defined by
n né;) n né;)
X f(m) = FSEm), Y f(m) = FSE"D)m),

and (Hn+k)f( ) = f(S ([K ikt ‘])m), is the representation map corresponding to

the dual representation of the representation of Ur(g) on N}Z;{.

4. A BASIS ASSOCIATED TO LS-PATHS

We use the same notation as before. Let A be a dominant weight, and let B(\)
be the corresponding set of paths obtained from the straight line joining A and the
origin. This set is called the set of LS-paths (Lakshmibai-Seshadri paths) of shape
A. Note if 7 = vy *... %1, (where v; # v;41), then we can find 7q,... ,7. € W/W,
and 0 < a1 < ag < ... < ar = 1 such that 7 = a1 (A) * (a2 — a1)m2(N) * ... *
(1 — ar—1)7-(A\). We denote the path 7 by (m1,...,7;0,a1,... ,a, = 1), and let
i(m) := 71 be the element corresponding to the initial direction of the path.

Denote by R the ring obtained by adjoining all roots of unity to Z. For all { € N
such that 2d divides ¢, fix an embedding R <— R.

If k is an algebraically closed field and chark = 0, then we consider k as an
R-module by the inclusion R < R C k. If chark = p > 0, then we consider k
as an R-module by extending the canonical map Z — k to a map R — k. For
a dominant weight A denote by V(\)z = V(\)z ®z R the corresponding Weyl
module for Uz (g) over the ring R.

By the previous section we know that we have the following sequence of inclu-
sions of R-modules, where the top row is an inclusion of U, 7(g")-modules, the
bottom row is an inclusion of U (g)-modules:

NN — NNp®...0NN)j

7
T T

VIVE = (N@)" = (NWz®...@ N(Vz)

7
The inclusions induce restriction maps for the corresponding dual modules:

(NNz®...oNNg) — NN

l

(NVzo...a NV — (NENR)D — V(N

~|



19

We use these maps to define some special vectors in V(/\)*R' Fix a highest weight
vector my in N(A) such that N(A\)a := Uga(g")my and N(A)z = N(A\)4 @4

R. We define for 7 € W/W(A) a canonical extremal weight vector m, of weight
7(A) as follows: Fix a reduced decomposition 7 = s;, ---s;,. According to this

decomposition let nq, ... ,n, be defined by
Ny 1= (o@i,k}, Np_1 1= (ozg/ril,sir()\)% e, My = <a;/1,si2 <85, ().

We set m, := Fi(lnl) . .FZ-(T"T)m()\). The fact that m., is independent of the choice
of the decomposition follows from the quantum Verma identities.

Denote by b, € N (/\)*R the corresponding dual weight vector of m, of weight
—7(A). We define in the same way extremal weight vectors v, € V(\)z and p, €
V*(N\)z.

Let 7 = (71,...,7s;0,a1,...,1) be an L-S path of shape A. Suppose ¢ is minimal
with the property that 2d divides ¢ and fa; € Z for alli = 1,... ,s. Then we can
associate to 7 the vector

bri=br, ®..0b;, ®...0br, ®...®br, @by, ®...®br, € (NN
———

Z(lfas,l) Z(agfal) éal

Definition 4. We call the image of b, in V()\)}i2 the path vector associated to ,
and we denote it by p,. By abuse of notation, we denote by p, as well its image
in V(A); = V(A5 ®p k for any algebraically closed field k.

The vector p, depends only on the path # = (m,...;0,a1,...,1) (and the
choice of my € N(X)4). We use the following partial order on the set of L-S paths
B(A) of shape \: If n = (k1,...;0,b1,...,1) € B(X) is another L-S paths, then we
write m > n if 71 > k1, or 1y = K1 and a3 > by, or T = K1, a1 = by and T > Ko,
etc.

The following theorem has been proved in [15]:

Theorem 4. B()\) := {p, | 7 € B(\)} is a basis of V(\)} of $-eigenvectors of
weight —m(1). Further, let 71, ma,... be a numeration of the L-S paths such that
7 > m; implies i > j, and denote by V(N)i(j) the subspace spanned by the pr,,
i > j. The flag V(\)} is Ug(g)™ -stable:

V)i = VIR = V)R 2 V(X(2) D V(MEB) -

Idea of the proof We associate to a path 7 = (m1,...;0,a1,...,1) € B()\) a
vector vy € V(A)z of the form

Vg 1= Y("l) A YOE;”T)UA’

€251

where v(]) is a highest weight vector, 71 = sq,, - S, is areduced decomposition,
and the sequence s(m) = (nq1,...,n,) is given by an algorithm explained below.
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We show that the vectors v, form a basis of the lattice V/(\)z. Further, we will
see that pr(v,) = 0 for n 2 7 and pr(vs) is a root of unity, which implies then
that the path vectors p, form a basis of V/(\)} for any algebraically closed field k.
Note that the basis given by v, depends on several non-canonical choices.

The construction of the vectors v,: We explain now the construction and the
properties of the vectors v, mentioned above. We assume always that 2d divides
¢ and ¢ := ¢/d as before. For v € X* let m,, € N()\) , be a weight vector. Denote
by “>=” the usual partial order on the set of Weighté. We say my,, @...®m,, <
my, ® ... @ my; if there exists a j such that v; = A; for all ¢ < j and v; = A;. If
7 is such that fa; € Z for all i = 1,... , s, then we associate to 7 the vector

M =My, @ @My, @My @ . @My @ @My, @ ... @My, € (N(N) )%
A ——

lay Z(ag—al) Z(l—as,l)

This will be the leading term of the vector v,. Note if 7 > n and b, € Z for

n=(K1,...,kt0,b1,...,1), then m™ > m".
The set up for this procedure has been inspired by the article of K. N. Raghavan
and P. Sankaran [28]. For m = (7q,...;0,a1,...,1) fix a reduced decomposition

TL = Si, ... S, the sequence s(m) will depend on the chosen reduced decomposi-
tion. Fix j minimal such that s; 7; > 7;, and set j = r 4 1 if 5;,7; < 7; for all j.
It is easy to see that the path n = (s;,71,...,8;,7j-1,Tj,... ,7;0,a1,...,1) is an
L-S path of shape A (it is understand that we omit a;_1 if s;, 751 = 75).

It follows that (1) —7(1) is an integral multiple of the simple root «;,. Let ny €
N be such that n(1) — w(1) = nyay,. Note that s;,71 = s, ... s;, is a reduced de-
composition, and s;, 71 < 71. Suppose we have already defined s(n) = (na,... ,n,)
(where s(id; 0, 1) is the empty sequence). We define the sequence for m to be the
one obtained by adding n; to the sequence for #:

Definition 5. We denote by s(7) the sequence (n1,na, ... ,n,), and we associate
to 7 the vector v, = YCSZI) . -YCSZT)’U)\ € V(N)z. We call i(m) := 71 the initial
direction of .

The vector v, depends on the choice of the reduced decomposition. By con-

struction, we know that v, is a weight vector of weight 7(1). The most important
step in the proof is the following lemma which describes the image of v, under the

inclusion V/(A\) g < N(A)%*. The proof is a simple calculation, for details see [15],
Lemma 3.

Lemma 5. Ifla; € Z for alli=1,... s, then there exists an h € N such that
_ G ho.m
VUp=V'm +Zmu1®...®m,7

where the my,; € N(A\)g are weight vectors such that m™ > m,, @ ... @ my..

Choose now £ big enough such that fa; € Z for all 7 € B(A), so for all m € B(\)
we have a leading term (Lemma 5) m™ € N(A\)%’ of v, € V(A\) g — N(N)%’. Since
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the m, are obviously linearly independent, the same is true for the v,. By the
Weyl character formula we know hence the the v,, 7 € B(\), span an R-lattice in
V(M) R of the desired rank. Note that the set {m, | # € B(A)} can be extended to
an R-basis of N(\)%". It follows easily from this that the v, form hence an R-basis
of V(M) r. But since the v, are in the Kostant lattice by construction, it follows:

Lemma 6.

a) B(A) :={vx | m € B(N\)} is a basis of V(N\)z.

b) X&v, = 2 -

Proof. Tt remains to prove part b). Suppose again that ¢ is big enough such that
laj € Z for all paths 7 € B()\). If we apply a generator Xén) to v, and express
the result as a linear combination of tensor products of weight vectors in N (\)g:

)y, =
X, UW—me@...@mW

then it is easy to see by Lemma 5 that m™ > m,, @ ... ® m,, for such vectors
occurring in the expression. Since the m” are linearly independent, in an expression
of Xo 'vr as a linear combination in the v,:

Xén)vﬂ = Z anvy,

the coefficient a,, has to vanish for all n £ 7. O

Proof of Theorem 4. Lemma 5 implies that pr(v,) = 0if n 2 7 and p.(vy) is a
root of unity. We can hence find an upper triangular matrix, with roots of unities
on the diagonal, that transforms the dual basis of B(\) into B(\). It follows that
B(\) is a basis of V(A\)f for any algebraically closed field k. The second part of
Lemma 6 proves the claim about the U,! (g)-stable flags. [

During the rest of this section we will prove a slightly stronger version of Theo-
rem 4. For 7 € W/W(X) denote by V (\)z(7) C V(A)z the submodule U (g)v,. Re-
call that V' (A\)z(7) can also be described as the submodule spanned by all vectors of
the form YOEZI) e YOSZT)UA, where the n; are arbitrarily chosen and 7 = s, - Sa;,
is a reduced decomposition. As an immediate consequence we see: v, € V(\)z(7)
if i(m) < 7.

Theorem 5.

a) The set {vg | 7| 7€ B(N), i(r) <7} is a basis of V(N)z(T).

b) V(N)z(7) is a direct summand of V(\)z.

c¢) The restrictions {px|v(n). () | 7 € B(A),i(m) < 7}, form a basis of V(N)j(7),
and if i(m) £ 7, then pr|v(r), () = 0.

Proof. The second and third part is a simple consequence of Lemma 5 and part

a) of the theorem. Lemma 6 proves that the span of the vy, i() < 7, is a U, (g)-
stable submodule of V' (X)z(7). Since v, = v, for n = (7;0,1) we know in addition
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that v, is in this submodule, which implies that V(A\)z(7) is equal to the span of
the vy, i(m) < 7. O

Denote by A, the Demazure operator on the group ring Z[X]:

ptp _ psa(ptp)
Ay (e?) = S — i _ee_a e ?

By the Demazure formula for path models (see [16]) we get:

Corollary 1. CharV(\)z(7) = Ay, ... A; e for any reduced decomposition T =
Siq - Si

..

5. SCHUBERT VARIETIES

We apply now the results above to the geometry of Schubert varieties. The re-
sults obtained above have consequences which seem to be as powerful as the Frobe-
nius splitting introduced in the articles of Mehta, Ramanan and Ramanathan (see
for example [25,26,27]). As a consequence of the path basis one gets the normality
of Schubert varieties, the vanishing theorems, the reducedness of intersections of
unions of Schubert varieties etc. For detailed proofs see [15] and [21]. In fact, the
proofs run along the same line as the proofs in [11]. But since the construction of
the basis is not anymore part of the inductive procedure, these arguments can be
applied in a straight forward way. Note that the cases discussed in [11] are special
cases of the situation discussed in this and the preceding section. It is easy to see
that for fundamental weights of classical type the basis constructed here and in
[11] are the same.

Let k£ be an algebraically closed field, we will omit the subscript k& whenever
there is no confusion possible. Let G be the simply connected semisimple group
corresponding to g, and, according to the choice of the triangular decomposition of
g, let B C G be a Borel subgroup. Fix a dominant weight A and let P O B be the
parabolic subgroup of G associated to A. It is well-known that the space of global
sections T'(G/P, L) of the line bundle £y := G x p k() is, as G-representation,
isomorphic to V(A)*. Let ¢ : G/P — P(V (X)) be the corresponding embedding.

For 7 € W/W(X) denote by X(7) C G/P the Schubert variety. Let ¥ =
Ui_; X(7:) be a union of Schubert varieties. By abuse of notation, we denote
by £, and p, also the restrictions £)|y and p,|y. Recall that the linear span of
the affine cone over X (7) in V(A) is the submodule V(A\)(7). The restriction map
I'(G/P,Ly) — I'(X(7), L) induces hence an injection V(A)*(7) — T'(X (1), Lx).
We call a path vector p, standard on Y if i(w) < 7; for at least one 1 < i < r.
Denote B(A)(Y) the set of standard path vectors on Y.

Theorem 6.
a) BA)(Y) is a basis of T'(Y, Ly).
b) prly =0 if and only if i(n) € 7; for alli=1,...,r.

As an immediate consequence we get:
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Corollary.

a) The restriction map T'(G/P, Ly) — I'(Y, L)) is surjective.

b) For any reduced decomposition T = s;, .. .s;,, Char (X (1), L))* is given by the
Demazure character formula CharT'(X (1), £))* = A4y ... Ay e,

The proof of the theorem is by induction on the dimension and the number of
irreducible components of maximal dimension. Let Y, Y7, Y5> be unions of Schubert
varieties. During the induction procedure one proves in addition:

Theorem 7.
i) H(Y,L\) =0 fori>1.
1) X(7) is a normal variety.
iii) The scheme theoretic intersection Y1 NYs is reduced.

6. STANDARD MONOMIALS

Let A1,..., A\ be some dominant weights, set A = > \;, and fix 7 € W/W(A).
For each i let 7; be the image of 7 in W/Wj,. A module V() (without specifying
the underlying ring) is always meant to be a module over an algebraically closed
field. The inclusion V(A) — V(A1) ® ... ® V(\;) induces an inclusion V; () —
V(M)(n) ®...® V(A)(7), and hence in turn the restriction map V(A1)*(m1) ®
V(A (1) = V(N (7).

We write m; respectively 7y for the path ¢t — t\; respectively ¢ — tA. Denote
by B; respectively B()) the set of L-S paths of shape A; respectively A.

Denote by By x ... * B, the set of concatenations of all paths in By,...,B,.
The set of paths By ... * B, U {0}is stable under the root operators. Denote by
B(my ... %m,) the smallest subset such that B(m *...%m,.)U{0} is stable under
the root operators and contains 7y * ... * 7.

A monomial 7y % ... %1, € By x...* B, is called standard if it an element of
B(my ... *7.).

A more combinatorial way of defining i(n; * ... x n,.) is via the defining chain.
Let first 7 := n; % ... % n, be an arbitrary element of By * ... * B,, where n; =
(t4,...,750,a1,...,1). If the \; belong to different faces of the dominant Weyl
chamber, then there is no way of comparing the 7';: using the Bruhat order.

Choose lifts w’ = 77 mod W), with respect to the projection maps W/Wy —
W/Wy, for 1 <i<r/1<j<s; If one can choose the wj- such that we have for
w = (wh, ..., w):

’ Sr

wy > wy > >wl >wi>wy > > wl >wh > > w)
then we call w a defining chain for n.
Such a defining chain exists if and only if n is standard, i.e. n € By ... x B,
[18]. Note that if A = \; for all ¢, then we get in this way a very simple criteria for
7 to be standard: 7 is standard iff

711>7212...27'51 >rE>m>..>m>n>. >

1 — — — 'Sr”
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The defining chain (if it exists) is in general not necessarily unique. We introduce
a partial ordering on these chains by saying w > w' if w§ > w}l for all 4, j. There
exists a unique minimal and a unique maximal defining chain. If 7 is standard,
then we set i(n) := w} for the minimal defining chain of 7. See [18] for a proof
that the two notions are the same.

Definition 6. Let 71,...,n, be L-S paths of shape A1,...,\.. A monomial of
path vectors py, - - - py,. is called standard if the concatenation n *. . ., is standard.
The standard monomial is called standard with respect to 7 if i(ny * ... xn.) < 7.

For a detailed proof we refer to [15] and [21].

Theorem 8. The set of standard monomials form a basis of V(N\)*, and the set
of monomials standard with respect to T form a basis for V. (A)*(7).

Remark 3. We have seen that the p,, n not standard with respect to 7, form a
basis of the kernel of the restriction map Vi(A)* — Vi (A)*(7). This not true in
general for standard monomials if the A; have different stabilizers. The reason
for this is that the partial order on the tensor products of weight vectors is not
anymore related to i(ny * ... n.). Let $ be the Cartan subalgebra of diagonal
matrices of trace zero of g = sly, let ¢; be the character that projects a diagonal
matrix onto its ¢-th entry, and let w; = €1 +...+¢; be the i-th fundamental weight.
Set A1 := w1, m = (8251;0,1), m := (81;0,1), and set Ao := w3, 72 := (s3;0, 1),
2 := (8283;0,1). The concatenations 1y * 72 and mp * mo are standard, ny * 19y >
1 * Ta, but i(m * n2) = s28183, whereas i(m * m2) = s18283. These two are not
compatible. It is easy to check that pr, pr, (U, «n,) 7# 0, so the restriction of pr, pr,
to Vi (w1 + w3)(s18283) does not vanish though i(m * m3) £ s15283.

Let Y be a union of Schubert varieties in G/Q and let £y, L, be base point
free line bundles on G/Q. As an immediate consequence of the Basis Theorem for
standard monomials we get:

Corollary.
i) The product map T'(Y, L)) @ T'(Y, L) — T(Y, Latu) is surjective.
it) The product map S"T(Y,Ly) — T(Y, L) is surjective.

7. GOOD FILTRATIONS I

The following combinatorial construction is part of a work in progress together
P. Magyar and V. Lakshmibai [10]. We fix in the following A, € X+ and 7 €
W/Wy. Let A, p also denote the paths that join the origin with A respectively u
by a straight line, and let B(\), be the set of L-S paths n = (r1,... ,7;0,...,1)
such that 71 < 7. Recall that Char H(X (1), L)) is given by 2 oneBO). e"™ | and
the path vectors py|x(r), n € B(A)7, form a basis of H°(X (1), Ly).

The decomposition formula (see section 1) implies that

B(A\)*B(p) = B(Axm)U...UB(Axn;),
where 71, . .. , 1, runs through the set of all paths in B(u) such that Im(Axn) C Cp.

Since the paths are affine, this is equivalent to say that A+, ... , A*ns runs through
the set of all paths in B(A) * B(p) such that e, (A *n) = 0 for all simple roots.
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The formula for the action of the root operators on a concatenation of paths
implies that A * B(u), C B(X) * B(u) is a subset stable under the e,. Denote by
D(u,4) or D(u,n;) the subset:

D(p,mi) == {n € B(p)r | Axn € B(A=mn;)}.
By section 1, this definition is equivalent to

D(p,n:) :={n € B(u), | 3 i1,42,13,... such that eg; en?end o (Axm)=Axn}

aiz 047;3

Since the union of the B(\ ;) is disjoint we have obviously:
Lemma 7. A* B(u), = J_; A x D(u,1)

To describe the character of such a subset we attach to each D(u, k), 1 <
k < s, a dominant weight v, and a union of Schubert varieties Yj such that
> neD(uk) e is the character Char HO(Yy, £,,).

The obvious candidat for the dominant weight is:
Definition 7. vy := X+ (1)

The definition of Y}, is more involved. Let F, ... , F,. be the open proper subfaces
of the dominant Weyl chamber (# interior of the chamber) met by A + nx ([0, 1]),
and counted with multiplicity. I. e., there exist 0 < i; < j; < ... <14, < j,. < 1such
that ny, is linear on [ig, je], A4k (Jie, je[) C Fe if ip < jo respectively A+ng(ig) € Fp
if iy = jo, and A4n(¢) is an element of the interior of the dominant Weyl chamber
for ¢ & Uy_i[ic, je]-

Since A1 ([ie, j¢]) C Fo,if i < jo and A (i¢) & Fy, then we may assume that
i9—1 = jo—1 = ig, and if A+ (je) & Fy, then we may assume that igr1 = joyr1 = jo.

Similarly, if iy = j; = ig41, then we may assume that 4941 < jey1, and if
Je—1 = 1¢ = js, then we may assume that 1p_1 < joe—1 .

Denote by Wy the stabilizer in W of the face Fy. We set x,41 := v, and we
define inductively x¢, 1 < ¢ < r, to be the unique weight in Wy(xs+1) such that
{x¢, ") <0 for all simple roots « such that s, (Fy) = Fj.

We associate now to the triple (A, D(u,nx),vx) a union of Schubert varieties.
Let Q1 D B be the parabolic subgroup such that its Weyl group Wy, is equal to
W,,, and suppose N = (71,...;0,a1,...).

Definition 8. If X is a regular dominant weight, then let o, € W/W,, be the
unique element such that oy (v;) = x1 and set Yy, := X (ok) C G/Qxk.

If A is a singular weight (and hence A € F}), then let o, € W/W,, be the
unique element such that o (vx) = x2 and set Y := |J X (84, - - 8i,0%) C G/Qx,
where the union runs over all sequences i1, ... ,4; such that s; (F) = Fy for all
j=1...,tand 7y <s;,71 <... <55, 08,71 < T.

Let @, be the set of simple roots v such that s, (Fy) = F.
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Theorem 9.
a) CharHO(Yk, ZneD( ) eMn()
{n€B(p)r | mxsn=fI1 - 00 fr. forz o fi e f (k) }

YED, YED: YED,

where the v € ®1 run over all sequences such that m < Syip, T < on <

Syiy Sy, LS T in W/W,,.

Proof. We show first that the second part of the theorem implies part a). Let
v € XT be an arbitrary dominant weight. In [16] we have shown that if s,7 > T,

then
B(V)sa'r U {0} = U {fgﬁ | ne B(V)'r}a
n>0
and B(v), U {0} is stable under the operator f, if s,7 < 7. Let now 7 be a path

such that 7(1) = v and Im 7 is contained in the dominant Weyl chamber Cl, and
define B(7), to be the subset

B(x), == {n € B(x) | n=fI - f21 (m)},

where 7 = sq,, - Sa,, is a reduced decomposition. The graph isomorphism (The-
orem 2) implies that Char B(r), = Char B(v),, B(w), U {0} is stable under the
operator fo if so7 < 7, and B(7)s,r U {0} = U,>o{fin | n € B(n):} if sq7 > 7.
It follows that the sum 3~ e* () running over the elements on the right hand side
of b) is equal to Char H%(Yy, £,, ), so b) implies a).

It remains to prove b). Since (A + 7, ([0,1])) N F,. # 0, it follows by Lemma 2
that if @ € @,., then fo(mx * n%) = 7 * (fank), and n differs from f,n; only for
t > j.. The same argument implies that

n qp,. dpr
o S e S P (k) = ok (77 ) ),

YED, ~yED,.

and the latter differs from n only for ¢ > jo > 0. In particular, these paths are of
the form n’ = (71,75,...), where the 71 is the same as the “first direction” for the
path nx, so ' € B(u),-

If A is a regular weight, then j; > 0, so the same arguments as above apply
to prove that the paths obtained on the right hand side of b) are of the form
n' = (r,7y,...), in particular, " € B(u).

If A is a singular weight, then the condition on the sequences i, ..., 7, € ®1
imply that the paths on the right hand side of b) are of the form " = (v, 7,...),
where 71/ < 7, s0 1" € B(u).

It follows that the right hand side of b) is a subset of D(u, k). It remains to prove
that the two sets are equal. Fix a path n € D(u, k). Let to be maximal such that
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A+n(tg) € Cy. If tg = 1, then n = 1 and nothing is to prove. Otherwise, let I be
the face such that A+n(tp) € F. By the maximality of o, there exists a simple root
a such that s, (F) = F and (A+n(t),a") < 0 for t €]to, to+ €] for some 1 > € > 0.
It follows by Lemma 1 and Lemma 3 that e, (A *n) # 0. Let m be maximal such
that e (A % n) # 0, by the choice of ty we know that (A *n) = A * (e2'n), and
eln(t) = n(t) for 0 < ¢ < ty. By repeating the procedure with other simple roots
a;, such that s;; (F') = F, we get a path 7/ = eart -+ eqn such that:

o o) = Xxn, (t) =n'(t) for 0<t <ty, s, (F)=F, 1<j<t,
and (A+n(t),a") > 0for t € [0,tg+¢€] for some 1 > € > 0. So A\+17/ stays “longer”
in Cy then X + 7. Note that the path 7’ still meets the face F.

We proceed now in the same way with 7': Let ¢{, be maximal such that A+n(¢;) €
Co. If t{, = 1, then 1/ = n; and 7 is hence an element of the set defined on the
right hand side of b). Otherwise, let F’ be the face such that A + n/(t;) € F’.
By the maximality of t{,, there exists a simple root a such that s, (F’) = F’ and
A+ 1 (t), ") < 0 for t €]ty,ty + €] for some 1 > € > 0. It follows as above that
e\ 1) £ 0.

We can find simple roots ;, such that s;, (F") = F" and " = eljs --- ent 7' is
such that:

mi mt( nro, .. ”;ljss()\*n//)) — fma ;Ztt()\*n/):)\*n’

Qi Qip N\ V5 Qi

and (A +7"(t),7Y) > 0 for t € [0, + €] for some 1> € > 0. Note that 7" (t9) € F
and sq, (F) = F, and 1 (ty) € F" and s, (F') = F".

Proceeding in the same way with "/, we see that after a finite number of steps
we get a path 77 such that Im Ax7 is contained in Cy chamber, so 7 is equal to 7, for
some 1 < k < s. Further, we get a sequence ¢ty < t1 < ... < 1 such that n(to) € F,

() € F', ..., and sequences of simple roots avy, ... , Qs Yiys -« sVjgs- - -, Such
that sq, (F) =F, sy, (F')=F', ..., and
art e (e (ki) L)) = Ak, (1)

This proves part b) of the theorem for the case where A is a regular dominant
weight. If A is a singular weight, then we have two cases to consider: Suppose first
to # 0. In this case F' = F; (in the definition of Y3) for some ¢ > 2, so (1) satisfies
automatically the condition on the sequence of simple roots from ®; because the
sequence is empty in this case.

Next suppose tp = 0 and hence A € F and F = Fy. If n = (01,...), then 7 > o4
because n € B(u),. By the very definition of the sequence «;,,... ,q;, € @1 we
know that

T>01 > S0;,01 > Say,_, Sa;, 01 > ... > T1 = Sa;, """ Sa,;,01,

where n, = (71,...) (see [16], the action of the root operators on L-S paths). It
follows that this sequence satisfies the condition in b), so we have proved part b)
of the theorem also in this case. [
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8. GOOD FILTRATIONS II

This section is a generalization of the results proved in [19]. In characteristic
0 we know that the tensor product of two irreducible modules decomposes into
the direct sum of irreducible modules, and the multiplicities are described by the
tensor product rule given in section 1. In positive characteristic one knows [24] that
the module H(G/B, L)) ® H°(G/B, L,) admits a G-stable filtration such that
all subquotients are again isomorphic to H°(G/B, L,) for some dominant weight
v. We will give a proof of this “good filtration”-property using the path bases. The
idea of the proof is very similar to that in [19], but because of the more general
results on B-stable flags (Theorem 4), the proof is much less technical then the
one in [19].

We use the same notation as in the preceding sections. We consider the rep-
resentation, quantum groups and enveloping algebras over an algebraically closed
field k. We fix in the following a dominant weight A € X and a total order on
W/Wy which refines the Bruhat order. We denote by >; the corresponding in-
duced total order on the set of L-S paths B(\) (see section 4). Let mq,72,... be a
numeration of the L-S paths such that m; >; 7; if and only if ¢ > j. By Theorem 4
we know that the flag

V) : VO)* = VN (1) D VA 2) D VN B3) D ...

is U(g)*-stable, where V(A\)*(j) denotes the subspace spanned by the pr,, i > j.
Let 4 € X be a dominant weight, and let m;,,... ,m;. € B(A\) be the paths

such that 4 Im(m;;) is completely contained in the dominant Weyl chamber.
Denote by F; the subspace of V/(\)* spanned by all pr,, j > i,, and by U, the

subspace spanned by all pr,, j > i,. If U, # F.,1, then denote by U, /F; 11 the
vector bundle G x5 U,./F, 11 on G/B associated to the B-module U,./F, 1.

Theorem 10. If Uy # Fri1, then H(G/B, L, @ Uy Frir) =0 for all i > 0.
Corollary. The tensor product H*(G/B, L,) ® H°(G/B, L)) admits a G-stable
filtration

Wy = HY(G/B,L,) ® H(G/B,L\) D W2 D ...D> Ws D Wsy1 =0
such that the subquotient W; /W1 is isomorphic to HO(G/B,EH_,_MJ_(U) for all
j=1,...,s.

Proof of the corollary. The vanishing of the higher cohomology groups implies that
we have an isomorphism

HY(G/B, L,) ® H(G/B, L) ~ H(G/B, L, ® H'(G/B, L)),

and H(G/B, L, ® H'(G/B, L)) = 0 for i > 1. The theorem above implies that
the B-module k_,, ® H°(G/B, L)) admits a filtration such that the subquotient
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is either a one-dimensional B-module corresponding to the weight —p — ;, (1), so
the corresponding line bundle has as cohomology groups H°(G/ B, Eu+mj (1)) and
Hi(G/B,EIH_mJ_(l)) = 0 for i > 1, or the subquotient is a module such that all
cohomology groups of the associated vector bundle on G/B vanish.

It follows that the filtration of the B-module k_, ® H°(G/B, L)) induces a
G-stable filtration W7 D ... D W, D Wy = 0 such that the subquotients are
isomorphic to HO(G/B,EM_MJ_(U) forallj=1,...,s. O

Proof of the theorem. Suppose r is such that F, 11 # U,., and let n € B(\) be such
that p, € U, but p, & F,41. It follows that 1+ Imn is not completely contained in
the dominant Weyl chamber. Fix to (> 0) minimal such that (1 +n(tg),a") = —1
for some simple root «. Denote by €(n) the set of paths ' € B()\) such that
n'(t) = n(t) for all 0 < ¢t < ty. By the choice of the total order we know that
Py € Uy but & Frpq for all ' € Q(n). Note that if n is maximal such that
fi(uxn') #0, then fin’ € Q(n) for j = 0,... ,n, and if m is maximal such that
em™(u*n') #0, then eln’ € Q(n) for j =0,... ,m — 1.

Fix n1,...,np such that {m € B(\) | pr € Up,px & Fri1} is the disjoint union
of the Q(n;). We may assume that the numeration is such that 1, >; ... >; m.
We refine the filtration U, D F, 11 by defining U, ; as the span of all p, such that
7w >n; or m € Q(n;). We get a B-stable filtration

ur == Z/{T71 B} UT,Q D.. -u’r,p D) u’r,p-{-l = fr+1.

To prove the theorem, it suffices to prove that H(G/B, L, @ Uy j /Uy j4+1) = 0 for
alli>0and j =1,...,p. Note that the images of the p,, n € Q(n;), form a basis
of Uy j /Uy j41.

Let U, ; be the span of all vectors v, such that n < n; or n € (n;), and let U,.o
be the span of all vectors v, such that n < ;. The restriction map Vy — U/,
induces an isomorphism of B-modules U, ; /Uy j41 — (Ur;/Urj—1)*.

Let SLa(a) C G be the subgroup corresponding to the simple root «, and
denote by T, its maximal torus contained in 7" and by B, its Borel subgroup
contained in B. Denote by P(a) = SLa(a)B the associated minimal parabolic
subgroup.

We show in Lemma 8 (see below) that U, ;/U, j—1 admits a B-stable filtration
such that the unipotent radical of P(«a) acts trivially on the subquotients, and
the B,-module structure on the subquotients comes from an SLa(a)-structure,
twisted by the T,-character 7;(to). Note that this finishes the proof: U, ; /U, j_1
admits a filtration such that the subquotients are isomorphic to k) @ W for some
SLy(a)-modules W, so Uy j /Uy j+1 admits a filtration such that the subquotients
are isomorphic to k_; ) ® W*, which implies for the associated vector bundle:

H(SL2()/ By Lyuinite) © W*) = H (SLa(e) / Bay Lugn(ie) @ W* =0 Vi >0,

because (p+1n(ty), ") = —1. Using the filtration and the Leray spectral sequence
associated to the projection G/B — G/P(«), it follows that H'(G/B, L, 44 t,) @

Ur,j/ur,j.ﬂ) =(0foralls>0 0O




30

It remains to define the filtration and the U(slz(a))-structure. We consider the
following more general situation: Let n = (71,... ,7;0,a1,...,1) be an L-S path
of shape A and fix a simple root a.. Suppose to € [0,1] is such that (n(tg),a") € Z
and (7, (A), @) < 0, where m is such that am—1 < tg < am.

Denote by QY the set of L-S paths 7 such that n(t) = n(¢) for 0 < ¢ < ¢, and let
Q be the paths such that either 7 € QY or n >; 7. Let V and V' be the subspaces
spanned by the vectors v, T € Q respectively vy, m € Q — QU It is easily seen
that both subspaces are U, (g)-stable, so V° := V/V' is a B-module, with basis
the images T, ™ € Q°, of the vectors v;.

We define a twisted action of the operators e, fo on Q°U{0}. Set 1y := Nl[0,t0]
i.e., n1(s) :== n(sto) for s € [0,1]. A path 7 € Q0 can hence be written as 7 = 1y *7y.
We define: 3

fa(m) :==m * (fa(m1)),  €alm) :=m * (ea(m)).
Note that the definition makes sense because (1(tg), ") € Z. Further, it is easy
to see by [16], Lemma 3.1, that &,(7), fa(7r) € Q° U {0}. Set

{(m) = (w(1),@") = min{(m(s),a")|s € [0,1]},

then the number of nonzero elements in . .. ,é2(w), éq(7), 7, fa(m), ... is () + 1.
We call {(r) the twisted a-string length of m. The same arguments as in the
first section apply to see that 3 g0 €™M =70) is the character of an Uy (sl2(a))-
module.

Lemma 8. VY admits a B-stable filtration such that the unipotent radical of P(c)
acts trivially on the subquotients, and the B,-module structure of the subquotients
is induced by an SLa(a)-structure, twisted by the character n(to).

Proof. Let R be the ring obtained by adjoining all roots of unity to Z (section 4).
We realize VI% as a submodule of N R()\)W(l_t"), where £ is chosen appropriately
as in section 4. For 7 € W/W, denote by Nz(A)"(7) the U:R(gt)—submodule of
Ny (A)(7) spanned by all weight vectors of weight # 7(\). Let M and M’ be the
UI':; (g*)-submodules of N (\)®* spanned by the sum of the following submodules:

m—1£(aj—a;_1)

M= Z NR(/\)®2aj—1+i71 ® NR(/\)(Tj) ® NR()\>®Z(1faj,1)7i
j=1 i=1
z(tofam,l) B B
+ N\ @fam1H=1 @ No (M) (i) @ Np(A) & mam-1=1
=1
m—1¢€(aj—aj—1) _ _
M= NN =171 @ N () (1) @ Np(A) -0~
j=1 i=1
z(tofam,l) B B
+ NN &1L @ N (W) (1) ® Np(N) @ am-1) =

s
Il
—
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Note that V' C M’ and ¥V C M. The quotient M /M’ has as basis the images of
all tensor products of weight vectors of the form

U?f‘“ Q.. .v?f(t"_“""*l) ®@m,

where m is an arbitrary weight vector in NR()\)®Z(1’t“). Again by looking at
the leading terms, one sees that the morphism ¥V — M/M? induces an U;‘R(g)—
equivariant inclusion WV} < M/M°.

Since U;R(gt) acts trivially on the “first” part of the tensor product of the basis
elements of M/M’, we can identify M/M' as U;R(gt)—module with NR(/\)®2(140).
The inclusion V0 < N4(A)®X0-%) is hence U;R(g)-equivariant.

Write V}% as a direct sum V%l D...0 V%’S, where each V%’j = @keZV}%(M + ka)
for some weight ;. Each of these modules is U}g (slz2(a))-stable, and, by choosing
an appropriate numeration of the weights, we may assume that ® jziV%’j is Ug (9)-
stable for alli = 1,... , s. Note that the unipotent radical of P(«) operates trivially
on @jziv%j/ Dj>it1 V%j, and, as U;{ (slz2(a))-module, the quotient is isomorphic
to V}%’j .

It remains to study the Ug (sla(«))-module structure of these subquotients. By

the isomorphism mentioned above, we may hence assume that V}%’j = V%, and
Q0 consists only of paths of weight u + ka, k € N (so u is the “lowest” weight
occurring in V%).

Note that NR()\)®Z(1’t“) is an U, z(g")-module, so it is in particular a mod-
ule for U, (7) - the quantum group generated by E.(Ym),F.gm) and the [K;;c},
where v is the simple root of g¢ corresponding to «. So we can consider again
(Np(A)®ta=to))ba the sum of weight spaces corresponding to weights that are of
the form ¢u, where p € X* is a weight that is integral for av.

The same arguments as above show that (Nz(\)®/(1—t0))6 hag a Ug(sla(a))-
module structure. Note that the image of V) in Np(\)®f1—t) is contained in
(NR(/\)®Z(1’t“))z*°‘, and, looking again at the “leading terms”, we see that the im-
age is, as R-submodule, a direct summand, with basis given by the v. Further, the
Ug (sla(c))-structure on V% is the restriction of the action on (Nz(\)®¢1—t0))be,

So suppose 7 € QU is a path such that 7(1) = u, the lowest weight occurring in
V%. Then fo,m = 0 and m := £(7), the twisted a-string length, is maximal. Note
that m = —(u —n(to), ).

By Ug(slz(a))-representation theory, we know that XEJ”’@W # 0, and, by weight
consideration (20 provides the character of V}%), X{"*Y7,. = 0. By sly-theory, this
implies in turn Y,v, = 0. It follows that v, X U,... ,Xém)iw is the E)asis of_an
Ug(sla(a))-submodule of VI%, which is a direct summand of (Ng(\)®¢(1—t0))bea,
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Denote by V%’m the span of the vectors Xéj)ﬁm 7e€Q 71(1) =pand 0 < j < m.
This is an Uj(slz(a))-submodule, and a direct summand of (Ng(\)®{1—to))le
Let Q2 be the subset of paths such that f,7 = 0, and let Q9. (j) be the subset

of those of twisted a-string length j (= m — 2k for some k € N). Suppose we have
already defined an U (slz(v))-submodule V}%’SH for the QY (4), j > s+ 2, which

low
is a direct summand of (N (A\)®/(1=0))be Fix a basis By of V}%SH (u+(m—s)a/2)
and complete it to a basis B(u+ (m—s)a/2) of V}%(qu (m—s)a/2). By Up(sla(a))
theory, we know that the vectors X,gf)b, 1=0,...,8 b€ B(u+ (m—s)a/2), are
all linearly independent, and, if b ¢ B, then we know by weight considerations

that Xc(fﬂ)b € V%’SJFQ. So after replacing b by a linear combination of b with some

%S+2 (u+(m—s)a/2) if necessary, we may assume that x$Hp = 0.

The vectors b, X,0, . .. ,X(gf)b provide hence a basis for an U (sl2(a))-submodule,
which, by construction, is a direct summand as R-module.
This inductive procedure provides the desired Up(slz(r))-module structure,

which, by base change, provides the S La(«)-module structure for any algebraically
closed field. O

element from V

Remark. The same arguments can be used to prove more generally that for any

e~

Schubert variety X, the representation H°(G/B, L,, @ HO(X, L)) admits a good
filtration.
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